
Preface

The aim of this book is to introduce the reader to the theory of gradings on Lie
algebras, with a focus on the classification of gradings on simple finite-dimensional
Lie algebras over algebraically closed fields. The classic example of such a grading
is the Cartan decomposition with respect to a Cartan subalgebra in characteristic
zero, which is a grading by a free abelian group. Since the 1960’s, there has been
much work on gradings by other groups, starting with finite cyclic groups, and
applications of such gradings to the theory of Lie algebras and their representations.
We do not attempt to give a comprehensive survey of these results but rather
to present a self-contained exposition of the classification of gradings on classical
simple Lie algebras in characteristic different from 2 and on some non-classical
simple Lie algebras in prime characteristic greater than 3. Other important algebras
also enter the stage: matrix algebras, the octonions and the simple exceptional
Jordan algebra. Most of the classification results presented here are recent and
have not yet appeared in book form.

This work started with the notes of two courses that the authors gave for the
Atlantic Algebra Centre at Memorial University of Newfoundland: “Introduction
to affine group schemes” (M. Kochetov, November–December 2008) and “Compo-
sition algebras and their gradings” (A. Elduque, May 2009). Affine group schemes
are an important tool for the study of gradings on finite-dimensional algebras in
arbitrary characteristic, as we explain in Chapter 1. We give a brief exposition
of the background on affine group schemes in Appendix A, with references to the
literature on this subject. A reader who is interested exclusively in the case of
characteristic zero will only need affine algebraic groups (in the “näıve” sense) to
follow this book. Apart from this, we assume that the reader is familiar with lin-
ear algebra and with the basics on groups and algebras. The book is intended for
specialists in Lie theory but may also serve as a textbook for graduate students
(in conjunction with an introductory textbook on Lie algebras). In every chapter,
at the beginning, we give a brief description of its main results and references to
original works; at the end, we give a list of exercises on the covered material.

This book would not have been written without the constant support, advice
and encouragement of Yuri Bahturin, who himself greatly contributed to the study
of gradings by arbitrary groups. It was his enthusiasm that convinced the authors
to join efforts in the task of collecting, understanding, unifying and expanding the
knowledge about gradings on simple Lie algebras. The second author would also
like to use this opportunity to express his gratitude for all the help in his life and
career given so generously by Professor Bahturin since becoming his thesis advisor
a decade and a half ago.
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The authors have benefited from discussions with many colleagues. Among
them, our special thanks are due to Cristina Draper, who explained her results on
gradings on exceptional simple Lie algebras long before they were publicly available.
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