Chapter IV
The Moduli Space

This chapter shows that the moduli space of an equisingularity class is never
quasi-compact except in two particular cases g =1, or ¢ = 2 and (n; 81) = (4, 6).

1. Noncompactness of the moduli space for g > 3

Let (n; 51, ...,84) be the characteristic of the equisingularity class L(C). We
will prove that its moduli space is not the quotient of a compact space by con-
structing a continuous mapping onto a noncompact space (in this case C — {0}).
In order to accomplish this we will introduce a new analytic invariant.

1.1. We consider a canonical form of the parametrization of C :

r=t"
y=1t" + A+ bytP2 + B+ byt ..

where A is a polynomial in t“ whose degree (in t) is strictly smaller than (5, B is
a polynomial in > whose degree is strictly smaller than (3 etc.
Let u € C. We are already familiar with the transformation defined by:

t=ut
> X
.’L'—u—n
~ Y
Y= m-

If bou>~P1 = 1, the parametrization of C' becomes:

{fﬁ
§=1% + A+1% + B+ byt + ...

where A and B satisfy the same hypotheses as A and B. From now on, we will use
parametrizations of the branches of L(C) in this canonical form.

PROPOSITION 1.2. Let C and C' be two analytically isomorphic branches whose
parametrizations are given by

x=1t"
C:
{ytﬁl+A+tﬁQ+B+b3t53+...

x’*t"
'y,
{ y =t + A+ P 4 B+ btP L
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30 THE MODULI SPACE

Then b2~ = (by)P2=51 .

We will use a “brute force” method to prove this proposition. While the reader
takes a deep breath before beginning, we remark that we will have, once the propo-
sition is proved, a continuous mapping of the moduli space of L(C) onto C — {0}
which assigns bgrﬁ ! to an analytic type (in its canonical form). The moduli space
is therefore not a quasi-compact space.

PROOF. Let ¢ denote an isomorphism from O(C") onto O(C). Then ¢ extends
in a natural way to an automorphism of C[[t]] where C[[t]] denotes the integral
closure of both O(C) and O(C"). Since ¢ preserves the valuations, one obtains the
following by considering the valuations of the different terms:

(a') =anz +apy+---,
(since 31 Z0 (mod n)) ¢(y') = asoy + -+,
olt) = ext+

where aj1as0c; # 0.
Since ' = t", we have:

(1) [p®)]" = (") = p(z') = anz + a2y + - ;

similarly, ¥/ = t% + A’ + %2 + B’ + b4t% + ... implies
(i) o(y') = e(t7) + p(A) + (%) + @(B') + byp(t™) + - = azy +--- .
The proof of the proposition proceeds by identifying the coefficients of the
powers of ¢ in the equations (i) and (ii).
(i) o(t") = a1z + a1y + - - - . We first write ¢(¢) in the form:

(13) () = (01 + Criey o Cripe, 019) ey 4 -

where vy = B3 —n+1. Since y —1 #Z 0 (mod ey), it follows that v is the first possible
exponent (after 1+ pjeq) that could appear in the series for ¢(t). In the series for
[p(t)]™, the first term whose exponent is not divisible by e; will be nc} e, t%. In
©(z"), this same term equals a12t”2 because each power of z is divisible by ¢¢*. One
therefore has:

nc’f_lc,y = ajs

pL = {526_ n] (because 1+ pre; < 7).
1

Moreover, ¢ = a1 (by identifying the terms of lowest degree).
We now write o(t) in a form that privileges the terms whose exponent is not
divisible by es :

(1.4)
() =t(c1+ Crae "+ 4 Clipre 7 + Cppp1nt™ T 4

S 4 Cl+p2e2tp262) + C5t6 +oe
where, this time, § = §3 — n + 1. The same calculation as above then shows:

n—1
ncy” c¢s = ai2bs

o]

€2




2. THE CASE g =2 31

(ii) ¢(y') = a2y + x(azsy + -+ - ). We use (1.3) to rewrite both sides as series in ¢
and look for the first term with exponent not divisible by e;. Thus:

P(y) = () +o(4) + (1) + -
(1)) = 2 1% + ( polynomial in 1) + Breft ™ g,y #9527 4 ..
¢(A) = ( polynomial in t**) + terms of degree > 31 + B2 — n
(p(1))% = 7 172 4+ terms of degree > f3; .

One therefore sees that the first term in ¢(y’) with exponent not divisible by e;
is 0?2 %2 (since By + B2 —n > B2). In agey + x(az3y + - - - ), this term is agt”. One
therefore has 0?2 = agy. Moreover, cf ' = ayo follows by identifying the terms of
smallest degree.

We now use the expression (1.4) for ¢(t) and identify the first term of p(y’)
whose exponent is not divisible by es. A similar calculation shows that this is
b cf?’ t93. In agey + x(az3y + - -+ ), this term is written agg bgt%. Thus, age by =
bl c’fg . Summarizing, we have obtained:

sz—ﬂ% -1
by = byc* %

By raising both sides of the second equation to the power B2 — (; and using the
first equation, one concludes:

b = ()

2. The case g = 2

We will look for an analytic invariant in the case g = 2. We start by giving
some preliminaries.

DEFINITION 2.1. Let L be an equisingularity class of analytic branches with
characteristic (n; 1, . .., ). One says that s is a permissible exponent for L if and
only if there exists a curve C' belonging to L with the following parametrization:

z=1t"
Y=, ait’ with as # 0.

Thus, s is a permissible exponent if and only if s = (; for some 1 <1i < g, or
Bi <8< fBit1 and s = B; + ke;, or s > [3y.

We now assume g > 2, and consider the set of permissible exponents satisfying
the following two conditions:

(a) s> Pa;

(b) s is not divisible by e;.
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This set is nonempty. Indeed, all integers > (35 are permissible, and they can not
all be divisible by e; which is strictly larger than 1 (g > 2).

We define 3* as the smallest element of this set. When g was at least 3, we
had defined an analytic invariant by using the coefficient of t73. In this case, we
therefore compare (33 and 3*.

P < P2+ ez,
o b5 =p"4ff { or
Oa+e2 < fP3<fP2+2e; and fo+e3 =0 (mod eyq).

To see this, first note that B2 + e3 and (3 + 2es cannot both be divisible by e;
since es is not divisible by e;. Since (33 is never divisible by e;, one sees that 5* can
only belong to the set {83, B2 + €2, 02 + 2e2}. The conclusion follows immediately.

In the same manner, one also has (if g > 3):

o B =prte iff Potea<ps
and in all the other cases where 83 + e3 # 0 (mod 1) ;
B = B3 + 2e5 if neither of the two preceding conditions is satisfied.

REMARKS. - if g =2, then e = 1, and 5* equals B2 + 1 or G5 + 2.
- in all cases B* < 5 4 2es. O

Denote by b* the coefficient of t°" in the parametrization in canonical form
x=t", y=t" +...4tP ... 4 bv*tP ... of a branch C in the class L.

PROPOSITION 2.2. FEach of the following four conditions:
(A) g>3 and 3* =3
(B) B =02 +e
(C) mi—mng > 1
(D) ng > 2
implies that (b*)%2=P1 is an analytic invariant of C.

PROOF. (A) is proved in the preceding discussion. The three other parts are
simple consequences of the following remarks.

Let C and C’ be two analytically isomorphic branches of L whose parametriza-
tions in canonical form are as follows:

C: z=t" y=t"4+.. .+t 4. 4% ...
C': 2=t oy =t ()
Let ¢ denote the analytic isomorphism of O(C”) onto O(C) :
p(2') = anz + aroy + a132® + arazy + a5y’ + -
ely') = ag2y + ag3x® + azary + agsy” + - -
¢ will also denote the extension to an automorphism to C[[¢]] :
o(t) =t(c1 + crye t 4 4 Clpp e 7)) F eyt + -1

where v = S —n + 1, and ¢; # 0. By comparing ¢(z') and (¢(t))™ one obtains
(see the proof of Proposition 1.2):

n
1 = ai

ne, et =agg.
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LEMMA 2.3. Let o be the smallest integer such that ciyse, # 0. Then o >
inf{ny,m; —n1}.

ProOOF. The first power of ¢ after ¢ that appears in ¢(z’) is greater than or
equal to inf{f;,2n}. In

_ —1
()™ = t"(c1 + Clpoet™ + )" + 1" er + Clpoe, 7+ ) et

this same power is n + oe;. (Indeed, v+ n — 1 = 32, and s is strictly larger than
$31). One therefore has n + ce; > inf{f31,2n}, that is, o > inf{m; — ny,n1}. O

We now compare the two expressions for p(y') :

(y) = azy + anr® + agzy+---  and  @y) = et +-) = (p(t) + - .

By examining the coefficients of t71, the calculation in §1 shows that ass = cf ' and

age = c?z. Thus, c?z_ﬁl =1
We now look at the expressions for the coefficient of t?" in these two series
(where the terms with exponent divisible by e; do not require greater precision):

©(y') = polynomial in ¢°*
+ a9t + agob™t? + aps (12 )
+ 2a95t% 172 1 terms of higher degree
@(t% 4 ---) = polynomial in £ + > t%2 4 C?* T
L R R e R e i o

z : -1
+ 62612 Clt-ae, t62+ael + -
o<a<p

We know that 8* > 35, but we do not know the position of 5* relative to 31+ G2 —n
and B> + oey. In fact, we will show:
each of the hypotheses B, C, D implies that * < 81+ P2 —n and B* < Ba+o0e;.
This will therefore show that

C?* (b/*) = (lgzb* .

Hypothesis (B) (8* = 82 + e2):
e We know that m > n, therefore, m; — ny > 1. As a result, one has:

ea<er<e(m —n)=p%—n and ['=pft+e<fo+b—n.

e On the other hand e; < e; < gey.

Thus, B* < (B2 + gey.

Hypothesis (C) (my —nq > 2):

e 2ey < 2e; < (my —ny1)e; = B1 — n. According to the definition of 5*, one has
B* < (s + 2e, and therefore, 5* < (s + 51 — n.

e By Lemma 2.3, 0 > inf{ny,m; — ny} since g > 2 insures that n; > 2 and o > 2.
Thus, 8* < (s 4+ 2e5 < (s + 2e1 < (o + gey.
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Hypothesis (D) (ngy > 2):
e 2e5 < nges < (my — ny)nges = B1 — n, therefore §* < Ba + 2e5 < Pz + B1 — n.
® 2¢9 < noes =e1 < g€ .
Thus, ﬂ* < ﬂg + 2e9 < ﬂg + oe;.

To summarize, the preceding shows that each of the three hypotheses (B), (C),
(D) implies that c?* (b'*) = agb* . Since azy = &' and 27" = 1, one can now
conclude:

(b/*)ﬁz—ﬁl _ (b*)52—51 .

REMARK 2.4. The only cases that are not included in the proposition that we
have just proved are those where one has simultaneously:

B* = B2+ 2ez
ml—nlzl

ng =2 (if g > 2, one cannot have ny = 1).

With the additional hypothesis that n; > 2, we will now prove that (b*)%2=F1 is
still an analytic invariant.

We consider two analytically isomorphic branches C and C’ of the equisingular-
ity class L(C). Let ¢ be the automorphism of C[[¢]] that induces the automorphism
of O(C") onto O(C). We write ¢(t) = t(c1 + ¢14+t™ + - -+ ), where ¢;4, denotes the
first nonzero coefficient after ¢; in the series expression for ¢(t).

LEMMA 2.5. If 7 # 0, then T > n.

PROOF. By definition, (¢())" = ¢(z') € O(C). Since ¢1t™ = ¢z also belongs
to O(C), it follows that (¢(t))" — c1t™ = nc} ey, t"F7 + .-+ is an element of
O(C). The valuation (in t) of (¢(t))™ —c1t™ is therefore an element of the semigroup
I'=v(0(C)). Thus, n+ 7 €T.

We know that the generators of the semigroup I' are (Ch. II, thm. 3.9):

B():n
By=p1=n+e (sincem;—n;3=1)

By = B2+ (n1—1)B

We also know that 3y = (2 + (ny — 1)B1 > B2 + 1 > 2n. The other Bq are larger
than (35, and thus larger than 2n. To prove the lemma, it therefore suffices to show
that 7 +n # (3, that is, 7 # e;. To prove this, we first prove a general lemma on
the reduction of a parametrization of a branch that extends the result of Chapter
II1, §2.3. Recall that this showed that if in (II1.2.5) one has v, +n = 0 (mod m),
then C' is isomorphic to a branch with parametrization given by (IIL.2.7) (see also
[22)).

LEMMA 2.6. Let C have the parametrization:

x:tn, y:tﬁl+zaltz
i>p1
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Assume A > (1 is such that A+ n = bB1 with b € Z. Then there exists a branch
C" analytically isomorphic to C with parametrization:

3:/ — tn
{ y =t + Zﬁ1<i<)\ agt' + Zj>>\ a}tj :

ProOOF. The proof is analogous to that given in Chapter III §2.3, where we
showed that under the hypothesis v, + n = 0 (mod m), there exists an analytic
transformation that changes the parametrization (III.2.5) into that of (IIL.2.7).
Since b # 0, we introduce an automorphism ¢ of C[[t]] such that (p(¢))" = ¢(z') =
x4+ ay®™!, where a is a complex number that will be specified below. One therefore
has:

()" =t" +a(t? 4+ )7t = 1 f PO
which implies ¢(t) = ¢ + £¢A1(b=D=n+1 4 ... That is,

P(t) = t 4 Pty
n
and
N A x—B1+1
e M) =t— —t o
n
We then calculate o~ (y) =5/, v = [~ ()]* + disp, Qi [t ()] -
(71 () =7 — 3, S 4 terms of degree larger than A
n
(e )i =t —i L P+=Br 4 terms of degree larger than A +i — [3; .
n
Since A+1i— 31 > A for i > 31, this shows:

) a
y =th 4+ Y aitz'i'(ax_ﬁlﬁ)t)\_"""
B <i<A

ax

Thus, by choosing a = ", one obtains the automorphism ¢ of C[[t]] that maps
O(C") onto O(C), where the parametrization of C’ has the desired form. O

Completion of proof of Lemma 2.5 Assuming the hypotheses in Remark 2.4, 51 +¢e;
is clearly an exponent that satisfies the condition of (2.6) because 51 +e1 +n = 20;
(since m1 —ny = 1). One can therefore suppose that the exponent 51 +e; does not
appear in the parametrization in canonical form (see Definition 1.1) of C' and C”.
For example, for C’ one has:

' ="
{ y = tnter 4 szg Crtpe, tVHPE + th2 ...
We now assume that 7 = e; and will show that this leads to a contradiction by
comparing the two expressions for ¢(y') :
oY) = any + agsz® + - -

= Q93 (7f"+e1 + ch+pelt”+”el + - ) + terms of order > 2n.
p23
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In this case, 2n = n + nie; > n + 3e; because ny > 2 (our additional hypothesis).
Therefore the term t"*2¢1 does not appear in the series p(y’). On the other hand,
since p(t) = t(q + Clye, t 4 - -),

P(y') = (9O)" + " Cniper ()" 4
p=>3
=" (AT + (n+er) e} T T epye,t + -+ ) + terms of order > n + 3ey

and we find a term of order n + 2e; with coefficient (n+e)cf ™ ey, # 0. This
is a contradiction. Thus, 7 # e1, which completes the proof of Lemma 2.5. O

The automorphism of C[[t]] that induces the isomorphism O(C’) — O(C) is
therefore of the form:
o(t) =t(c1 +crart” + )
with 7 > n if 7 # 0. One therefore has (p(t))" = t"(cf + nci ' c14,t7 +--+) with
n+72>2n>n+e = (since ny >1and m; —ny =1).
Since 7 is not a term of (¢(t))™ = ¢(z’), this means that in the series expres-
sion p(z’) = ay1x + a2y + - - -, one has

ajp = 0.
Let v = B2 — n + 1. Using (1.3), one knows that
(t) = tA+ cyt7 + terms of degree > 7,

where A denotes a polynomial in 1. One then checks that a5 = nc?*1 . Since ¢;
is always nonzero, ¢, = 0. Thus, ¢(t) = t(cl + e tT 4 ) + terms of order > -,
where 7 > n, 7 > 7, or 7 is divisible by e;.

Using a calculation that is by now well known, we now identify the two expres-
sions for p(y’) starting with:

Y=t Y a1

B1<a<fB2
=0 (mod e1)

o p(th) = th (cfl + series in t°* of valuation > n) + terms of order > (314 (2 —n.
Since a > 51 and @ =0 (mod ey), the following must also hold:
o o(t™) =t*(c§ + series in t°* of valuation > n)
+ terms of order > a+ o —n > [+ B2 —n;
o p(tP2) = tP2 (0?2 + series in t° of valuation > n)
+ terms of order > 208y —n > (31 + B2 — n;
o p(t?) = cf* t7" 4+ terms of order > 3*.
In addition:
B+ P2 —n= P2+ e, (m1—mny=1)
Bi+PB2—n=pr+2e=0 (ng=2).
Now use the second expression ©(y') = a2y + aszz?+ -+ -, and expand out the
right side in powers of ¢t. By identifying the terms in the two series one obtains
C'fl = a22, Cf2 = a29, b/* Cf* = aggb* .

From this, it now follows that (b'*)%~F1 = (p*)P2=F1
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3. Compactness of the moduli space of an
equisingularity class with characteristic (4;6, 32)

It remains to show that the moduli space for a branch with characteristic
(4,6, B2) is a single point. We will use the following proposition.

PROPOSITION 3.1. Assume the branch C is parametrized as follows:

x=1t"
{ y:tm+a>\t’\+zi>>\aiti, where m < A and ay # 0.

Let j be an integer such that

(a) j>N

(b) a; #0;

(¢) j—A=sn+om, s,o>0.
Then there exists a branch C', analytically isomorphic to C, with the following
parametrization:

' ="
{ Yy =t" 4 axt* + D ioa alt®,
where
a;=a; ifi<j, and a;=0.
In other words, if \ is the first exponent after m in the series for y, and j — X =

sn+ om, then one can eliminate the term a;t?, leave unchanged all terms of order
< j, and continue to preserve the analytic type.

PROOF. The isomorphism between C' and C’ corresponds to an automorphism
of C[[t]] that we will make explicit. Consider first the automorphism ¢ that satisfies:

C.’IJS+1 o

r1=9p(t")=x—n Y

where ¢ is a complex number that remains to be determined. Set ¢ = ¢(t).
By this transformation, one obtains a branch C; (analytically equivalent to C')

where:
xr1 = fn
Cl : {
yi=9 ().

To determine the series expansion in f for y; one proceeds as follows. First, note
that

(") =" =1"[1 = nct" (t" + axt* + > _a;t')’]
i>A
=t"[1 — nct™* " — neoayt™HETmEA 4 ]

= t”[l —net?! N —neoayt! ™ + - } .

The terms of degree larger than j — m do not interest us. We calculate t as a
function of ¢ by using an elementary lemma on series.
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LEMMA 3.2.
(a) Let u be a series of the form

u(t) =1+ AtT+ Bt ... 0<r<q.
Let v be a series such that v(t)™ = u(t). Then v(t) has the following form:

v(t) =1+ ayt? 4+ ast®? + - + apt"? 4 ap tITT 4o

A
)

with a; = Ap+1 = % .

(b) Define

T=t(1+art? + aot® + -+ apt" + ap t"TT 4 )

Then t = f(l + b1 + bzf2q 4+ bhth + bh+1th+7' + .- ) where

A B
bl = —a1; = i and bh+1 = —Ap4+1 = .

PROOF OF LEMMA.
(a) u(t) = ’U(t)” = 1+n(a1tq+---)+ (g)(altq+...)2+...+(a1tq_|_...)”. By
identifying the coefficients of the terms ¢ (i = 1,..., h) in the two series, one finds:

A =na;

n
0 =nas + (2>a%

n n
0 =naz + <2>2a1a2 + (3) as

0=na; + Qi(a1,...,ai-1),
where @); is a quasihomogeneous polynomial in (a1, ...,a;—1) if a; has weight j

0=mnan+ Qnlar,...,an-1)

and finally B =nap41 .

Thus, one sees that for given A and B, the system has one and only one solution
in (a1,...,apt1). Moreover, a; = % and apy1 = %.
(b) Let

t=t(1+ait?! + axt® + -+ apt"? + ap " + )

and  t=F(14+ b7+ by T ).

By substituting the expression for  into the second series, one finds:

t = (t+a1tq+1—l—---+ah+1thQ+T+1+---)+b1(t+a1tq+1+~-~)q+l—|—-~-
+ byt (E+ aptdt 4Rl
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By identifying the coefficients of the terms in t*¢t!, this gives:

0=ua;+b
0=as+ (q+1)aibs + beas
0=as~+ (q+ 1)azb; + (2¢ + 1)bsay
0= a; + Q(i)(ala ceey @i—1, bla ey bi—l)
where Q(i) is a polynomial
0= ap + Q(h)(a’la -5y Ah—1, bla R bh*l)
and finally, 0=apt1 + bry1-

The system admits a unique solution in (by,...,by11) for a given (aq,...,ap41). In
particular, by = —a; and bp41 = —apt1- O

Completion of proof of (3.1). One applies the lemma to finish the proof of Propo-
sition 3.1 by setting:

A=-nc, B=-ncoax, g=j—X\ j—m=h(j—\+r.

This gives:
o if r £ 0,

— T 40T BV e, 7MY o T ),

where by = c and b1 = coay.
e if 1 =0, then j is an element of the semigroup I', and we can then apply Propo-
sition 1.2 of ch. III.

One can now calculate y; = ¢~ !(y) explicitly in terms of £ by starting with

y=t" + at* —I—Zaiti,
i>A
and then substituting for ¢ the series in 7 that we have just calculated. This gives:
Yy = zm(l + blf(j_k) + b2¥2(j_)‘) R bh%h(j_A) + bh_;,_lf(j_m) . )m
a1+ Y b P Y et Y )
i>A
By grouping together all terms of the same degree, it follows that
g1 ="+t + Y a4 (mbpi + Aaxby)E
A<i<j
+ mbﬁmﬂj_k) + Z ( terms in me(j_)‘))
2<i<h

+ terms of order > j.
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As a result, the coordinate change t — t has introduced “parasite” terms in the
expression for y; of order m +i(j — A), ¢ = 1,...,h. Thus, y; does not yet satisfy
the conditions of Proposition 3.1. One will now try to eliminate these terms but
preserve the analytic type of the initial branch C.

We will first deal with the term mblfer(jiA), which has the same valuation as
ziyy ! Indeed, v(z{y{ ™) = sn+ (0 + 1)m = m + j — A. Expanding out in  one

has

S

2yl =T 40T )
=" 1YY )T (o D™

]
b
From this, it follows that

xfyf T = A Z ( terms in fm+i(j7)‘)) +(c+1) A

i>2

+ terms of order > j.

We remark that =i y‘f“ belongs to M, the maximal ideal of the local ring of

the branch. Therefore, there exists £&; € M such that

mbﬁmﬂ_)‘ =& —m(o+ 1)b1axfj + Z ( terms in Zm+i(j_>\))
i>2
+ terms of order > j.
.. 25 2(c+1)—1 .
Similarly, v(z?y; ) =2sn+2(c+1)m—m=m+2(j — ), and

3 yf(‘”l)_l =§mr Z ( terms in me(j_)\)) + terms of order > j.

i>3
Therefore, each term in fm+i(j_)‘), i > 2, has the form ¢&; + terms of order > j,
where &; € M. From this it follows that

p=1"+ axi™ + Z ait' + a;fj + £ + terms of order > j, with £ € M,
A<i<j
and  aj =mby1 + Aaxby +a; —m(o+1)biay.

Recall now that b; = ¢ and bpy1 = coay. One then chooses the constant ¢

in order that a} = 0. An elementary check shows a}; =0 if

c=— Y
(A =m)ay’

Setting ¥’ = y; — &, one finally obtains a branch C” analytically equivalent to C' (ch.
ITI, prop. 1.2), where C’ has the form asserted in the statement of the proposition.
This completes the proof. O

3.3. Let us now return to the study of the moduli space of a branch with charac-
teristic (4;6, B2). Writing 2 = 2s + 1, the generators of the semigroup I" are 4,6,
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and By = (ng —1)B1 + B2 = 6 +2s + 1 = 25 + 7. Thus, ' contains all the even
integers starting with 4, as well as all the integers larger than ¢ = 2s 4+ 10. If C' is
parametrized by the equations

o {x=t4
ly=t0 AL LY aitt

where A is a sum of monomials in t of even degree between 8 and 2s + 1, we will
show with the help of the preceding proposition:
there exists a branch C', analytically equivalent to C, whose parametrization is:

o { r=tt
. y= tG + t25+1 + a25+3t25+3 ,

where the coefficient ass13 is the same for both branches C and C'.
A monomial of A has either the form at**, ¢ > 2, or at***% ¢ > 1. One can
eliminate such terms by the isomorphisms:

y—y—az’,  y—oy—az’y.
Such transformations do not affect the coefficients of t?**! and ¢25+3. Moreover,
we have already seen (ch. III, prop. 1.2) how to eliminate the other terms whose

degrees are elements of I" without affecting the analtyic type. As a result, there
exists a branch C, C = C that is parametrized as follows:

~ { r =t
y = tG + t2s+1 + a2$+3 t25+3 + 01/254_5 t25+5 + al23+7 t28+7 + a/2$+9 t2s+9 .

One then uses Proposition 3.1 with A = 2541, j = 2s+9. It is clear that j— X (= 8)
belongs to I'. Thus, one obtains a branch C;, C; = C for which:

y= t6 + t2$+1 + U243 t28+3 + a/25+5 t2s+5 + a125+7 t2s+7 + n

where v(n) > 2s + 10 = ¢. Thus, 1 belongs to the conductor € of the local ring of
the branch.

Applying once again the same Proposition 3.1, one can eliminate the terms a; ti
for j = 25+5,2s+7. It is then easy to conclude! that every branch with characteris-
tic (4;6,2s+1) is analytically isomorphic to a branch C’ with the parametrization:

o r=t*
ly=t 4t et beC.

We will now show that all these branches are isomorphic to the branch obtained

by setting b=0:
r =t
C: y = 0 4 12541

To do so we will construct an analytic automorphism which transforms C to C’
whose coefficient b is arbitrary.

Let a denote an arbitrary constant. Let ¢ denote an automorphism of C[[t]]
that satisfies the following two conditions:

(a) p(t)=t=t+at3+at>* 2+

(b) ¢(z) € O(C).

1See Chapter III, prop. 1.2.
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We remark that condition (a), by itself, implies

o(x) = o(t*) = t* + 4at® + 6a%t® + 40310 4 a*'? + 4at® T 4 12a3t*T5 4. ..
=z + day + 6a°z* + a*z3 + 4adzy + - - - .
By an appropriate choice for the coefficients of ¢/, j > 25 — 2, one now defines ¢
so that
o(th) = 2 + day + 6a*2? + a*z® + 4aPry .

Let C’ be the branch defined by

o =7

v =0"1(y).

One has C' = C and:

—2s+1 —254+3

y =T+ tab 1 + a5t +
1= ot = [t+at® +at> 2+ -] =10 - 4 6at> 3 4.
7 — o2 = 25 4 (26 4 Dat? 4 -
TR _ (2o H8) — 258 L

—2s5+1

Substituting these expressions into the series (in t) for y’, one must obtain
y = t% 4+ 2571 This requires that

al23+1 =1 ) CL/25+3 = _(25 + 7) a.

By the preceding discussion, we know that the branch C’ is isomorphic to:

C// . ! = t4
: y// — t6 4 t25+1 _ (25 + 7) at25+3,

where a is an arbitrary constant. This completes the proof. O
In conclusion, we have shown that the moduli space of a branch with charac-
teristic (4;6,2s + 1) consists of a single point.
Before ending chapter IV, we give one additional technical lemma that will be
useful in chapters V and VI.

LEMMA 3.5. Let t be a power series in t whose lowest order term equals t.
Suppose that

T =t"+n ) Bytttroite
a>0
where p is an integer > 2. Then:
(a) T=t+ 3122 Bot"te 4 terms of order > 2u —2;
(b) t=7—1"2 Bo "™ + terms of order > 2u—2.
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PROOF. Since I — t" has order > pu+n — 1, while 7 — et has order 1 in ¢ as
long as € # 1, the order in t of  — ¢ is necessarily greater than or equal to u. We
may then write # =t +3° -, By t#"*. Tt follows that

"=t"+n Z Bttt 4 terms of order > n — 2 4 2.
a>0

By comparing this with the hypothesis, we obtain part (a) of the lemma.

If we now set t =€+ - B. 7" (note that the order of t — 7 in 7 is also
> 1), then we obtain the following identity:
t=(t+ BLtF ) 4By (t4 Y Bt ) e 4 By (t+ Y Bt te) T

a>0 a>0 a>0
Assume that o < i — 2. We then identify the coefficient of 1% on each side of this
equation. This gives
0=B:+B,.

Combining this with part (a) completes the proof of part (b). O



