CHAPTER 10

Deformations of tight closure and the localization problem

In this last chapter we want to discuss arithmetic and geaodformations of tight
closure, of (strong) semistability, and of the Hilbert-kumultiplicity. In arithmetic de-
formations we look at the dependence of tight closure etovanying prime numbers, so
the base space of the deformation is SpécThe generic case (over the 0-ideal) in such a
situation is in characteristic zero and the special cases gomaximal ideal) are in varying
positive characteristics. In geometric deformations ci@racteristic is fixed and positive,
and the data depend on certain parameters, the easiestad:ag&b = SpeK|[U]. Gener-
ically we have transcendental elements, while the spetihnces are algebraic over
We will give below (Example 10.8) an example of a geometriodeation overAi which
gives a negative answer to the localization problem in tiddure theory (Problem 1.8).

We start with the situation of arithmetic deformations, e¥his the setting where tight
closure in characteristic zero is defined (see also the e@hapter 1). So let a finitely
generatedZ-domainZ C S be given and consider the generic fil%y = Sz Q = Rin
characteristic zero and the special fibRps= Sz Z/(p) in positive characteristip. Re-
call that for an ideal in Sand an elementt € Sone says that € I* holds inRif and only
if the corresponding statement holds for almost all printiogions, that is, iff € I; holds
in Ry for almost all primesp.

How does the containmeifite 1* depend on the prime characteristic? A natural ques-
tion is the following (seed4, Appendix 1], 47, Question 13], andd0, §4]): suppose that
f € 1" holds for infinitely many prime reductions. Does it then hfddalmost all primes?

A related question is how does the Hilbert-Kunz multipjiaiif an m-primary ideal
| vary with the prime number? Here we have already mentionedehult of Trivedi
(Theorem 9.12) that in graded dimension two the ligjk (1) exists forp — c. Is this
limit achieved, and if so, for infinitely many prime numberseven for almost all prime
numbers? In terms of semistability, the corresponding tipregfor projective curves)
was first raised by Miyaokarsp, Problem 5.4]. Suppose th@— Sped is a relative
generically smooth projective curve, and let a vector beindlon C be given. Then?
induces a vector bundle on every fiber of the curve. Suppe@dsétta restriction of” to the
generic fiber (of characteristic zero) is semistable. ltnewn that#}, onCp is semistable
for almost allp; see [F6, §5]. However, what can be said about the behavior of strong
semistability? Miyaoka asked whether there exist infigitehny prime numbers such that
the reduction is strongly semistable. Shepherd-Bar@&h gsked the stronger question
whether it is strongly semistable for almost all prime rethres.

We first give a result where everything behaves nicely.

THEOREM10.1. LetZ C S be a standard-graded normal three-dimensional domain
such thatProjS — Spe is a relative elliptic curve. Let | be a homogeneous@Bimary

1one can also consider more general arithmetic base schékeethe spectrum of the ring of integers in

an algebraic number field.
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ideal, and fe S homogeneous. Then the Hilbert-Kunz multiplicify @p) is almost con-
stant(constant except for finitely many prime numbersioreover, for a homogeneous
element f we have eithere 1 or f ¢ I for almost all prime numbers.

PrROOF Almost all fibers are elliptic curves. On an elliptic curve@mistable bun-
dle is strongly semistable (Remark 5.13). Hence a bundleisheemistable in charac-
teristic zero is strongly semistable for almost all primeniners. This implies that the
Harder-Narasimham filtration of the syzygy bundle in chegastic zero induces the strong
Harder-Narasimhan filtration for almost all prime numbétence the result follows from
the formula for the Hilbert-Kunz multiplicity (Theorem 9.6nd from the numerical char-
acterization of tight closure (Theorem 7.6 and Theorem 7.7) O

However, this result is restricted to elliptic curves; famees of higher genus the
arithmetical behavior is more complicated. With regardn®e Hilbert-Kunz multiplicity,
Monsky and Han @4], [33], [80], [100) gave the following example where the Hilbert-
Kunz multiplicity in an arithmetic family is not almost caast.

EXAMPLE 10.2. LetRp = Z/(p)[X,Y,Z]/(X* + Y4+ Z%). Then the Hilbert-Kunz
multiplicity of Ry is

3 for p=+1mod8

R =
& (Rp) {34—1/p2 for p=+3mod8

Because of Corollary 9.7 this means that the syzygy bundtéxSyz) on the Fermat
quartic is strongly semistable fgr= +-1 mod 8 (and semistable in characteristic zero), but
not strongly semistable fqy = +3mod 8. Since there are infinitely many primes in every
arithmetic progression (Theorem of Dirichlet, s&@,[Chapitre VI, Section 4, Théoreme
and Corollaire]), this means that for infinitely many prineeluctions the restricted cotan-
gent bundle is not strongly semistable (though it is serlstia characteristic zero). Hence
the question of Shepherd-Barron has a negative answer.

The original question of Miyaoka, whether there exist iriéhji many prime numbers
with strongly semistable reduction, is still open. Thedualing class of examples shows
that, under the hypothesis that there exist infinitely maogtte Germain prime numbers
(widely believed to be true), the density of prime numberthwirongly semistable reduc-
tion can be arbitrarily small. Recall that a prime numhas called aSophie Germain
primeif 2h+ 1 is also prime.

ExampPLE 10.3. Leth > 5 be a Sophie Germain prime and det 2h+ 1. Consider
the syzygy bundle Syx2,y?,72) on the Fermat curve given by +yd +24 = 0. It can
be shown (se€l[l, Proposition 2]) that, for prime numbeps# +1modd, this bundle is
not strongly semistable. Hence the density of primes wittmsly semistable reduction is
< 1/h, which is arbitrarily small foh large enough.

We now come to the arithmetical behavior of tight closuree Tollowing example
given in [18] shows that the arithmetical behavior of tight closure isrencomplicated
than first hoped for: an element might belong to the tightwle®f an ideal for infinitely
many prime numbers, but not for almost all prime numberss Tésult also challenges the
very definition of tight closure in characteristic zero.

EXAMPLE 10.4. LetR=K[X,Y,Z]/(X"+Y"=Z7), 1 = (x*y*,Z*), andf =x3y°. It
was proved in18] that f € I* holds forp = 3mod7 and does not hold far=2mod?7.
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REMARK 10.5. This example has some interesting consequences. d€héai=
(x,y,2) in the forcing algebra

A=K[X,Y,Z,U,V,W]/(X"+Y" = Z" UX*+VY*+WZ + X3Y3)

is such that the open sub&fa) C Spedis affine for infinitely many but not for almost all
prime reductions. This means that its cohomological dinoen8uctuates arithmetically
between 0 and 1. In characteristic zero the open sigetis not affine, sof does belong
to the solid closure off, but it does not belong to the tight closurel of

We now come to geometric deformations of tight closure. Tesans basically that we
replace Speg, which was our base space for the arithmetic deformatignantequichar-
acteristic scheme (of positive characteristic). In factwiéonly deal with Spe&|[U] as
deformation space. So we have a faithfully flat exten#{dld] C Sand are interested in
the fibers of the morphism Sp8ec— SpeK [U] = AL. The (generic or transcendental)
fiber over(0) is just Spe¢Sxyy; K(U)), which is a ring over the field of rational func-
tionsK(U). The (special or algebraic) fibers over a maximal ideak (P(U)) in K[U]
are Spe(Sxyy) K(m)). We can also identifyn with a certain value € K in an algebraic
closure. We are again mainly interested in the case wiéras relative dimension two
over the basis (hence dimension three) and is standaredyratie corresponding relative
projective curveC = ProjSis then a family ovea!.

Cu
_'
(0) m=(P(U)) =u Spe[U]

In this situation we ask again how the Hilbert-Kunz mulggly, strong semistability,
and tight closure behave in such a geometric family. The\iehaf tight closure under
such a geometric deformation is related to the localizapiablem (Problem 1.8) by the
following proposition.

PrROPOSITION10.6. Let K be a field of positive characteristic, and lefu{ C S
be a three-dimensional standard-graded domain such thabat all fibers are a normal
standard-graded domain of dimension two. LetdK[U| C S be the multiplicative sys-
tem of all non-zero polynomials in U. LedH (fy,..., f,) be a homogeneous S$rimary
ideal, generated by homogeneous elements of degreeded fi) with syzygy bundle
SyZ(fi,...,fn). Let f € S be a homogeneous element of degreg ! ;di)/(n—1). If
the syzygy bundle is generically strongly semistable, thenl* in Sy. If tight closure
localizes, then £ |* also holds for almost all algebraic specializations.

PROOF. Note thatSy = S@k ) (K[U]m) = Seku K(U). So the ring localized at the
given multiplicative system is the generic fiber ring in thenfly. The statement about the
containment in the tight closure follows from the degreertb{Theorem 6.4). So suppose
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thatf € 1* in Sy. If tight closure localizes, then there exists an elenteatM such that
hf € 1" holds inS. By the persistence of tight closure (Theorem 1.12) we havevery
algebraic specializatiod — u € K thathf € 1* in §,. Sinceh(u) = 0 for only finitely
many valuesl € K it follows that f € 1* in §, for almost all algebraic values. O

This means that we can disprove localization if we find a gaaoeformation where
f € 1* holds generically, but & 1* holds for infinitely many algebraic valuess K. Such a
behavior can only happen if the syzygy bundle is stronglyistile in the transcendental
case, but not strongly semistable for infinitely many algébvalues (so this cannot happen
for a family of elliptic curves). Monsky has given i7§] the following example, where
the Hilbert-Kunz multiplicity varies with an algebraic paneter. This example can also be
interpreted in terms of strong semistability (see a#® Section 5]).

EXAMPLE 10.7. Letk =F, andS= K|U][X,Y,Z]/(qg) for
g=2"+Z2XY+Z(X34+Y3) + (U +U?)X?Y2,

This example was studied by Monsky in the context of Hild€uiz theory. He showed
that the Hilbert-Kunz multiplicity o6 (,,) = S®ku) K (p), p € SpeK[U], is

3 for k(p) =K(U)

ek (Sc(p)) = {3+1/4m for k(p) =K(u) CK, where m=degK(u)[K).

By Corollary 9.7 this means that the syzygy bundle @ygz) on C, = ProjS,(,,
strongly semistable in the transcendental situation andtnangly sem|stable in aII alge-
braic situations. Monsky shows in fact that the syzygy ber@it2xd, yd, zq)( 1) hasa
global non-zero section @by, wherek (p) is algebraic of degremandd’= 2m+1 [78 The-
orem 3.1]. Thus this pull-back is not semistable anymorenddeve have a destabilizing
short exact sequence

0— % —Syz(Xa 8.4 — 7 —0.
Suppose tha?” has degree®+ a and/// has degree®- a (the sum must be I}."Then

we havev; = —% + 4% andv, = —% — 5 . Hence by Theorem 9.6 we must have
1 3 a 3 a 9 a? a?
3+ (I)M=2((—=+ =)+ (—=——=)2—3)=2(2>-3+2 34—
QA g T g Y =A% 3 25gg) = 3 g

thereforea=4. So.¥ ® ﬁ(%q —1) has degree 0 and it has a section, tifis- &'(1— %d).
It follows that

0— 0(1) — SyzxX3,yi, A

N|Qz

— 0(-1)—0 (x)
must be the destabilizing sequence.

Building on Monsky’s example we have the following examplaeh gives a negative
answer to the localization problem. We describe here howdigmroving of this problem
reduces it to an elementary ideal membership problem, whiaghfinally settled in19].

ExAampLE 10.8. LetK =TF, andS=KJU][X,Y,Z]/(g) for
g=2Z*+Z2XY+Z(X3+Y3) 4 (U +U?)X?Y2,
Consider the ideal

="y 7 and f =y*Z in S,). p € SpeK[U].
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Since Sy#x,y,z) is strongly semistable folJ transcendental, the same is true for
Syz(x*,y*,7*) = F%(Syz(x,y,z)). Hence by the degree bound Theorem 6.4 we know that
f €17 holds in the transcendental case §iqy)). There is however strong numerical ev-
idence, which we present in the following, thiaZ I* in S, for all algebraic instances

p=(u),uekK.

In order to show that ¢ I in S;(,,) we have to show for a test eleméreind a certain
powerq = 2¢ (depending om € K) thatt f9 £ 19, We first need a lemma on test elements.

LEMMA 10.9. For every point € Sped[U] the test ideal of §,,) is (S¢(p))>2-

PROOF The test idealr = TSep) is the annihilator of the tight closure* Gnside
H%(qu)) ~HY(D(m), 0) (for the test ideal se&p], in particular Proposition 4.1), where
m is the graded irrelevant ideal. We claim th&t-0 H%(S,((m)zo (note that the local co-
homology module is graded). It is clear thdtddntains everything of nonnegative degree.
An element of negative degree belongs to the tight closulg ibrit is annihilated by
some Frobenius power (Corollary 4.14). We consider a noo-@dass of negative degree,
c € HY(C,0(—n)). This gives a non-trivial extension-8 &¢(—n) — .# — 0¢ — 0 and
dually 0— 0c — % — Oc(n) — 0. In such a situation every quotient bundleZthas pos-
itive degree (Proposition 4.12(i)), and we have@&g=ndegC) >4 > 2> %(g(C) -1).
Hence by 8, Theorem 2.7] or directly41, Corollary 7.7] the rank-two bundl& is ample
and every Frobenius pull-back of it stays ample. Hence tbbéfrius cannot trivialize the
extension.

We have (HZ(S¢p)))m = 0 for m > 2, hence (S¢,))>2 annihilates 0 =
(H%(qu)))zo- Therefore(S(,))>2 € T (we only need this inclusion). We also have
(H2 (Se(p))o= K<§§y, g, Z) and(H2 (Sc(y)))1 = K(Z), and the annihilators of the three
cohomology classes of degree zero @te), (x,z), and(x,y). Hence no linear form anni-
hiIates(H%(S((p)))o, and we have equality.

We also show that the Frobenius is injective on the degreeaat of the cohomology
module. The clasg/xyis mapped to itself, since

Z Y+ + (U )y 2

x2y2 X2y?2 Xy’

The clas®/x?y is mapped to

B 2(Pxy+ 3+ + (u+ u?)x3y?)

x4y x4y2
By HY) + (u+ A xy+ 2 B
N xAy2 Coxy?’
so the other two basis classes swap. In particulargHieear map is a bijection over a
finite field. O

Lemma 10.9 shows particularly thyt is a test element. The next lemma helps to
simplify the computations.

LEMMA 10.10. Let ue K, m= degK (u)|K) and set g= 2™. Then ¢f9 ¢ 119 if and
only ifyfd ¢ 131,
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PROOF One direction is clear. For the other direction we tenserséquenceéx) in
Example 10.7 withv'(1) and get = 2q)

0— 0(2) — Syz(x®,y?9, 79)(3q+ 1) — ¢ — 0.

The element yf% = yy3%z3% determines the cohomology clas§(yf%?) in
HY(C,Syz(x?9,y?4, 729)(3q+ 1)), which is 0 if and only if the element belongs to the ideal
(x29,y29, 729) = |19/2] S0 by assumption this class is not zero. SiHEéC, 0(2)) = 0 we
have an isomorphism

HY(C,Syz(x®,y*,72%)(3q+ 1)) = HY(C, 0).

The Frobenius maps the cladéy/f2) to the clas(y2 f9) in H(C, Syz(x4, %, 29) (6q+
2)). The Frobenius acts, however, injectively on the zero degfehe cohomology, as
shown in the proof of Lemma 10.9. Heng&f 9 & (x*, y*d, 749) — | [d, O

The following numerical observation (Lemma 10.10 makestraputation easier by
halving the Frobenius exponentiBfgave important numerical evidence that in Example
10.8 the conclusion of Proposition 10.6 does not hold andétalization cannot hold.

OBSERVATION 10.11. Letu € K be an algebraic element of degnee and letp €
Sped,[U] be the corresponding closed point. Then the following hol8,: For q=
2¢, e<m, we have

Ld / / /
y(y2) 'z € (9,y29,2)
and (more importantly) fog = 2™ we have

y(y2Z ¢ (x29,y?4, 29) hence’fd ¢ 19 andf ¢ 1*.
This has been computed for all algebraic elements of degr@ethat is, for all elements
in Fose C K with the help of Almar Kaid and CoCoA. For this just take areducible
polynomialh(U) of degreem and check the ideal membershiplaU,X,Y,Z]/(g,h).
Moreover, for each degree 2,11,12 and for one chosen irreducible polynomial of that

degree, the same behavior was observed in computationstdoMartin Kreuzer and
Daniel Heldt.

After these notes were written, P. Monsky succeeded in pgothat this behavior
holds for all algebraic values € K, thus completing the proof that tight closure does not
commutate with localization; se&9).



