
Glossary of Notation

Unless otherwise stated all rings are commutative with 1. A multiplicatively

closed set of a ring R always contains 1R. A ring homomorphism R → S maps 1R

to 1S . This is also called an algebra S/R. We try to use the standard notation and

language of algebraic geometry.

N {0, 1, 2, . . . }
N+ {1, 2, 3, . . . }
U(X) set of open subsets of X 1

Ab(X) category of abelian sheaves on X 1

sx germ of a section s at x 1

Supp(s) support of a section s 1

F (U) group of sections on an open set U 1

Fx stalk of F at x 1

ΓY (X, F ) group of sections with support in Y 1

Hi
Y (X, F ) i-th cohomology with support in Y 1

Hi
x(X, F ) i-th local cohomology at a point x 1

M̃ sheaf associated to a module M 1

F̃ flasque sheaf associated to F 2

j!F extension of a sheaf by zero 2

F |U restriction of a sheaf to an open set U 2

Mod(X) category of sheaves of modules on a ringed space X 4

Hi(X, F ) i-th global cohomology 4

j∗F direct image sheaf 5

RM an S-module considered as an R-module via R → S 6

Spec R spectrum of a ring R 6

D(f) non-vanishing set of f on an affine scheme 7

Mf localization of a module at f 7

Ann annihilator of an element or ideal or module 7

V (a) vanishing set of an ideal a on an affine scheme 8

V (f) vanishing set of a set f of polynomials 8

Γa(M) sections of a module with support in V (a) 8

ix
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Hi
a(M) i-th cohomology with support in V (a) 8

Hi
m(M) i-th local cohomology at a maximal ideal m 8

JY ideal sheaf of Y 9

Or
X direct sum of r copies of OX 9

k(x) residue field of OX,x 9

Pd
A d-dimensional projective space over a ring A 11

C•(U, F ) alternating Čech complex with respect to a covering U 11

Ȟ•(U, F ) Čech cohomology 11

C̃•(U, F ) normalized Čech complex 11

C •(U, F ) sheafified Čech complex 12

dim (Krull) dimension of a ring or module or scheme 16

C•[1] complex with degree shift by 1 16∧
Rd exterior algebra of Rd 22

K•(t, M) homological Koszul complex 22

K•(t, M) cohomological Koszul complex 23

H•(t, M) homology of K•(t, M) 23

H•(t, M) homology of K•(t, M) 23

MS localization with respect to S 23

∆ transition determinant 26

µx multiplication by x 27

S(R) socle of a zero-dimensional local

or graded ring R 29

lim
−→

direct (injective) limit 29

Φt canonical map M/(t)M → Hd
m(M) 32[

m
t

]
generalized fraction of m over denominator set t 32

Ω•
R/k algebra of differential forms of R/k 35

ResR residue for a complete reduced local ring R 39, 93

ρt canonical map induced by the residue 40, 89

f(0) constant term of a power series f 41

J, Jf Jacobian determinant (of a set f of polynomials) 43

lim
←−

inverse (projective) limit 45

S+ homogeneous maximal ideal of a graded ring S 47

Proj S projective scheme of a graded ring S 47

D+(f) non-vanishing set of a homogeneous element

f ∈ S on Proj S 47

M(f) homogeneous localization of a graded module 47

M(n) graded module shifted by n 47

M∗ sheaf associated to a module 47
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dimk dimension of a k-vector space 49

Γ∗F graded module associated to a sheaf 49

Γ(X, F ) module of global sections 50

χ(F ) Euler characteristic of F 50

Supp(F ) support of a sheaf F 50

PF Hilbert polynomial of F 50

pa(X) arithmetic genus of X 51

Ω
p
X/A sheaf of p-forms on a scheme X/A 52

R(X) field of rational functions on

an integral scheme X/A 52∫
X

integral for a projective variety X 55, 101

δF duality isomorphism 55, 94, 102

R̂, M̂ completion of a local ring R or an R-module M 56

Resx residue at a closed point x 56, 95

X(k) set of k-rational points of X 57

V+(I) zero-set of a homogeneous ideal I in ProjS 58

Ad
k affine space over k 58

G(f) = Gf degree form of a polynomial f 58

TP (V ) tangent space of a variety V at P 61

grad f gradient of a polynomial f 63

〈 , 〉 standard scalar product 63

H∞ hyperplane at infinity 63

fXi
= ∂f

∂Xi
partial derivative of f with respect to Xi 63

tr(ϕ) trace of an endomorphism 65

trS/R trace map of an algebra 65

ωS/R canonical (dualizing) module 65, 84

Q(R) full ring of quotients of a ring R 66

CS/R Dedekind complementary module 66

dD(S/R) Dedekind different 66

fT/S conductor of an algebra T/S 67

k(SP) residue field of SP 68

µ(M) minimal number of generators of M 68

µP(M) minimal number of generators of MP 68

rP Cohen-Macaulay type at P 68

Max S set of maximal ideals of S 69

δ canonical multiplication map S ⊗R S → S 70

dN (S/R) Noether different 70

dK(S/R) Kähler different 70

∆t
x Bézoutian 72
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τx
t linear form associated to the Bézoutian 72

dt
x generalized Jacobian 74

ωV/k sheaf of regular differential forms

(also called canonical or dualizing sheaf) 84

Reg V set of regular points of V 84

cV/k fundamental class of a variety 85

F ∗, F ∗∗ dual (double dual) of a sheaf F 85

Pic V Picard group of a variety V 86

CV/W complementary module of a

finite morphism V → W 87

µx(X) multiplicity of X at x 96

∆(X) centroid of a zero-dimensional affine scheme 96

pg(V ) geometric genus of a projective variety 103

Coh(V ) category of coherent sheaves on V 110

δi
F i-duality isomorphism 111

Sing(X) singular locus of X 112

δ(X) singularity degree of X 113

c(X) conductor degree of X 113

|µ| µ0 + · · · + µd, µ = (µ0, . . . , µd) ∈ Nd+1 115

µ! µ0! · · ·µd!, µ = (µ0, . . . , µd) ∈ Nd+1 115

∂µ ( ∂
∂X0

)µ0 · · · ( ∂
∂Xd

)µd , µ = (µ0, . . . , µd) ∈ Nd+1 115

Xµ Xµ0
0 · · ·Xµd

d , µ = (µ0, . . . , µd) ∈ Nd+1 116

PF (∂) differential operator associated

to F = {F0, . . . , Fd} 115

ev0 evaluation at zero 116

polysol(I(∂)) polynomial solutions of the differential equations

associated to an ideal I 116

P(V ) projective space associated to a vector space V 117

X(∆) toric variety associated to a lattice polytope ∆ 119

∆f (X, Z) representative of Bézoutian of f = {f1, . . . , fd} 120

degXf degree of f in a set of variables X 123√
(f) radical of the ideal (f) 127

Ω0 homogeneous d-form used for residues 128, 136

T the torus of Pd
k or a toric variety 129, 131

Gm multiplicative group 129[ G Ω0

F0 · · ·Fd

]
homogeneous generalized fraction 129, 138

N, M dual lattices 130

σ∨ dual of a convex cone σ 130

σ(1) set of 1-dimensional faces of σ 130



GLOSSARY OF NOTATION xiii

Aσ semigroup algebra of σ 130

χm character associated to m ∈ M 130, 131

Vσ affine toric variety corresponding to σ 131

ω the d-form dt1
t1

· · · dtd

td
or the

(d + 1)-form dt0
t0

· · · dtd

td
131, 132

Int σ∨ interior of σ∨ 131

C(∆) cone associated to a lattice polytope ∆ 131

S∆ semigroup algebra of a lattice polytope ∆ 132

L∆ quotient field of S∆ 132

I∆ dualizing ideal corresponding to ∆ 132

Resf toric residue (first and second versions) 133

uρ minimal generator of ρ ∩ N 133

Dρ divisor associated to minimal generator ρ 133

S total coordinate ring of the toric variety 133

div(χm) divisor of the character χm 134

Cl(X) group of torus-invariant Weil divisors

modulo linear equivalence 134

∆d standard d-simplex 134

β0 sum of the degrees of the variables 135

δ the critical degreee
∑d

i=0 deg Fi − β0 138

ResF toric residue (homogeneous versions) 138, 140

Σ∆ normal fan of ∆ 138

Resf global residue 144

∆(f) Newton polytope of a Laurent series f 144

∆σ
F polynomial of toric residue ±1 148
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1. Local Cohomology Functors

In this section some properties of local cohomology with values

in sheaves are presented. Later in § 5 and § 10 residues will

be defined for local cohomology classes of sheaves of differential

forms. The reader is assumed to be familiar with basic notions

and facts of homological algebra and sheaf theory as explained

in [39, Chap. II and III].

Let X be a topological space, Y ⊂ X a closed subset, and let U(X) be the set

of open subsets of X. Let Ab(X) denote the category of sheaves of abelian groups

on X, called abelian sheaves. Let F ∈ Ab(X) be given. For a section s of F in

a neighborhood U of a point x ∈ X, the germ of s at x is denoted by sx, and the

support Supp(s) of s is the set of all y ∈ U with sy �= 0.

Definition 1.1. ΓY (X, F ) := {s ∈ F (X) | Supp(s) ⊂ Y } is called the group
of sections of F with support in Y .

Lemma 1.2. ΓY (X,−) is a left-exact functor.

Proof. Clearly ΓY (X,−) is a functor. Let an exact sequence of abelian

sheaves

0 −→ F −→ G −→ H −→ 0

be given. Then 0 → Fx → Gx → Hx → 0 is an exact sequence of abelian groups

for all x ∈ X. Likewise the sequence 0 → F (X) → G (X) → H (X) is exact. Since

obviously ΓY (X, F ) = ker(ΓY (X, G ) → ΓY (X, H )), the exactness of

0 −→ ΓY (X, F ) −→ ΓY (X, G ) −→ ΓY (X, H )

follows immediately. �

Since Ab(X) has sufficiently many injective objects the right-derived functors

of ΓY (X,−) are defined.

Definition 1.3. Let Hi
Y (X,−) be the i-th right-derived functor of ΓY (X,−).

For an abelian sheaf F on X we call Hi
Y (X, F ) the i-th cohomology on X with

values in F and support in Y .

Important special cases are:

a) Y = X: Then we simply write Hi(X, F ) and call this the i-th cohomology
of X with values in F .

b) Y = {x} with a closed point x ∈ X: Then we write Hi
x(X, F ) and call

this the local cohomology of X at x with values in F .

If X carries additional structure, for example is a ringed space or a scheme, and

if F is an OX-module, the cohomology is always understood in the above sense as

a derived functor of abelian sheaves.

Definition 1.4. An abelian sheaf F is called flasque if for all open sets V ⊂ U
the restriction morphism F (U) → F (V ) is surjective. A module M over a ring R

is called flasque if its associated sheaf M̃ on Spec R is flasque.

Examples 1.5.

a) A constant sheaf is flasque on an irreducible space.
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b) If F is a presheaf, we define for each U ∈ U(X) the abelian group

F̃ (U) =
∏
x∈U

Fx,

with restriction morphisms given by the canonical projections. In this way

we obtain a flasque sheaf on X, the flasque sheaf associated to F . If F

is already a sheaf, then the canonical morphism F → F̃ is a monomor-

phism. One constructs an exact sequence of sheaves

0 −→ F −→ F 0 −→ F 1 −→ · · ·
with F 0 := F̃ and F i := C̃ i, where C i := coker(F i−1 → F i). Here

F−1 = F . This exact sequence is called the canonical flasque resolution
of F .

Lemma 1.6. Let 0 → F
α→ G

β→ H → 0 be an exact sequence in Ab(X) and
let F be flasque. Then:

a) 0 → ΓY (X, F ) → ΓY (X, G ) → ΓY (X, H ) → 0 is exact.
b) G is flasque if and only if H is.

Proof. a) We have only to show that ΓY (X, G ) → ΓY (X, H ) is surjective.

Let a section s ∈ ΓY (X, H ) be given. Consider the set M of all pairs (V, t) with

V ∈ U(X), t ∈ G (U) such that β(t) = s|V . We order M by

(V, t) ≤ (V ′, t′) ⇐⇒ V ⊂ V ′, t′|V = t

Then M is inductively ordered and by Zorn’s lemma has a maximal element (V, t).
If V �= X, then we can choose x ∈ X \V and a neighborhood U of x with a section

t′ ∈ G (U) such that β(t′) = s|U . We have t|V ∩U
− t′|V ∩U

∈ F (V ∩U), and since F
is flasque there exists t0 ∈ F (U) with t0|V ∩U = t|V ∩U −t′|V ∩U . Then t′+t0 ∈ G (U)

and t ∈ G (V ) define a section t∗ ∈ G (V ∪U). It follows that β(t∗) = s|V ∪U , which

contradicts the maximality of (V, t). Therefore V = X and there exists t ∈ G (X)

with β(t) = s.
Now set U := X \ Y . Since Supp(s) ⊂ Y we have t|U ∈ F (U), which is

regarded here as a subgroup of G (U). Choose t0 ∈ F (X) with t0|U = t|U and set

t∗ := t − t0. Then t∗ ∈ ΓY (X, G ) and β(t∗) = s, which is what we had to show.

b) Applying the above in the case Y = X, it follows that for open sets V ⊂ U
the rows of the commutative diagram

0 → F (U) → G (U) → H (U) → 0

↓ ρ ↓ ρ′ ↓ ρ′′

0 → F (V ) → G (V ) → H (V ) → 0

are exact, where ρ is surjective since F is flasque. It follows that ρ′ is surjective if

and only ρ′′ is. �

Lemma 1.7. Let (X, OX) be a ringed space and I an injective OX-module.
Then I is a flasque sheaf.

Proof. For U ∈ U(X) let j : U → X be the inclusion and OU := j!(OX |U )

the extension of OX |U by zero, that is the sheaf associated to the presheaf

V �−→
{

OX(V ) for V ⊂ U

0 otherwise.
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Observe that

OU,x =

{
Ox for x ∈ U

0 otherwise.

Therefore the sequence 0 → OU ′ → OU is exact for U ′ ⊂ U, U ′ ∈ U(X). Since I is

injective, the sequence

HomOX
(OU , I ) −→ HomOX

(OU ′ , I ) −→ 0

is also exact. However HomOX
(OU , I ) = Γ(U, I ) = I (U) canonically, and since

I (U) −→ I (U ′) −→ 0

is exact, the sheaf I is flasque. �

In particular each injective abelian sheaf on a topological space X is flasque.

Proposition 1.8. Let X be a topological space and Y ⊂ X a closed subset.
Then for each flasque sheaf F on X we have

Hi
Y (X, F ) = 0 for i > 0.

Proof. There is an exact sequence 0 → F → I → G → 0 with an injective

sheaf I . By 1.7 I is flasque, hence so is G by 1.6 b). Furthermore, the sequence

0 −→ ΓY (X, F ) −→ ΓY (X, I ) −→ ΓY (X, G ) −→ 0

is exact by 1.6 a) and Hi
Y (X, I ) = 0 for i > 0 by the construction of derived

functors. The long exact cohomology sequence

0 �� H1
Y (X, F ) �� H1

Y (X, I ) �� H1
Y (X, G ) �� H2

Y (X, F ) �� H2
Y (X, I ) �� · · ·

0 0

shows that H1
Y (X, F ) = 0 and Hi+1

Y (X, F ) ∼= Hi
Y (X, G ) for i ≥ 1. Since G is

flasque it follows by induction that Hi
Y (X, F ) = 0 for all i ≥ 1. �

If T = {T i}i≥0 is a δ-functor on an abelian category A with values in another

abelian category, then an object F of A is called T -acyclic if T i(F ) = 0 for i > 0.

Flasque sheaves are acyclic for the cohomology on X with support in Y . Assume

(1.1) 0 −→ F −→ G 0 −→ G 1 −→ · · ·
is a T -acyclic resolution of F ∈ A, that is an exact sequence for which all G i (i ≥ 0)

are T -acyclic. Applying T 0 we obtain a complex

T 0(G •) : 0 −→ T 0(G 0) −→ T 0(G 1) −→ T 0(G 2) −→ · · · .

Lemma 1.9. T i(F ) ∼= Hi(T 0(G •)).

Proof. Set F =: F 0 and decompose (1.1) into short exact sequences

0 −→ F 0 −→ G 0 −→ F 1 −→ 0

0 −→ F 1 −→ G 1 −→ F 2 −→ 0
...

0 −→ F i −→ G i −→ F i+1 −→ 0
...
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where F i := ker(G i → G i+1) (i ≥ 0). Applying T 0 and the long exact cohomology

sequence we obtain exact sequences

0 −→ T 0(F i) −→ T 0(G i) −→ T 0(F i+1) −→ T 1(F i) −→ 0,

isomorphisms

T p(F p+1) ∼= T p(F p) for p ≥ 1,

and commutative triangles

T 0(G i) ��

����
��

��
��

T 0(G i+1)

T 0(F i+1),
� �

�����������

from which one deduces that

T 0(F i) = H0(T 0(G •))

T 1(F i) = Hi+1(T 0(G •)) for i > 0

and

T p(F 0) = T p−1(F 1) = · · · = T 1(F p−1) = Hp(T 0(G •)),

which is what we had to show. �

The lemma shows in particular: If an abelian sheaf F has a flasque resolution

0 −→ F −→ G 0 −→ G 1 −→ · · · ,

then

Hi
Y (X, F ) = Hi(ΓY (X, G •)),

i.e. local cohomology can be computed by means of flasque resolutions.

Proposition 1.10. Let (X, OX) be a ringed space. The local cohomology func-
tors Hi

Y (X, F ) for F ∈ Mod(X) are the derived functors of ΓY (X, F ) in the
category Mod(X) of OX-modules, that is they can be computed with injective reso-
lutions in Mod(X). In particular all Hi

Y (X, F ) are modules over ΓY (X, OX) and
all homomorphisms Hi

Y (X, F ) → Hi
Y (X, G ) associated with morphisms F → G in

Mod(X) are ΓY (X, OX)-linear.

This is clear by 1.9 since injective OX -modules are flasque by 1.7.

By the universal property of derived functors, the inclusion

ΓY (X, F ) ⊂ Γ(X, F )

corresponds to a homomorphism of δ-functors

Hi
Y (X, F ) → Hi(X, F ) (i ≥ 0)

called the canonical homomorphism from local into global cohomology. Later this

will play a basic role in the formulation of the residue theorem.

Let U := X \ Y . The restriction Γ(X, F ) → Γ(U, F |U ) likewise corresponds

to a canonical homomorphism of δ-functors

Hi(X, F ) → Hi(U, F |U ) (i ≥ 0).
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Proposition 1.11. There exists a functorial long exact sequence

0 −→ ΓY (X, F ) −→ Γ(X, F ) −→ Γ(U, F |U ) −→
H1

Y (X, F ) −→ H1(X, F ) −→ H1(U, F |U ) −→
H2

Y (X, F ) −→ · · ·
Proof. For each flasque sheaf G on X the canonical sequence

0 −→ ΓY (X, G ) −→ Γ(X, G ) −→ Γ(U, G |U ) −→ 0

is exact, as is easily seen. Assume now that a flasque resolution (1.1) of F is given.

Then there is an exact sequence of complexes

0 −→ ΓY (X, G •) −→ Γ(X, G •) −→ Γ(U, (G |U )•) −→ 0

and by 1.9 the long exact cohomology sequence associated with it gives the sequence

we are looking for. �
Now let V ⊂ X be an open set such that Y ⊂ V .

Lemma 1.12. There is a canonical isomorphism of δ-functors

Hi
Y (X, F ) ∼= Hi

Y (V, F |V ).

In other words: The cohomology with support in Y depends only on the neighbor-
hoods of Y .

Proof. The canonical map

ΓY (X, F ) → ΓY (V, F |V ) (s �→ s|V )

defines a functorial isomorphism. It is clear that the map is injective. In order to

show surjectivity let a section s ∈ ΓY (V, F |V ) be given, and set U := X \ Y . Then

s and the zero section on U define a section t ∈ Γ(X, F ) with Supp(t) ⊂ Y and

t|V = s.
Passing to derived functors leads to the desired isomorphism since F → F |V

is an exact functor. �
Lemma 1.13. Let X ′ ⊂ X be a closed subset with Y ⊂ X ′, and let j : X ′ → X

denote the inclusion map. Then for abelian sheaves F on X ′ there is an isomor-
phism of δ-functors

Hi
Y (X ′, F ) ∼= Hi

Y (X, j∗F ) (i ≥ 0).

Proof. The canonical isomorphism Γ(X ′, F ) ∼= Γ(X, j∗F ) induces an iso-

morphism

ΓY (X ′, F ) ∼= ΓY (X, j∗F ).

From a flasque resolution (1.1) of F we obtain a flasque resolution

0 → j∗F → j∗G
0 → j∗G

1 → · · ·
of j∗F since the functor j∗ is exact in our situation. Thus we have

Hi
Y (X ′, F ) ∼= Hi(ΓY (X ′, G •)) ∼= Hi(ΓY (X, j∗G

•)) ∼= Hi
Y (X, j∗F ). �
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7. Duality and Residue Theorems for Projective Space

The theorems proved here about differential forms on projective

space are the basis for later generalizations to arbitrary projec-

tive varieties. Though only a special case of much more general

results, the residue theorem on Pd leads to uniform proofs and

generalizations of various classical results about intersections of

hypersurfaces. The section concludes with some applications.

Let X be a scheme over a ring A. The module of differentials Ω1
X/A of X over

A is the OX -module with the property: If U = SpecB is an open affine subset of

X, then Ω1
X/A|U = Ω̃1

B/A, where Ω1
B/A is the module of Kähler differentials of B/A.

If p ∈ SpecB is the prime ideal corresponding to the point x ∈ X, then

(Ω1
X/A)x = (Ω1

B/A)p = Ω1
Bp/A = Ω1

Ox/A.

Similarly, for each p ∈ N, the sheaf Ω
p
X/A of p-forms (differential forms of degree p)

is defined by

Ω
p
X/A|U := Ω̃

p
B/A =

p∧
Ω̃1

B/A

for U = Spec B as above. Moreover, for all p ∈ N, there is exterior differentiation
d : Ω

p
X/A → Ω

p+1
X/A, defined as the morphism of sheaves of A-modules which for each

U is induced by the differentiation

dB/A : Ω
p
B/A −→ Ω

p+1
B/A (b0 db1 · · · dbp �−→ db0 db1 · · · dbp).

In particular, d : OX → Ω1
X/A is given by the universal derivation

dB/A : B −→ Ω1
B/A (b �−→ dB/Ab).

We call d the universal derivation of OX/A.

If X is an integral scheme with generic point x, then

(Ω
p
X/A)x = Ω

p
R(X)/A =

p∧
Ω1

R(X)/A,

where R(X) = Ox is the field of rational functions on X. We call Ω
p
R(X)/A the

R(X)-vector space of rational p-forms on X and consider it as a constant sheaf on

X. Then we have a canonical morphism of sheaves

Ω
p
X/A −→ Ω

p
R(X)/A

which in general is not injective.

In this section, differential forms of degree d on X := Pd
A = ProjS play the main

role, where S = A[X0, . . . , Xd] is the polynomial ring in the variables X0, . . . , Xd

over A. We give an alternate description of the sheaf Ωd
X/A in this case.

The module of differentials

Ω1
S/A =

d⊕
i=0

S dXi

is a graded S-module where deg dXi = 1 for i = 0 . . . , d. The universal derivation

d : S −→ Ω1
S/A

(
f �−→

d∑
j=0

∂f

∂Xj
dXj

)
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is homogeneous of degree 0. Let Ω̃1
S/A be the sheaf on X = ProjS associated to

the graded S-module Ω1
S/A. Then clearly

Ω̃1
S/A

∼=
d⊕

i=0

OX(−1).

Furthermore, the universal derivation d induces a morphism

d̃ : S̃ −→ Ω̃1
S/A

of sheaves of A-modules, which for homogeneous polynomials in S of the same

degree is described over D+(g) by the formula

d̃
(f

g

)
=

gdf − fdg

g2
.

For each open set U ⊂ X the map d̃U is an A-derivation of S̃(U) = OX(U) to

Ω̃1
S/A(U).

The S-linear map

e :

d⊕
i=0

S dXi −→ S (dXi �−→ Xi)

is homogeneous of degree 0 and a surjection onto S+. It induces an OX-module

homomorphism

ε : Ω̃1
S/A −→ S̃ = OX

which is an epimorphism (though e is not). The connection between Ω̃1
S/A and

Ω1
X/A is given by

Proposition 7.1. We have ker ε ∼= Ω1
X/A and im d̃ ⊂ ker ε. The diagram

0 �� Ω1
X/A

�� Ω̃1
S/A

ε �� OX
�� 0

OX

ed
�������d

�������

is commutative and the top row is exact. This row is called the Euler sequence.

Proof. It suffices to consider the situation over the open affine set

D+(X0) = SpecA
[X1

X0
, . . . ,

Xd

X0

]
.

Here, Ω̃1
S/A(D+(X0)) is the free A

[
X1
X0

, . . . , Xd

X0

]
-module with basis

{
dX0
X0

, . . . , dXd

X0

}
.

Since ε
(

dXi

X0

)
= Xi

X0
(i = 1, . . . , d) and ε

(
dX0
X0

)
= 1, the differentials

Xj

X0
· dX0

X0
− dXj

X0
=

Xj dX0 − X0 dXj

X2
0

= d̃
(Xj

X0

)
(j = 1, . . . , d)

form a basis of ker ε. Further if f ∈ S is homogeneous of degree ν, then

ε
(
d̃
( f

Xν
0

))
= ε

(Xν
0 df − νfXν−1

0 dX0

X2ν
0

)
=

Xν
0 · ν · f − ν · f · Xν

0

X2ν
0

= 0



54 7. DUALITY AND RESIDUE THEOREMS FOR PROJECTIVE SPACE

by Euler’s formula, which states that df =
∑d

j=0
∂f

∂Xj
dXj is sent to ν · f by the

map dXj �→ Xj (j = 0, . . . , d). It follows that im d̃|D+(X0)
⊂ ker ε|D+(X0)

and

that d̃ induces the universal derivation d : A[X1
X0

, . . . , Xd

X0
] → ker ε. This proves the

proposition. �

By taking exterior powers, the Euler sequence gives a canonical isomorphism

(7.1) Ω̃d+1
S/A

∼= Ωd
X/A ⊗OX

OX
∼= Ωd

X/A.

Set ti := Xi

X0
(i = 1, . . . , d). The isomorphism (7.1) identifies the differential form

(7.2) f dt1 · · · dtd ∈ Ωd
X/A(D+(X0)) (f ∈ k[t1, . . . , td])

with the element

(7.3)
F dX0 · · · dXd

Xdeg f+d+1
0

∈ Ω̃d+1
S/A(D+(X0)),

where F := Xdeg f
0 · f(X1

X0
, . . . , Xd

X0

)
is the homogenization of f . The isomorphism

(7.1) is the desired description of Ωd
X/A as the sheaf M̃ of a graded S-module M .

Suppose that A is a domain, R(X) the field of rational functions of X/A, and

L := Q(S) the quotient field of S. Then R(X) ⊂ L in a canonical way, and (7.1)

induces a canonical R(X)-linear injection

(7.4) Ωd
R(X)/A −→ Ωd+1

L/A,

where for i = 0, . . . , d the form (−1)id
(

X0
Xi

) · · · d̂(Xi

Xi

) · · · d(Xd

Xi

)
is mapped onto

1

Xd+1
i

dX0 · · · dXd.

As Ω̃1
S/A

∼= ⊕d
i=0 OX(−1), we obtain from (7.1) that Ωd

X/A
∼= OX(−d− 1), and

more generally

(7.5) Ωd
X/A(n) ∼= OX(n − d − 1) for n ∈ Z.

From now on let A = k be a field. By (7.5) and 6.4 we have

Proposition 7.2.

a) Hp(X, Ωd
X/k(n)) = 0 for p �= 0, d and all n ∈ Z.

b) Hd(X, Ωd
X/k(n)) = 0 for n ≥ 1.

c) dimk Hd(X, Ωd
X/k(−n)) =

(
d+n

d

)
for n ≥ 0.

Furthermore, Γ(X, Ωd
X/k(n)) ∼= Γ(X, OX(n − d − 1)) for n ≤ d, in particular

Γ(X, Ωd
X/k) = 0.

Proposition 6.3 is a more precise assertion than 7.2 c). Let m := (X1, . . . , Xd)

and M := mSm. Then Hd(X, Ωd
X/k(n)) can be identified in canonical manner with

the k-vector space spanned by the fractions[
dX0 · · · dXd

Xa0
0 , . . . , Xad

d

]
∈ Hd+1

M (Ωd+1
Sm/k), where ai ∈ N+ and

d∑
i=0

ai = d + 1 − n.
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In particular, for n = 0 we have

Hd(X, Ωd
X/k) = k ·

[
dX0 · · · dXd

X0, . . . , Xd

]
.

This basis element is independent of the choice of coordinates. Let Yi =
∑d

j=0 cijXj

(i = 0, . . . , d), where cij ∈ k and ∆ := det(cij) �= 0. Then by 4.18[
dY0 · · · dYd

Y0, . . . , Yd

]
=

[
∆ dX0 · · · dXd

Y0, . . . , Yd

]
=

[
dX0 · · · dXd

X0 . . . , Xd

]
.

Definition 7.3. The integral over X is the canonical map∫
X

: Hd(X, Ωd
X/k) −→ k

which sends α ·
[
dX0 · · · dXd

X0, . . . , Xd

]
to α for all α ∈ k.

Theorem 7.4 (Duality for Pd
k). For X = Pd

k, the pair (Ωd
X/k,

∫
X

) represents
the functor

Homk(Hd(X,−), k)

for coherent OX-modules. In other words: For any coherent OX-module F , the
canonical k-linear map

δF : HomOX
(F , Ωd

X/k) −→ Homk(Hd(X, F ), k)
(
� �−→

∫
X

◦Hd(X, �)
)

is bijective.

Proof. a) We consider at first the case F = OX(−n) with n ∈ Z. Then

HomOX
(OX(−n), Ωd

X/k) ∼= Γ(X, Ωd
X/k(n)) ∼= Γ(X, OX(n − d − 1)).

This vector space vanishes for n ≤ d, and so does Hd(X, OX(−n)) by 6.4.

Assume therefore that n ≥ d + 1. As a k-vector space, Γ(X, Ωd
X/k(n)) has the

basis {
Xa0

0 · · ·Xad

d dX0 · · · dXd | ai ∈ N (i = 0, . . . , d),
d∑

i=0

ai = n − d − 1
}

and Hd(X, OX(−n)) has the basis{[
1

Xb0
0 , . . . , Xbd

d

]
| bi ∈ N+ (i = 0, . . . , d),

d∑
i=0

bi = n
}

The map δOX(−n) is induced by the pairing(
Xa0

0 · · ·Xad

d dX0 · · · dXd,

[
1

Xb0
0 , . . . , Xbd

d

])
�−→

∫
X

[
Xa0

0 · · ·Xad

d dX0 · · · dXd

Xb0
0 , . . . , Xbd

d

]
.

The last expression is 1 if bi = ai + 1 for i = 0, . . . , d and vanishes otherwise.

Therefore the above bases are dual with respect to
∫

X
, and δOX(−n) is bijective.

b) We can proceed now as in the proof of the local duality theorem 5.13. Since

the theorem is true for F = OX(n) with n ∈ Z, it is true for finite direct sums of
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such sheaves. For each coherent sheaf there exists an exact sequence of the following

form
s⊕

i=1

OX(mi) −→
r⊕

j=1

OX(nj) −→ F −→ 0.

As both functors HomOX
(−, Ωd

X/k) and Homk(Hd(X,−), k) are left exact, it follows

immediately that δF is also an isomorphism. �

Corollary 7.5. Let F ∗ := HomOX
(F , OX) be the dual of a locally free sheaf

F of finite rank. Then

Homk(Hd(X, F ), k) ∼= Γ(X, F ∗(−d − 1)).

Proof. This follows from the isomorphisms

Homk(Hd(X, F ), k) ∼= HomOX
(F , Ωd

X/k) ∼= HomOX
(OX , F ∗ ⊗OX

Ωd
X/k)

∼= HomOX
(OX , F ∗(−d − 1)) ∼= Γ(X, F ∗(−d − 1)). �

For the construction of residues at closed points of the projective space we need

Lemma 7.6. Let (R, m) be a noetherian local ring, (R̂, m̂) its completion, M a
finite R-module, and M̂ := R̂ ⊗R M the completion of M . Then there exist for all
p ∈ N canonical isomorphisms

Hp
m(M) ∼= Hp

bm(M̂).

Proof. Each system t = {t1, . . . , td} of parameters of R is also one of R̂.

By § 4, there is a canonical isomorphism Hp
m(M) ∼= lim−→Hp(tρ, M). Moreover

Hp(tρ, M̂) ∼= R̂ ⊗R Hp(tρ, M). By 4.8, the support of Hp(tρ, M) consists only of

the maximal ideal m. Therefore it is complete and R̂ ⊗R Hp(tρ, M) ∼= Hp(tρ, M).

The lemma now follows from Hp
bm(M̂) ∼= lim−→Hp(tρ, M̂). �

For p = d we see that any element of Hd
bm(M̂) can be written as a generalized

fraction

[
m
t

]
with m ∈ M and a system t of parameters of R.

For the remainder of this section let k be an algebraically closed field. If x ∈ Pd
k

is a closed point with local ring Ox, then Ôx = k[[t1, . . . , td]] is a ring of formal

power series in variables t1, . . . , td over k and Ôx ⊗Ox
(Ωd

X/k)x = Ωd
k[[t1,...,td]]/k, the

dth exterior power of the universally finite module of differentials of Ôx/k. Set

R := k[[t1 . . . , td]] and m := (t1, . . . , td).

Definition 7.7. The residue at x, denoted by Resx, is the composition of the

canonical isomorphism Hd
x(Ωd

X/k)
∼−→ Hd

m(Ωd
R/k) from 7.6 with the residue map

ResR : Hd
m(Ωd

R/k) → k from § 5.

Remark 7.8. Keeping Proposition 6.3 in mind, we see that the integral
∫

X
is

the map induced by ResR, where R := Ŝm, m = (X0, . . . , Xd). In other words,
∫

X

comes from the residue at the origin of Ad+1
k , the vertex of the cone of Pd

k.



7. DUALITY AND RESIDUE THEOREMS FOR PROJECTIVE SPACE 57

In the following we denote by X(k) the set of closed points of X := Pd
k, that

is the points x ∈ X with dim Ox = d. For x ∈ X(k), let ix : Hd
x(Ωd

X/k) →
Hd(X, Ωd

X/k) be the canonical map from local to global cohomology and

i :
⊕

x∈X(k)

Hd
x(Ωd

X/k) −→ Hd(X, Ωd
X/k)

the map induced by {ix}x∈X(k). Further let

ΣRes :
⊕

x∈X(k)

Hd
x(Ωd

X/k) −→ k

be the “residue sum”:

ΣRes({ωx}x∈X(k)) =
∑

x∈X(k)

Resx(ωx)

for each family {ωx}x∈X(k) ∈
⊕

x∈X(k) Hd
x(Ωd

X/k).

Theorem 7.9 (Residue Theorem for Pd
k). For X = Pd

k, the following diagram
commutes: ⊕

x∈X(k) Hd
x(Ωd

X/k)
i ��

ΣRes ����������
Hd(X, Ωd

X/k)

R
X����

��
��

k

In particular we have
∑

x∈X(k) Resx(ωx) = 0 for {ωx} ∈⊕x∈X(k) Hd
x(Ωd

X/k) if and
only if {ωx} is an element of ker i.

Proof. It suffices to show that for any x ∈ X(k) the following diagram com-

mutes

(7.6)

Hd
x(Ωd

X/k)
i ��

Resx ���
��

��
Hd(X, Ωd

X/k)

R
X�����

���

k.

As all maps in the diagram are independent of the coordinates, we may assume

that x = 〈1, 0, . . . , 0〉. Then Ôx = k[[t1, . . . , td]] with the affine coordinate functions

ti = Xi

X0
(i = 1, . . . , d), and it suffices to show

(7.7) ix

[
dt1 · · · dtd
ta1
1 , . . . , tad

d

]
=

⎧⎪⎨⎪⎩
[

dX0 · · · dXd

X
d+1−

P
ai

0 , Xa1
1 , . . . , Xad

d

]
for a1 = · · · = ad = 1

0 otherwise,

where we write elements of local or global cohomology as generalized fractions as

indicated above. The formula results from the description 3.10 of the canonical

map from local to global cohomology by Čech cocycles.

Let U = {Ui}i=0...,d be the standard open covering of Pd
k with Ui := D+(Xi)

(i = 0, . . . , d). Further let U′ := {U0 ∩ Ui}i=1,...,d be the corresponding covering of

U0 \{x}. Then U′ is just the covering of Ad
k \{O} = Spec k[t1, . . . , td]\{(t1, . . . , td)}

given by the open sets D(ti) (i = 1, . . . , d).

By the definition of generalized fractions, the Čech cocycle

ξ :=
dt1 · · · dtd
ta1
1 · · · tad

d

∈ Γ
(
(U0 ∩ U1) ∩ · · · ∩ (U0 ∩ Ud)), Ω

d
X/k|U0\{x}

)
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from Cd−1(U′, Ωd
X/k|U0\{x}) represents the element[

dt1 · · · dtd
ta1
1 , . . . , tad

d

]
∈ Hd

x(Ωd
X/k).

Similarly, the Čech cocycle

η :=
dX0 · · · dXd

X
d+1−

P
ai

0 Xa1
1 · · ·Xad

d

∈ Γ(U0 ∩ · · · ∩ Ud, Ω
d
X/k) = Γ(U0 ∩ · · · ∩ Ud, Ω̃

d+1
S/k )

from Cd(U, Ωd
X/k) represents for a1 = · · · = ad = 1 the element[

dX0 · · · dXd

X0, X
a1
1 , . . . , Xad

d

]
∈ Hd(X, Ωd

X/k),

and otherwise is a coboundary, namely the image by the differential d of the element

α :=
{ m0...k̂...d

Xα0
0 · · · X̂αk

k · · ·Xαd

d

}
k=0,...,d

∈ Cd(U, Ω̃d+1
S/k ),

with α0 :=
∑d

i=1 αi − d > 0, m1,...,d := Xα0−1
0 dX0 · · · dXd, and m0...k̂...d := 0 for

k = 1, . . . , d, as in the description of d following formula (4.2). Here we use (7.1) to

identify the differential form dt1 · · · dtd with 1
Xd+1

0
dX0 · · · dXd and hence ξ with η.

It follows from 3.10 that formula (7.7) is true, which proves the residue theorem. �
We now derive a variant of the residue theorem for zero-dimensional complete

intersection subschemes of Pd
k that will yield many applications. Let F1, . . . , Fd ∈ S

be homogeneous polynomials which form a regular sequence. Then the zero-set

V+(F1, . . . , Fd) is a zero-dimensional subscheme of X = Pd
k. Its support is a finite

set Y = {y1, . . . , ys} of closed points of X. We may choose coordinates so that

Y ∩V+(X0) = ∅. Then X = D+(X0)∪
⋃d

i=1 D+(Fi). Let f1, . . . , fd ∈ k[t1, . . . , td] be

the dehomogenizations of the Fi, i.e. fi(t1, . . . , td) := Fi(1, t1, . . . , td) (i = 1, . . . , d).

Then Y is the support of V (f1, . . . , fd) ⊂ Ad
k =: X ′ and

X ′ \ Y =
⋃d

i=1D(fi) =
⋃d

i=1(D+(X0) ∩ D+(Fi)).

The set f := {f1, . . . , fd} is a system of parameters of OX,yj
for all j = 1, . . . , s.

For an h ∈ k[t1 . . . , td] let ωj denote the generalized fraction[
h dt1 · · · dtd
f1, . . . , fd

]
∈ Hd

yj
(Ωd

X′/k) (j = 1, . . . , s).

Let G(fi) := Fi(0, t1, . . . , td) and G(h) be the forms of maximal degree of fi and h,

which we call their degree forms. Since the hypersurfaces Fi = 0 have no common

point on the hyperplane X0 = 0 at infinity, {G(f1) . . . , G(fd)} is a regular sequence

in k[t1, . . . , td], and the origin O ∈ Ad
k is the only common zero of the G(fi). Hence

the generalized fraction

[
G(h) dt1 · · · dtd

G(f1), . . . , G(fd)

]
∈ Hd

O(Ωd
X′/k) is defined.

Theorem 7.10 (Affine Residue Theorem). Assume deg h ≤ ∑d
i=1 deg fi − d.

Then
s∑

j=1

Resyj
ωj = ResO

[
G(h) dt1 · · · dtd

G(f1), . . . , G(fd)

]
.

The sum vanishes if deg h <
∑d

i=1 deg fi − d.
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Proof. Let U := {D+(X0), D+(F1), . . . , D+(Fd)} and

U′ := {D(f1), . . . , D(fd)} = {D+(X0) ∩ D+(F1), . . . , D+(X0) ∩ D+(Fd)}
be the coverings of X and X ′ \ Y . We have

Hd
Y (Ωd

X/k) =

s⊕
j=1

Hd
yj

(Ωd
X/k),

and the canonical map Hd
Y (Ωd

X/k) → Hd(X, Ωd
X/k) is induced by the map i of the

residue theorem. The cohomology class {ωj}j=1,...,s ∈ Hd
Y (Ωd

X′/k) can be repre-

sented by the cocycle

h dt1 · · · dtd
f1 · · · fd

∈ Cd−1(U′, Ωd
X′/k),

and its image in Hd(X, Ωd
X/k) is zero if deg h <

∑d
i=1 deg fi − d, otherwise it is the

cohomology class represented by the cocycle

H dX0 · · · dXd

X0F1 · · ·Fd
∈ Cd−1(U, Ωd

X/k),

where H denotes the homogenization of h. In the first case, thanks to the residue

theorem,
∑s

j=1 Resyj
(ωj) = 0, and in the second case

s∑
j=1

Resyj
(ωj) =

∫
X

[
H dX0 · · · dXd

X0, F1, . . . , Fd

]
= ResM

[
H dX0 · · · dXd

X0, F1, . . . , Fd

]
.

Here M denotes the maximal ideal of Sm with m = (X0, . . . , Xd), and the general-

ized fraction is to be considered as an element of Hd+1
M (Ωd+1

Sm/k).

By the same argument as above we have that

ResO

[
G(h) dt1 · · · dtd

G(f1), . . . , G(fd)

]
= 0

if deg h <
∑d

i=1 deg fi − d, and in case of equality

ResO

[
G(h) dt1 · · · dtd

G(f1), . . . , G(fd)

]
= ResM

[
G(h) dX0 · · · dXd

X0, G(f1), . . . , G(fd)

]
,

where on the right hand side the degree forms G(h) and G(fi) have to be considered

as polynomials in X1, . . . , Xd. It remains to show that when degh =
∑d

i=1 deg fi−d,

we have

ResM

[
H dX0 · · · dXd

X0, F1, . . . , Fd

]
= ResM

[
G(h) dX0 · · · dXd

X0, G(f1), . . . , G(fd)

]
.

Choose {a1, . . . , ad} ∈ Nd
+ such that Xai

i ∈ (X0, F1, . . . , Fd) and write

Xai
i = ci0X0 +

d∑
j=1

cijFj (cij ∈ S, j = 1, . . . , d).

Set cij := cij(0, X1, . . . , Xd) (i, j = 1, . . . , d) and

∆ := det(cij)i,j=1,...,d and ∆ := det(cij)i,j=1,...,d.

Then by the transformation law 5.5 b),

ResM

[
H dX0 · · · dXd

X0, F1, . . . , Fd

]
= ResM

[
∆H dX0 · · · dXd

X0, X
a1
1 , . . . , Xad

d

]
,
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and

ResM

[
G(h) dX0 · · · dXd

X0, G(f1), . . . , G(fd)

]
= ResM

[
∆G(h) dX0 · · · dXd

X0, X
a1
1 , . . . , Xad

d

]
.

Since

∆H ≡ ∆G(h) mod X0 · S,

it follows from 5.5 c) that the two residues agree. The last statement of the theorem

follows from 5.10 applied to ResO. �

In the situation of 7.10 the socle S of the graded k-algebra

A := k[X1, . . . , Xd]/(G(f1), . . . , G(fd))

is the k-vector space generated by the image of a homogeneous transition determi-

nant ∆ from G(f) := {G(f1), . . . , G(fd)} to X := {X1, . . . , Xd} (see 4.12). This

determinant has degree δ :=
∑d

i=1 deg fi − d, hence S is the homogeneous com-

ponent of A of degree δ and also the highest non-vanishing component. For each

h ∈ k[X1, . . . , Xd] there exists a “remainder”

r ∈ k[X1, . . . , Xd] with deg r ≤ δ

such that

h ≡ r mod (f1, . . . , fd).

In fact, if degh ≤ δ there is nothing to show. If degh := δ′ > δ, then we have that

G(h) ∈ (G(f1), . . . , G(fd)). Write

G(h) =

d∑
i=1

biG(fi)

with homogeneous bi ∈ k[X1, . . . , Xd] of degree δ′ − deg fi (i = 1, . . . , d). Then the

polynomial h′ := h −∑d
i=1 bifi has degree < δ′. Repeating this process a finite

number of times we find an r as desired.

If deg r = δ, then

G(r) ≡ κ · ∆ mod (G(f1), . . . , G(fd))

with a unique κ ∈ k \ {0}.
Remark 7.11. Theorem 7.10 holds true without degree assumption on h if

G(h) is replaced by G(r) with a remainder r as above. If deg r < δ, then the

residue sum vanishes. If deg r = δ, then

s∑
j=1

Resyj
ωj = κ.

Proof. The first statement follows from 5.5 c). Given 7.10, the second follows

from 5.10 and the third from the transformation law 5.5 b) since

s∑
j=1

Resyj
ωj = ResO

[
G(r) dX1 · · · dXd

G(f)

]
= ResO

[
κ dX1 · · · dXd

X

]
= κ. �

Observe that if we write

G(r) = κ · ∆ +

d∑
i=1

ciG(fi)
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with homogeneous ci ∈ k[X1, . . . , Xd] and κ ∈ k (possibly = 0), then

(7.8) h ≡ κ · ∆ + r′ mod (f1, . . . , fd)

with r′ := r −∑d
i=1 cifi of degree < δ.

Theorem 7.10 is also true in the “weighted case”, i.e. if the variables Xi are

given weights αi ∈ N+. For a non-cohomological proof, based on the work of Scheja

and Storch, see [63, 4.8 a)]. Essentially the same proof is used also in [67] to prove

7.10 in the two-dimensional case. In the weighted case, a proof (with applications)

that uses k = C and complex analytic arguments can be found in [13].

We turn to applications of theorem 7.10. Given polynomials fi ∈ k[X1, . . . , Xd],

the residues of generalized fractions with denominator set {f1, . . . , fd} are inter-

section invariants of the hypersurfaces Hi := V (fi) ⊂ Ad
k (i = 1, . . . , d). If the

numerator ω is chosen properly the residue has a geometric interpretation. The

residue theorem then yields global relations among the invariants. In the following

some examples will be given which can be derived from the residue theorem on Pd
k.

Let Y := V+(F1, . . . , Fd) be a reduced zero-dimensional complete intersection

subscheme of Pd
k. Here the Fi (i = 1, . . . , d) are homogeneous polynomials in

k[X0, . . . , Xd] which form a regular sequence. Let n :=
∏d

i=1 deg Fi be the degree

of Y .

We choose coordinates so that Y ∩ V+(X0) = ∅. Then in Ad
k := Pd

k \ V+(X0)

we have

Y = V (f1, . . . , fd)

where the fi := F (1, X1, . . . , Xd) form a regular sequence in k[X1, . . . , Xd]. More-

over {G(f1), . . . , G(fd)} with the degree forms G(fi) := Fi(0, X1, . . . , Xd) is also a

regular sequence in k[X1, . . . , Xd], and the origin O ∈ Ad
k is the only common zero

of these polynomials.

Reducedness of Y is equivalent to each of the following conditions:

a) Y consists of n distinct closed points of Ad
k.

b) OY,P = k for each P ∈ Y .

c) With J :=
∂(f1,...,fd)

∂(X1,...,Xd) we have J(P ) �= 0 for each P ∈ Y .

d) The hypersurfaces Hi := V (fi) (i = 1, . . . , d) intersect transversally at

every P ∈ Y = H1 ∩ · · · ∩ Hd, i.e. the points P ∈ Y are regular on each

Hi, and the tangent hyperplanes TP (Hi) (i = 1, . . . , d) have only P in

common.

We may also consider Y as the intersection of the curve C := V (f1, . . . , fd−1)

with the hypersurface Hd. Then reducedness of Y means that all P ∈ Y are regular

on C and on Hd, and that the tangent TP (C) is not contained in TP (Hd).

Theorem 7.12. Under the above assumptions let f ∈ k[X1, . . . , Xd] be given
such that

deg f ≤
d∑

i=1

deg fi + ρ deg fd − d

where ρ ∈ N and char k does not divide ρ!. Set R0 := f
J and for σ ∈ N with

0 < σ ≤ ρ

Rσ :=
1

σ
J−1 ∂(f1, . . . , fd−1, Rσ−1)

∂(X1, . . . , Xd)
.
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Then ∑
P∈Y

Rρ(P ) = ResO

[
G(f) dX1 · · · dXd

G(f1), . . . , G(fd−1), G(fd)
ρ+1

]
.

The sum vanishes if deg f <
∑d

i=1 degfi + ρ degfd − d.

Proof. The sequence {f1, . . . , fd} is a system of parameters of OPd
k,P for every

P ∈ Y . By 5.11 we have

ResP

[
f dX1 · · · dXd

f1, . . . , fd−1, f
ρ+1
d

]
= Rρ(P )

and the claim follows from 7.10. �

In the following only the cases ρ = 0 and ρ = 1 play a role. For ρ = 0 we obtain

Corollary 7.13. If deg f ≤∑d
i=1 deg fi − d, then∑

P∈Y

f(P )

J(P )
= ResO

[
G(f) dX1 · · · dXd

G(f1), . . . , G(fd)

]
.

The sum vanishes if deg f <
∑d

i=1 deg fi − d.

The last statement is called the Jacobi formula [53] or Euler-Jacobi formula. It

is the subject of many publications and applications ([6, 7, 13, 22, 31, 60, 63, 65]).

We have obtained 7.13 as a consequence of the residue theorem 7.10. Conversely,

using a deformation argument, it is also possible to deduce 7.10 from 7.13, see [69].

For ρ = 1 example 5.11 implies

Corollary 7.14 (B. Segre [90]). If deg f ≤∑d
i=1 deg fi + deg fd − d, then∑

P∈Y

J(P )−3
[
J(P )

∂(f1, . . . , fd−1, f)

∂(X1, . . . , Xd)
(P ) − f(P )

∂(f1, · · · , fd−1, J)

∂(X1, . . . , Xd)
(P )

]
=

ResO

[
G(f) dX1 · · · dXd

G(f1), . . . , G(fd−1), G(fd)
2

]
.

The sum vanishes if deg f <
∑d

i=1 deg fi + deg fd − d.

The Euler-Jacobi formula yields

Theorem 7.15 (Cayley-Bacharach Theorem). For Y as above let H ⊂ Pd
k be

a hypersurface of degree <
∑d

i=1 deg Fi − d. If H contains n − 1 points of Y , then
Y ⊂ H.

Proof. In the Euler-Jacobi formula all terms but one vanish. Then all terms

must vanish, which implies the statement. �

Example 7.16. If two cubic curves C1 and C2 in P2
k have exactly 9 points

of intersection and another cubic C contains 8 of them, then C1 ∩ C2 ⊂ C. This

is known as Euler-Cramer paradox. On can derive Pascal’s theorem about conics

quickly from this statement, and the theorem of Pappus which is a special case of

that of Pascal, see for instance [67, 5.16].
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Let us consider now Y as the intersection of the curve C := V (f1, . . . , fd−1) with

the hypersurface H := V (fd). We define the following elements of k[X1, . . . , Xd]
d:

N := grad fd =
( ∂fd

∂X1
, . . . ,

∂fd

∂Xd

)
Ji := det(grad f1, . . . , grad fd−1, ei) (i = 1, . . . , d)

where ei = (0, . . . , 1, . . . , 0) is the i-th standard basis vector of kd, and

T := (J1, . . . , Jd), T0 := J−1T

We then have J = 〈T, N〉 with the standard scalar product 〈 , 〉. For P ∈ Y
the vector T (P ) = (J1(P ), . . . , Jd(P )) is tangent to C at P and N(P ) = grad fd(P )

is normal to TP (H). The tangent vector T0(P ) := J(P )−1T (P ) is normed so that

〈T0(P ), N(P )〉 = 1.

The following application of 7.13 is due to R. Hübl (private communication):

Theorem 7.17. With the above notation and assumptions, we have
a) If H is not a hyperplane, then∑

P∈Y

T0(P ) = 0.

b) If H is a hyperplane, then
∑

P∈Y T0(P ) depends only on the schemes
H̄i ∩H∞ (i = 1, . . . , d), where H̄i denotes the projective closure of Hi and
H∞ is the hyperplane at infinity.

Proof. Apply 7.13 with f = Ji. We have ResP

[
Ji dX1 · · · dXd

f1, . . . , fd

]
=

Ji(P )
J(P ) and

degJi ≤
d−1∑
i=1

deg fi − d + 1

hence by 7.10 ∑
P∈Y

Ji(P )

J(P )
= ResO

[
G(Ji) dX1 · · · dXd

G(f1), . . . , G(fd)

]
.

If H is not a hyperplane, then degJi <
∑d

i=1 deg fi − d and the residue vanishes.

Otherwise we have equality, and the residue depends only on the degree forms

G(f1), . . . , G(fd).

In the situation of 7.17 b) the sum of tangent vectors does not change if

f1, . . . , fd are replaced by a system of polynomials g1, . . . , gd defining hypersurfaces

H ′
i := V (gi) such that H ′

i and Hi have the same schemes at infinity (i = 1, . . . , d)

and Y ′ := H ′
1 ∩ · · · ∩ H ′

d is reduced, for example, if the hyperplane H is replaced

by a parallel hyperplane H ′ and Y ′ := C ∩ H ′ is reduced. �

In the following we use the notation fXi
for the partial derivative ∂f

∂Xi
of a

polynomial f . With C and H as above let

Ti := (fd)Xd
ei − (fd)Xi

ed and hi := 〈Ti, N〉 (i = 1, . . . , d).

Then 〈Ti(P ), N(P )〉 = 0, i.e. the vectors Ti(P ) are tangent to the hypersurface H
at P .
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Theorem 7.18. For i = 1, . . . , d − 1 we have∑
P∈Y

〈T0(P ), Ti(P )〉 = ResO

[
G(hi) dX1 · · · dXd

G(f1), . . . , G(fd)

]
.

As above the sum depends only on the schemes at infinity of the hypersurfaces Hi

(i = 1, . . . , d).

Proof. Apply 7.13 with f = hi and note that either deghi <
∑d

i=1 deg fi − d
or, in case of equality,

G(hi) = det(gradG(f1), . . . , gradG(fd−1), G(Ti))

with G(Ti) := G(fd)Xd
ei − G(fd)Xi

ed. �
This theorem generalizes a theorem of G. Humbert [50] about the angles under

which two plane curves intersect. When d = 2 set f := f1, g := f2, C1 := V (f) and

C2 := V (g). Then T = (fX2 ,−fX1), N = (gX1 , gX2) and T1 = (gX2 ,−gX1), hence

〈T0, T1〉 =
fX1gX1 + fX2gX2

fX1gX2 − fX2gX1

For P ∈ Y := C1 ∩ C2 and h := 〈T, T1〉 we denote the invariant

ResP

[
h dX1dX2

f, g

]
= 〈T0(P ), T1(P )〉

by aP (C1, C2). Then by 7.18∑
P∈Y

aP (C1, C2) = ResO

[
[G(f)X1G(g)X1 + G(f)X2G(g)X2 ] dX1dX2

G(f), G(g)

]
.

See the discussion in [67, p. 119–122], where G. Humbert’s theorem is derived from

the last formula. Another higher dimensional version of this theorem can be found

in [47].

The theory of residues can also be used to prove certain global relations about

the curvature of plane algebraic curves such as the Reiss relation and its general-

ization by B. Segre ([90, 91]), which follows from 7.14 (see also [67, chap. 12]).

Similar relations about the curvature of algebraic curves in higher dimensions and

algebraic hypersurfaces can be found in chapter 6 of the thesis of G. Quarg [85].

See also [66], where some of his results are outlined.
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