Glossary of Notation

Unless otherwise stated all rings are commutative with 1. A multiplicatively
closed set of a ring R always contains 1g. A ring homomorphism R — S maps 1
to 1g. This is also called an algebra S/R. We try to use the standard notation and
language of algebraic geometry.

N {0,1,2,...}

N, {1,2,3,...}

U(X) set of open subsets of X

Ab(X) category of abelian sheaves on X
Sz germ of a section s at x

Supp(s) support of a section s

F(U) group of sections on an open set U
Fo stalk of % at x

Iy (X,#) group of sections with support in YV
Hi(X,Z) i-th cohomology with support in Y’
H!(X,#) i-th local cohomology at a point x

M sheaf associated to a module M

T flasque sheaf associated to #

hF extension of a sheaf by zero

Zly restriction of a sheaf to an open set U

Mod(X) category of sheaves of modules on a ringed space X
Hi(X,.#) i-th global cohomology

JuF direct image sheaf

rM an S-module considered as an R-module via R — S
Spec R spectrum of a ring R

D(f) non-vanishing set of f on an affine scheme

M;y localization of a module at f

Ann annihilator of an element or ideal or module

V(a) vanishing set of an ideal a on an affine scheme
V() vanishing set of a set f of polynomials
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Tu(M) sections of a module with support in V(a)



Hi(M)
H (M)

Resg

£(0)
J, Jg

lim

Proj S
Dy (f)

My
M(n)
M*
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i-th cohomology with support in V' (a)

i-th local cohomology at a maximal ideal m
ideal sheaf of Y

direct sum of r copies of Ox

residue field of Ox ,

d-dimensional projective space over a ring A
alternating Cech complex with respect to a covering i
Cech cohomology

normalized Cech complex

sheafified Cech complex

(Krull) dimension of a ring or module or scheme
complex with degree shift by 1

exterior algebra of R?

homological Koszul complex

cohomological Koszul complex

homology of K,(t, M)

homology of K*(t, M)

localization with respect to S

transition determinant

multiplication by x

socle of a zero-dimensional local
or graded ring R

direct (injective) limit
canonical map M/(t)M — HZ (M)

generalized fraction of m over denominator set ¢

algebra of differential forms of R/k

residue for a complete reduced local ring R
canonical map induced by the residue

constant term of a power series f

Jacobian determinant (of a set f of polynomials)
inverse (projective) limit

homogeneous maximal ideal of a graded ring .S
projective scheme of a graded ring S

non-vanishing set of a homogeneous element
f € Son ProjS

homogeneous localization of a graded module
graded module shifted by n
sheaf associated to a module

39,
40,

© © © oo o

11
11
11
11
12
16
16
22
22
23
23
23
23
26
27

29
29
32

32

35
93
89
41
43
45
47
47

47
47
47
47



dimk
T.#
rx,7)
X(F)
Supp(
Pg
Pa(X)
QZD
X/A
R(X)

Ix

07

R, M
Res,

X (k)
V(1)

Af
G(f)=Gf
Tp(V)

Y

)
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dimension of a k-vector space
graded module associated to a sheaf
module of global sections

Euler characteristic of %

support of a sheaf .%#

Hilbert polynomial of .#

arithmetic genus of X

sheaf of p-forms on a scheme X/A

field of rational functions on
an integral scheme X/A

integral for a projective variety X

duality isomorphism

completion of a local ring R or an R-module M

residue at a closed point x

set of k-rational points of X

zero-set of a homogeneous ideal I in Proj S
affine space over k

degree form of a polynomial f

tangent space of a variety V at P
gradient of a polynomial f

standard scalar product

hyperplane at infinity

partial derivative of f with respect to X;
trace of an endomorphism

trace map of an algebra

canonical (dualizing) module

full ring of quotients of a ring R
Dedekind complementary module
Dedekind different

conductor of an algebra T'/S

residue field of Sy

minimal number of generators of M
minimal number of generators of My
Cohen-Macaulay type at 3

set of maximal ideals of S

canonical multiplication map S ®z S — S
Noether different

Kahler different

Bézoutian

49
49
50
50
50
50
ol
92

92

55, 101
55, 94, 102

96,

65,

96
95
o7
58
98
58
61
63
63
63
63
65
65
84
66
66
66
67
68
68
68
68
69
70
70
70
72

xi



evp
polysol(I(9))

P(V)

X(A)

Af(X,2)

degx f
(f)

Qo

T

Gm

[ﬂ}

Fy---Fy
N, M

)

0.\/

a(1)
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linear form associated to the Bézoutian
generalized Jacobian

sheaf of regular differential forms
(also called canonical or dualizing sheaf)

set of regular points of V'
fundamental class of a variety
dual (double dual) of a sheaf .7
Picard group of a variety V'

complementary module of a
finite morphism V' — W

multiplicity of X at x

centroid of a zero-dimensional affine scheme
geometric genus of a projective variety
category of coherent sheaves on V

i-duality isomorphism

singular locus of X

singularity degree of X

conductor degree of X

po + -+ pra, o= (po, - - - pra) € N
po! - pals o= (o, - -, pa) € NOH

(52010 (5%)", = (o, ..., pa) € NTH!
Xhoo XEY = (uo, ..., pg) € NEH?

differential operator associated
to F ={Fy,...,Fq}

evaluation at zero

polynomial solutions of the differential equations

associated to an ideal I
projective space associated to a vector space V
toric variety associated to a lattice polytope A
representative of Bézoutian of f = {f1,..., fa}
degree of f in a set of variables X
radical of the ideal (f)
homogeneous d-form used for residues
the torus of IP’Z or a toric variety

multiplicative group

homogeneous generalized fraction
dual lattices
dual of a convex cone o

set of 1-dimensional faces of o

128,
129,

129,

72
74

84
84
85
85
86

87

96

96
103
110
111
112
113
113
115
115
115
116

115
116

116
117
119
120
123
127
136
131
129

138
130
130
130



Resp
DIYN
Resy
A(f)
A%
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semigroup algebra of o

character associated to m € M

affine toric variety corresponding to o
the d-form 24 ... 44 op the

t ta
(d +1)-form 4o ... dla

to ta
interior of oV

cone associated to a lattice polytope A
semigroup algebra of a lattice polytope A
quotient field of Sa

dualizing ideal corresponding to A

toric residue (first and second versions)
minimal generator of pN N

divisor associated to minimal generator p
total coordinate ring of the toric variety
divisor of the character x™

group of torus-invariant Weil divisors
modulo linear equivalence

standard d-simplex

sum of the degrees of the variables
the critical degreee Z?:o deg F; — (o
toric residue (homogeneous versions)
normal fan of A

global residue

Newton polytope of a Laurent series f

polynomial of toric residue +1

130,

131,

138,

xiii

130
131
131

132
131
131
132
132
132
133
133
133
133
134

134
134
135
138
140
138
144
144
148



1. LOCAL COHOMOLOGY FUNCTORS 1

1. Local Cohomology Functors

In this section some properties of local cohomology with values
in sheaves are presented. Later in § 5 and § 10 residues will
be defined for local cohomology classes of sheaves of differential
forms. The reader is assumed to be familiar with basic notions
and facts of homological algebra and sheaf theory as explained
in [39, Chap. IT and I11].

Let X be a topological space, Y C X a closed subset, and let 4(X) be the set
of open subsets of X. Let Ab(X) denote the category of sheaves of abelian groups
on X, called abelian sheaves. Let F € Ab(X) be given. For a section s of & in
a neighborhood U of a point z € X, the germ of s at x is denoted by s,, and the
support Supp(s) of s is the set of all y € U with s, # 0.

DEFINITION 1.1. T'y (X, .%) := {s € Z(X) | Supp(s) C Y} is called the group
of sections of F with support inY .

LeEMMA 1.2. Ty (X, —) is a left-exact functor.

PRrROOF. Clearly T'y(X,—) is a functor. Let an exact sequence of abelian
sheaves
0 —% —9Y——0
be given. Then 0 — %, — ¥, — J;, — 0 is an exact sequence of abelian groups
for all z € X. Likewise the sequence 0 — .Z#(X) — ¥4 (X) — J£(X) is exact. Since
obviously I'y (X,.%) = ker(T'y (X,¥) — I'y (X, J)), the exactness of

0— Fy(X,ﬁ) — Fy(X,g) — Fy(X,jf)
follows immediately. O

Since Ab(X) has sufficiently many injective objects the right-derived functors
of T'y (X, —) are defined.

DEFINITION 1.3. Let Hi (X, —) be the i-th right-derived functor of I'y (X, —).
For an abelian sheaf .# on X we call HY(X,.Z) the i-th cohomology on X with
values in F and support in'Y.

Important special cases are:

a) Y = X: Then we simply write H*(X,.%) and call this the i-th cohomology
of X with values in F.
b) Y = {z} with a closed point z € X: Then we write H!(X,.#) and call
this the local cohomology of X at x with values in F .
If X carries additional structure, for example is a ringed space or a scheme, and
if Z is an Ox-module, the cohomology is always understood in the above sense as
a derived functor of abelian sheaves.

DEFINITION 1.4. An abelian sheaf .Z is called flasque if for all open sets V- C U
the restriction morphism #(U) — % (V) is surjective. A module M over a ring R
is called flasque if its associated sheaf M on Spec R is flasque.

EXAMPLES 1.5.

a) A constant sheaf is flasque on an irreducible space.
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b) If .# is a presheaf, we define for each U € {(X) the abelian group
FZW) =[] Z.

zcU
with restriction morphisms given by the canonical projections. In this way
we obtain a flasque sheaf on X, the flasque sheaf associated to 7. 1f F
is already a sheaf, then the canonical morphism % — % is a monomor-
phism. One constructs an exact sequence of sheaves

0—F —F° > F1 ...

with Z° .= .F and F' := €', where €' := coker(F1~! — F1). Here
Z~1 = . This exact sequence is called the canonical flasque resolution
of 7.

LEMMA 1.6. Let 0 — F 54 2 2 — 0 be an ezact sequence in Ab(X) and
let F be flasque. Then:
a) 0 - Ty (X, 7) - T'y(X,¥9) - T'y(X,) — 0 is exact.
b) ¥ is flasque if and only if F is.

PROOF. a) We have only to show that I'y(X,¥) — T'y (X, ) is surjective.
Let a section s € I'y (X, ) be given. Consider the set M of all pairs (V,t) with
V e U(X),t € 9(U) such that 3(t) = s|,,. We order M by

(V,t) < (V') <= VvV, ), =t

Then M is inductively ordered and by Zorn’s lemma has a maximal element (V).
If V # X, then we can choose x € X \ V and a neighborhood U of = with a section
t" € 9(U) such that 3(t') = s|;. We have t|,,, —t'|,,ny € F(VNU), and since F
is flasque there exists to € F (U) with to|y, - = t|ynp =t vy Thent' +to € 4(U)
and t € ¢ (V) define a section t* € ¥(V UU). It follows that 3(t*) = s|,, ,;, which
contradicts the maximality of (V,¢). Therefore V' = X and there exists t € ¥(X)
with 5(t) = s.

Now set U := X \ Y. Since Supp(s) C Y we have t|, € .F(U), which is
regarded here as a subgroup of ¢(U). Choose to € % (X) with to|, = t|,, and set
t* :=t —tg. Then t* € T'y(X,¥) and B(¢*) = s, which is what we had to show.

b) Applying the above in the case Y = X it follows that for open sets V C U
the rows of the commutative diagram

0 - FU) - 9U) — x#U) — 0
l p l p/ l p//
0 - FV) - 9V) - V) — 0
are exact, where p is surjective since .Z is flasque. It follows that p’ is surjective if
and only p” is. |

LEMMA 1.7. Let (X,Ox) be a ringed space and & an injective Ox-module.
Then .# is a flasque sheaf.

PrOOF. For U € Y(X) let j : U — X be the inclusion and Oy = ji(Ox|)
the extension of Ox|,, by zero, that is the sheaf associated to the presheaf

Ox(V) forV.cCU
Vi—
0 otherwise.
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Observe that
ﬁU x =

)

{ﬁz forz e U

0 otherwise.

Therefore the sequence 0 — Oy — Oy is exact for U’ C U, U’ € I(X). Since . is
injective, the sequence

Homg, (Oy,.¥) — Homg, (Oyr, #) — 0
is also exact. However Homg, (Oy, #) =T (U, .#) = #(U) canonically, and since
IU)— FU)—0
is exact, the sheaf .# is flasque. O
In particular each injective abelian sheaf on a topological space X is flasque.

ProproOSITION 1.8. Let X be a topological space and Y C X a closed subset.
Then for each flasque sheaf F on X we have

HL(X,.#) =0 fori>0.

PRrROOF. There is an exact sequence 0 — .F — ¢ — 4 — 0 with an injective
sheaf .#. By 1.7 .# is flasque, hence so is & by 1.6 b). Furthermore, the sequence
0 —Iv(X,#%) —Iy(X,¥) —Ty(X,9) —0
is exact by 1.6 a) and HL(X,.#) = 0 for i > 0 by the construction of derived

functors. The long exact cohomology sequence
0— HL(X,Z)— H-(X,¥) > Hi-(X,9) > H2(X,F) = HL(X, .9) — -~
l l

0 0
shows that Hy(X,#) = 0 and Hi (X, F) = HL(X,9) for i > 1. Since ¥ is
flasque it follows by induction that H (X,.%#) =0 for all i > 1. O

If T'={T"};>0 is a 6-functor on an abelian category 2 with values in another
abelian category, then an object .# of 2 is called T-acyclic if T*(F) = 0 for i > 0.
Flasque sheaves are acyclic for the cohomology on X with support in Y. Assume

(1.1) 0—F —9° —gt — ...

is a T-acyclic resolution of .# € %, that is an exact sequence for which all 4% (i > 0)
are T-acyclic. Applying T° we obtain a complex

7°%°%): 0 — T°%(%°) — T°(¥9") — T9(%?) — - --
LEMMA 1.9. TY(F) = H{(T%(9*)).
PROOF. Set # =: ZY and decompose (1.1) into short exact sequences
0—F" -4 7' -0

0—ZF' -9 22 90

0—F @ — Fi+tl



4 1. LOCAL COHOMOLOGY FUNCTORS

where .7 := ker(4" — ¢**1) (i > 0). Applying T° and the long exact cohomology
sequence we obtain exact sequences

0 —TUF") —TUY') —TUF") —TH(F') —0

)

isomorphisms
TP (FPT) =2 TP(FP) for p > 1,

and commutative triangles

TO (gz) TO (giJrl )

N

To(ﬁi+1),

from which one deduces that
T°(7") = H(T°(9*))
TYFY = HTH(T°(%9*)) for i > 0
and
T7(F) =TT = = THFP ) = H(T(°),
which is what we had to show. (]

The lemma shows in particular: If an abelian sheaf .# has a flasque resolution

0—F —94 —gt — ...

then
Hy (X, 7) = H'(Ty(X,9°)),
i.e. local cohomology can be computed by means of flasque resolutions.

PROPOSITION 1.10. Let (X, Ox) be a ringed space. The local cohomology func-
tors Hi(X,.Z) for F € Mod(X) are the derived functors of Ty (X,.Z) in the
category Mod(X) of Ox-modules, that is they can be computed with injective reso-
lutions in Mod(X). In particular all Hi(X,.7) are modules over I'y (X, Ox) and
all homomorphisms Hi, (X, #) — Hi(X,9) associated with morphisms F — 9 in
Mod(X) are I'y (X, Ox)-linear.

This is clear by 1.9 since injective &x-modules are flasque by 1.7.
By the universal property of derived functors, the inclusion

I'y(X,Z)cI(X,%)
corresponds to a homomorphism of J-functors
HL(X,.7) — H(X,Z) (i >0)

called the canonical homomorphism from local into global cohomology. Later this
will play a basic role in the formulation of the residue theorem.

Let U := X \'Y. The restriction I'(X,.#) — I'(U, #|,) likewise corresponds
to a canonical homomorphism of §-functors

H'(X,Z)— H' (U, Z|,) (i >0).
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PROPOSITION 1.11. There exists a functorial long exact sequence
0—I'v(X,7) —TI'(X,7) — T(UZ7|,) —
Hy(X,#)— H'(X,¥) — H'(U,.Z7|,) —
Hi(X,F) — -
PrOOF. For each flasque sheaf 4 on X the canonical sequence
0 —TIy(X,¥9) —I'(X,9) —TI'(UY9Y|,) —0

is exact, as is easily seen. Assume now that a flasque resolution (1.1) of .% is given.
Then there is an exact sequence of complexes

0 — Iy(X,9°) — [(X,9*) — T(U,(¥],)*) — 0

and by 1.9 the long exact cohomology sequence associated with it gives the sequence
we are looking for. |

Now let V' C X be an open set such that Y C V.
LEMMA 1.12. There is a canonical isomorphism of §-functors
HY (X, 7)= H,(V,.Z|,).

In other words: The cohomology with support in' Y depends only on the neighbor-
hoods of Y .

PROOF. The canonical map

Iy (X, Z#) — FY(Vayh/) (S = Slv)

defines a functorial isomorphism. It is clear that the map is injective. In order to

show surjectivity let a section s € 'y (V,.#|,) be given, and set U := X \ Y. Then
s and the zero section on U define a section ¢ € I'(X,.#) with Supp(¢) C Y and

tly, =s.
Passing to derived functors leads to the desired isomorphism since % — 7|,
is an exact functor. |

LEMMA 1.13. Let X' C X be a closed subset withY C X', and let j : X' — X
denote the inclusion map. Then for abelian sheaves F on X' there is an isomor-

phism of d-functors
HL(X',.7) 2 HA (X, j.F) (i >0).

PROOF. The canonical isomorphism T'(X', %) = T'(X, j..%) induces an iso-
morphism
I'y(X', 7)) 2Ty (X, j.7).
From a flasque resolution (1.1) of # we obtain a flasque resolution
0= juF — j.9° — .91 — ...
of j..%# since the functor j, is exact in our situation. Thus we have
Hy (X', ) = Hi(Ty (X', 9°) & H{(Ty (X, 1,.9%) = Hy(X,j.%). O



52 7. DUALITY AND RESIDUE THEOREMS FOR PROJECTIVE SPACE

7. Duality and Residue Theorems for Projective Space

The theorems proved here about differential forms on projective
space are the basis for later generalizations to arbitrary projec-
tive varieties. Though only a special case of much more general
results, the residue theorem on P? leads to uniform proofs and
generalizations of various classical results about intersections of
hypersurfaces. The section concludes with some applications.
Let X be a scheme over a ring A. The module of differentials Q% X/A of X over
A is the Ox- module with the property: If U = Spec B is an open affine subset of

X, then QX/A\U QB/A, where Q}B/A is the module of Kahler differentials of B/A.
If p € Spec B is the prime ideal corresponding to the point = € X, then
(Qﬁ(/A)r = (QIB/A)P = Q}a p/A T Q}/ JA*

Similarly, for each p € N, the sheaf QF X/A of p-forms (differential forms of degree p)
is defined by

Q?(/A|U = Q%/A = /\ QlB/A
for U = Spec B as above. Moreover, for all p € N, there is exterior differentiation
d: Q5 A Qé’( A7 defined as the morphism of sheaves of A-modules which for each
U is induced by the differentiation

dp/a: Uy, — Q55 (bodby -+ db, — dbodby - - dby).
In particular, d : Ox — Q3 /A is given by the universal derivation
dB/A:B—>QlB/A (b’—>dB/Ab)

We call d the universal derivation of Ox /4.
If X is an integral scheme with generic point x, then

(QZ))(/A) R(X /\Q X)/A

where R(X) = 0, is the field of rational functions on X. We call QR(X )/ the

R(X)-vector space of rational p-forms on X and consider it as a constant sheaf on
X. Then we have a canonical morphism of sheaves

Q.I;{/A - QI})%(X)/A

which in general is not injective.

In this section, differential forms of degree d on X := P4 = Proj S play the main
role, where S = A[Xj,...,X4] is the polynomial ring in the variables Xy,..., X4
over A. We give an alternate description of the sheaf Q %/a in this case.

The module of differentials

d
0f4 =P SdX;
i=0
is a graded S-module where degdX; =1 for ¢ =0...,d. The universal derivation
0 f )
0xX; j

d
d:S—>Qé/A (f»—>
j=0
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—_—

is homogeneous of degree 0. Let Qg /A be the sheaf on X = ProjS associated to
the graded S-module QS /A° Then clearly

S/A = @ﬁX

Furthermore, the universal derivation d induces a morphism

d:§—al,

of sheaves of A-modules, which for homogeneous polynomials in S of the same
degree is described over D, (g) by the formula

g([) _ 9df — fdg.

9 9
For each open set U C X the map dy is an A-derivation of S(U) = Ox(U) to
Q};/A(U)
The S-linear map
d
e:@SdXi—ug (dX; — X;)
i=0

is homogeneous of degree 0 and a surjection onto S;. It induces an &x-module
homomorphism

e QL —§=0x

S/A
which is an epimorphism (though e is not). The connection between Qg /A and
Q% /4 18 given by
PropoOSITION 7.1. We have kere = Qﬁf/A and imd C kere. The diagram

—_—

™~ g
Ox

is commutative and the top row is exact. This row is called the Euler sequence.

PRrROOF. It suffices to consider the situation over the open affine set

X4
Dy(Xo) =S A[ =21,
+(Xo) = Spec "X,
Here, le/A( +(X0)) is the free A[Xl ey %}—module with basis dX—)?, ceey d))fod }.
Since s(d)?( ) = ))go (t=1,...,d) and s(‘?{(") = 1, the differentials
X, dX dX;  X;dXo—XodX; 57X,
Aj Gxo0  dAj 0 — Ao d(_J) (Gj=1,...,d)
Xo X() Xo XO XO

form a basis of kere. Further if f € S is homogeneous of degree v, then

E<J(L)) :E(ngf—ufxovfldxo) _X§ev-f-v-f-Xy

=0
Xy X2 X2
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by Euler’s formula, which states that df = Z?:o 66—)’(: dX; is sent to v - f by the

map dX; — X; (j = 0,...,d). It follows that imc?|0+(xo) - kerg\D+(X0) and
Xa

that d induces the universal derivation d : A[§—é7 . X_o] — kere. This proves the

proposition. O
By taking exterior powers, the Euler sequence gives a canonical isomorphism

(7.1) QL) = Q%)a Qo Ox = Q%)

Set t; := )% (i =1,...,d). The isomorphism (7.1) identifies the differential form
(7.2) fdty--dtg € Q5 4(D1(Xo))  (f €kltr, .., ta])

with the element
FdXy---dX aT1

d
(7.3) —dee i € s/a(D+(X0)),
Xo
where F := Xgegf . f(%, e %) is the homogenization of f. The isomorphism

(7.1) is the desired description of Q% /a as the sheaf M of a graded S-module M.

Suppose that A is a domain, R(X) the field of rational functions of X/A, and
L := Q(S) the quotient field of S. Then R(X) C L in a canonical way, and (7.1)
induces a canonical R(X)-linear injection

(7.4) Y Q%J/rix,
where for i = 0,...,d the form (fl)id(%) o d(?) o d(f(‘:) is mapped onto
1
——dXp---dXg.
Xid+1

As 6};;‘ = 69?:0 Ox(—1), we obtain from (7.1) that Q?{/A = 0x(—d—1), and

more generally
(7.5) Qi/A(n)%ﬁX(n—d—l) for n € Z.
From now on let A = k be a field. By (7.5) and 6.4 we have

PROPOSITION 7.2.
a) HP(X, Qgi(/k(n)) =0 forp#0,d and all n € Z.
b) HY(X, Qg(/k(n)) =0 forn > 1.
c) dimy HY(X, le(/k(—n)) = (dzn) formn > 0.
Furthermore, T'(X, Qgi(/k(n)) > I(X,0x(n —d—1)) for n < d, in particular
I(X, Q%)) = 0.

Proposition 6.3 is a more precise assertion than 7.2 ¢). Let m := (X1,..., Xy)
and M := mSy,. Then HI(X, Qg(/k(n)) can be identified in canonical manner with
the k-vector space spanned by the fractions

d

} GHgJ?rl(QdH ), where a; € Ny and Zai:dJrlfn.

dXo---dXy
S /k
=0

ag aq
X, ..., X8



7. DUALITY AND RESIDUE THEOREMS FOR PROJECTIVE SPACE 55

In particular, for n = 0 we have

dXy---dX
d d _ 0 d
HYX, Q) = k- [XO,...,XJ'

This basis element is independent of the choice of coordinates. Let Y; = Z?:o cij X
(t=0,...,d), where ¢;; € k and A := det(c;;) # 0. Then by 4.18

dYo---dYy]  [AdXe---dX4]  [dXo---dXg
Yoo Ya| | Yo, Yy | T | Xo..., X4 |

DEFINITION 7.3. The integral over X is the canonical map
/X FHY(X, 0% ) — k

dXo---dXg4

which sends « - {Xo, Xy

}toaforallozek.

THEOREM 7.4 (Duality for P¢). For X = P¢, the pair (Qg(/k,fX) represents
the functor
Homk(Hd(Xa _)a k)

for coherent Ox-modules. In other words: For any coherent Ox-module F, the
canonical k-linear map

57 : Homgy (F,0% ) — Homp(HY (X, .7), k) (£ — / o HY(X, 1))
b's
is bijective.
PROOF. a) We consider at first the case .# = Ox(—n) with n € Z. Then
Hom g (0 (~n), % ) = D(X, 2 () = T(X, Ox(n —d - 1)).

This vector space vanishes for n < d, and so does H4(X, Ox(—n)) by 6.4.
Assume therefore that n > d + 1. As a k-vector space, I'(X, le{/k(n)) has the
basis

d
{Xgo-~-X§ddXo-~-dXd|aieN(i:0,...,d), Zai:n—d—l}
1=0

and H%(X, Ox(—n)) has the basis

d
1 .
{|:X307...,Xsd:| |bi€N+ (ZZO,...,d), ;bzn}
The map g, (—pn) is induced by the pairing
1 X5 X91dXy - dX
ao ad oo 0 d 0 d
(XO Xq" dXo---dXa, {X(’;O,...,ng])%’/x[ xbo, ..., Xxba }

The last expression is 1 if b; = a; + 1 for ¢ = 0,...,d and vanishes otherwise.

Therefore the above bases are dual with respect to f > and dg, (_p) is bijective.
b) We can proceed now as in the proof of the local duality theorem 5.13. Since

the theorem is true for % = Ox(n) with n € Z, it is true for finite direct sums of
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such sheaves. For each coherent sheaf there exists an exact sequence of the following
form

P ox(mi) — P 0x(n;) — F —0.
i=1 j=1

As both functors Homg, (—, Q%) and Homy,(H?(X, —), k) are left exact, it follows
immediately that §# is also an isomorphism. O

COROLLARY 7.5. Let #* := Homg, (%, Ox) be the dual of a locally free sheaf
F of finite rank. Then

Homy (HY(X, Z),k) = T(X, F*(—d — 1)).
PRrROOF. This follows from the isomorphisms

Homy, (H(X, %), k) = Homg, (F,Q% ;) = Homg, (Ox, F* @y Q%)
>~ Homg, (Ox, F*(—d —1)) =2 T(X,F*(-d—1)). O

For the construction of residues at closed points of the projective space we need

LEMMA 7.6. Let (R, m) be a noetherian local ring, (ﬁ, m) its completion, M a

finite R-module, and M:=R ®pr M the completion of M. Then there exist for all
p € N canonical isomorphisms

—

HY, (M) 2 H (M),

PRrOOF. Each system ¢ = {t1,...,t;} of parameters of R is also one of R.
By § 4, there is a canonical isomorphism Hg (M) = lim HP(t*, M). Moreover
Hp(tp,]/w\) ~ R ®@pr HP(t*,M). By 4.8, the support of HP(¢?, M) consists only of
the maximal ideal m. Therefore it is complete and R @5 HP(t°, M) = HP(t°, M).
The lemma now follows from Hg(l/\l\) = lim HP (1, Z/W\) O

For p = d we see that any element of H I%(]\/Z ) can be written as a generalized
fraction [?} with m € M and a system ¢ of parameters of R.

For the remainder of this section let k£ be an algebraically closed field. If z € IP’%
is a closed point with local ring &, then O, = k[[t1,...,t4]] is a ring of formal
power series in variables t1,...,t4 over k and 0, ®g¢, (le(/k)z = Qg[[tl,.v.,td]]/k’ the

dth exterior power of the universally finite module of differentials of 5; Jk. Set
R:=FK[[t1...,tq]] and m := (¢y,...,tq).

DEFINITION 7.7. The residue at x, denoted by Res,, is the composition of the
canonical isomorphism Hg(Qg(/k) — Hﬁ(Q%/k) from 7.6 with the residue map

Resp : Hﬁ(Q‘é/k) — k from § 5.

REMARK 7.8. Keeping Proposition 6.3 in mind, we see that the integral [, is
the map induced by Resg, where R := §m, m = (Xo,...,X4). In other words, fX
comes from the residue at the origin of AZH, the vertex of the cone of P¢.
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In the following we denote by X (k) the set of closed points of X := P‘,f, that
is the points z € X with dim&, = d. For x € X(k), let iy : Hd(Q‘)l(/k)

HYX, Q;l( /k) be the canonical map from local to global cohomology and
i @ HIOQ%)) — HY(X, Q%)
zeX (k)
the map induced by {is},ex (k). Further let
Sres : D HIQ% 1)
zeX (k)
be the “residue sum”:

YRes ({Wz boex k) = Z Res, (w,)
zeX (k)

for each family {ws}rex () € Drex k) d(QX/k)

THEOREM 7.9 (Residue Theorem for P{). For X =P, the following diagram
commutes:

@zex(k) (Q.(;{/k) —>Hd(X QX/k)
E& i ;/fx

In particular we have 3, ¢ x ;) Resz(wy) =0 for {ws} € D, xi) Hg(Qgg/k) if and
only if {w,} is an element of keri.

PRrOOF. It suffices to show that for any = € X (k) the following diagram com-
mutes

Hd(le(/k) —> HY(X, le(/k)

(7.6) N
o

As all maps in the diagram are independent of the coordinates, we may assume
that z = (1,0,...,0). Then &, = k[[t1,. .., tq]] with the affine coordinate functions

t; = ))go (i=1,...,d), and it suffices to show

dXo- - dXy
xRy xda

0 otherwise,

foralz---:adzl

(W) gy

{dtl---dtd} B
where we write elements of local or global cohomology as generalized fractions as
indicated above. The formula results from the description 3.10 of the canonical
map from local to global cohomology by Cech cocycles.

Let 8l = {U;}i—o....a be the standard open covering of P{ with U; := D, (X;)
(t=0,...,d). Further let ' := {Uy N U, };=1,....a be the corresponding covering of
Uo\{x}. Then &’ is just the covering of A{\{O} = Speckl[t1,...,ta]\{(t1,...,ta)}
given by the open sets D(¢;) (i =1,...,d).

By the definition of generalized fractions, the Cech cocycle

dty - - dtg .
E::W F((UoﬂUﬂﬂ"'ﬁ(UoﬂUd)),QX/k‘UO\{w})
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from C4=H(W, le(/k|U0\{x}) represents the element

dt - - diy .,
|:t(111, . 7t3d:| € H (QX/k)

Similarly, the Cech cocycle
dXy---dXy
X0+1 >ai Xa1 . _Xctlld

n = F(Uoﬂ~-~ﬁUd,Q§(/k):F(Uoﬁ~~~ﬂUd,Q‘é7kl)

from C4(4, QX/k) represents for a; = -+ = ag = 1 the element

dXo- - dX,
Xo, X01,..., X34

and otherwise is a coboundary, namely the image by the differential d of the element

] € HY(X,0% 1),

o= { M..k...d }
a0 xok. .. x% k=0, 4d
X0 Xk X

€ Cy, ng,j)

with o := 2?21 o —d>0,my,  q:= Xg‘o_ldXo -dXgq, and my ; , =0 for

k=1,...,d, as in the description of d following formula (4 2). Here we use (7.1) to
identify the differential form dt; - - - dt; with d — dXo---dXy and hence £ with 7.

It follows from 3.10 that formula (7.7) is true, Wthh proves the residue theorem. [J

We now derive a variant of the residue theorem for zero-dimensional complete
intersection subschemes of IP’Z that will yield many applications. Let Fy,..., Fy € S
be homogeneous polynomials which form a regular sequence. Then the zero-set
Vi (F1,...,F,) is a zero-dimensional subscheme of X = P¢. Its support is a finite
set Y = {y1,...,ys} of closed points of X. We may choose coordinates so that
YNV, (Xo) =0. Then X = D+(X0)UU1 1 D4 (Fy). Let f1,..., fa € k[t1,...,tq] be
the dehomogenizations of the Fj, i.e. fi(t1,...,tq) := Fi(1,t1,...,tq) (i =1,...,d).
Then Y is the support of V(f1,...,f4) C Ad =: X’ and

X'\Y = UL, D(fi) = ULy (D4 (Xo) N Dy (F)).
The set f := {f1,..., fa} is a system of parameters of Ox , forall j=1,...,s.

For an h € k[t1 ..., t4] let w; denote the generalized fraction
hdty ---dtg ; o
|:f1,...7fd:|€H (QX’/k) (]—1,...,3).

Let G(f;) := F;(0,t1,...,t5) and G(h) be the forms of maximal degree of f; and h,
which we call their degree forms. Since the hypersurfaces F; = 0 have no common
point on the hyperplane X = 0 at infinity, {G(f1) ..., G(fq4)} is a regular sequence
in k[t1,...,t4), and the origin O € A{ is the only common zero of the G(f;). Hence
G(h)dty---dty .

ARl € Hg(QdX,/k) is defined.

THEOREM 7.10 (Affine Residue Theorem). Assume degh < Z?:l deg f; — d
Then

the generalized fraction [ el

s B G(h)dty---dt
ZRGSijj = Reso {G(f1)7..1.,G(fj) '

j=1
The sum vanishes if degh < Z?Zl deg fi — d
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ProoF. Let i := {Dy(Xo), D4 (F1),...,D+(Fy)} and
U =A{D(f1),.... D(fa)} = {D+(Xo) N D+ (F1), ..., D1(Xo) N Dy (Fa)}
be the coverings of X and X'\ Y. We have

HY QX/k @H QX/k

and the canonical map Hy(Q%/,) — Hd(X Q%) is induced by the map 7 of the
residue theorem. The cohomology class {w;};—1. s € HE (QSI{,/,C) can be repre-
sented by the cocycle

hdty---dty

Ji fa

and its image in H%(X, le(/k) is zero if degh < Zle deg f; — d, otherwise it is the
cohomology class represented by the cocycle

HdXy---dX,

XoF, - F,

where H denotes the homogenization of h. In the first case, thanks to the residue
theorem, Z;Zl Res,, (wj) = 0, and in the second case

- 3= HdXy---dXq| _ HdXy---dXg4
;Resyj(“’ﬂ) = /X {Xo,Fl,...,Fd] = Resn [Xo,Fl,...,Fd] '

€ CUHW, Q% ),

€ CH L, % ),

Here 9 denotes the maximal ideal of Sy, with m = (X, ..., Xy4), and the general-
ized fraction is to be considered as an element of Hp 1(Q‘éﬂ/k)
By the same argument as above we have that

G(h)dty---dtg ]
Reso [G(fl),---vG(fd)} =0

if degh < Zle deg f; — d, and in case of equality
G(h)dty---dtg ] { G(h)dXp---dXq }
Res = Res
° {G(flx...,G(fd) ™[ Xo,G(f1), .., G(fa)
where on the right hand side the degree forms G(h) and G(f;) have to be considered

as polynomials in X7, ..., X4. It remains to show that when degh = Z?:l deg f;—d,
we have

Res [HdXoded} _R [ G(h)dXy---dXq4 }
M\ Xo, Fy,. .., Fy T X0, G(f1), ..., G(fa)|
Choose {a1,...,aq} € N4 such that X € (Xo, Fy,..., F;) and write
d
Xfi:CioXo-f-ZCiij (CijES, ]:1,,d)
j=1

Set ¢;; := Cij(O,Xl, o Xg) (i,5=1,...,d) and
A= det(cij)m:l)m,d and A := det(@j)i,j:17m’d.
Then by the transformation law 5.5 b),

HdXO---dXd] ~ Res {AHdXO---dXd
- N

Reson {XO,Fl,...,Fd Xo, X0, ..., X0a |
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and
G(h)dXy---dXg AG(h)dXg---dXg4
R =R a a
csm XO,G(fl),...,G(fd)] o [ Xo, X{1,..., Xg

Since
AH = AG(h) mod X - S,
it follows from 5.5 ¢) that the two residues agree. The last statement of the theorem
follows from 5.10 applied to Reso. (]
In the situation of 7.10 the socle & of the graded k-algebra

A:=k[Xy,....X4]/(G(f1),...,G(fq))
is the k-vector space generated by the image of a homogeneous transition determi-
nant A from G(f) := {G(f1),...,G(fa)} to X = {X1,..., X4} (see 4.12). This
determinant has degree ¢ := Zle deg f; — d, hence & is the homogeneous com-
ponent of A of degree § and also the highest non-vanishing component. For each
h € k[Xq,...,X4] there exists a “remainder”
r € k[Xy,...,Xq] with degr <6
such that
h=rmod (f1,..., fd)
In fact, if degh < ¢ there is nothing to show. If degh := §’ > §, then we have that
G(h) S (G(fl), e G(fd)) Write

d
G(h) = b:G(f:)
i=1

with homogeneous b; € k[X71,..., Xg4] of degree ¢’ —deg f; (i =1,...,d). Then the
polynomial b’ := h — Z?:l b;f; has degree < ¢§'. Repeating this process a finite
number of times we find an r as desired.
If degr = 9§, then
G(r)=k-Amod (G(f1),...,G(fa))
with a unique & € k\ {0}.
REMARK 7.11. Theorem 7.10 holds true without degree assumption on h if

G(h) is replaced by G(r) with a remainder r as above. If degr < 4, then the
residue sum vanishes. If degr = 9, then

S
E Resijj = K.
j=1

PRrOOF. The first statement follows from 5.5 ¢). Given 7.10, the second follows
from 5.10 and the third from the transformation law 5.5 b) since

[G(T) dx; - ~-dXd] — Resy {n ax, -- -dXd} .

G(f) X H

S
E Resy,w; = Reso

j=1
Observe that if we write

d
G(r)=r-A+> G(f)

=1
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with homogeneous ¢; € k[X71,...,X4] and k € k (possibly = 0), then
(7.8) h=x-A+7r"mod (f1,...,fq)

with r’ =71 — Zle ¢; fi of degree < 0.

Theorem 7.10 is also true in the “weighted case”, i.e. if the variables X, are
given weights «; € N;. For a non-cohomological proof, based on the work of Scheja
and Storch, see [63, 4.8 a)]. Essentially the same proof is used also in [67] to prove
7.10 in the two-dimensional case. In the weighted case, a proof (with applications)
that uses k = C and complex analytic arguments can be found in [13].

We turn to applications of theorem 7.10. Given polynomials f; € k[X7, ..., X4,
the residues of generalized fractions with denominator set {f1,..., fq} are inter-
section invariants of the hypersurfaces H; := V(fi) C A (i = 1,...,d). If the
numerator w is chosen properly the residue has a geometric interpretation. The
residue theorem then yields global relations among the invariants. In the following
some examples will be given which can be derived from the residue theorem on Pﬁ.

Let Y := V(F},...,F;) be a reduced zero-dimensional complete intersection
subscheme of P¢. Here the F; (i = 1,...,d) are homogeneous polynomials in
k[Xo, ..., X4) which form a regular sequence. Let n := H?zl deg F; be the degree
of Y.

We choose coordinates so that Y NV (Xo) = 0. Then in A{ := P¢\ V,(Xo)

we have

Y:V(fla"'vfd)

where the f; := F(1, X1,...,Xy4) form a regular sequence in k[X1,..., X ]. More-
over {G(f1),...,G(fq)} with the degree forms G(f;) := F;(0,X1,...,Xy) is also a
regular sequence in k[X7, ..., X,], and the origin O € A¢ is the only common zero
of these polynomials.

Reducedness of Y is equivalent to each of the following conditions:

a) Y consists of n distinct closed points of A¢.
b) Oy p =k foreach PeY.

)
¢) With J := H we have J(P) # 0 for each P € Y.
)

d) The hypersurfaces H; := V(f;) (i = 1,...,d) intersect transversally at

every P€Y = HyN---N Hy, i.e. the points P € Y are regular on each

H;, and the tangent hyperplanes Tp(H;) (i = 1,...,d) have only P in
common.

We may also consider Y as the intersection of the curve C := V(fy,..., fa—1)

with the hypersurface H;. Then reducedness of Y means that all P € Y are regular
on C' and on Hy, and that the tangent Tp(C) is not contained in Tp(Hy).

THEOREM 7.12. Under the above assumptions let f € k[X1,...,X4] be given
such that
d
deg f <) deg f; + pdeg fa—d
i=1

where p € N and char k does not divide p!. Set Ry := § and for o € N with
0<o<p
lj_la(fla"'a d—17R0'—1)'

R, =
o 8(X1,...7Xd)
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Then

> R,(P) =Reso
PeYy

The sum vanishes if deg f < 2?21 degf; + pdegfqs — d.

[ G(f)dX1---dXq ]
G(f1)7 . '7G(fd71)7G(fd)p+l .

PROOF. The sequence {f1,..., fa} is a system of parameters of ﬁpz) p for every
P eY. By 5.11 we have
fdXq---dXy ]
Res =R,(P
P|:f17"'7fd—1a 5+1 P( )
and the claim follows from 7.10. ]

In the following only the cases p = 0 and p = 1 play a role. For p = 0 we obtain

COROLLARY 7.13. Ifdeg f < 2%, deg f; — d, then

J(P) _ oo [G()dXy - dXq
2 (P~ Reso [G(f1),-~-7G(fd)} |

The sum vanishes if deg f < Z?:l deg f; — d.

The last statement is called the Jacobi formula [53] or Euler-Jacobi formula. It
is the subject of many publications and applications ([6, 7, 13, 22, 31, 60, 63, 65]).
We have obtained 7.13 as a consequence of the residue theorem 7.10. Conversely,
using a deformation argument, it is also possible to deduce 7.10 from 7.13, see [69].
For p =1 example 5.11 implies

COROLLARY 7.14 (B. Segre [90]). If deg f < Zle deg f; + deg fy — d, then

— 8(f17"'7fd—15f) a(flﬂ"'vfd—la‘]) _

%J(P) B[J(P) o(Xy,..., Xa) F)~1(P) O(X1,...,Xaq) (P)}_
e { G(f)dX, ---dX,

© G(fl)w'wG(fdfl)aG(fd)Q .

The sum vanishes if deg f < Zle deg f; + deg fq — d.
The Euler-Jacobi formula yields

THEOREM 7.15 (Cayley-Bacharach Theorem). For Y as above let H C P4 be
a hypersurface of degree < Zle deg F; — d. If H contains n — 1 points of Y, then
YCH.

PrROOF. In the Euler-Jacobi formula all terms but one vanish. Then all terms
must vanish, which implies the statement. O

EXAMPLE 7.16. If two cubic curves C; and Cs in P? have exactly 9 points
of intersection and another cubic C' contains 8 of them, then C; N Cy C C. This
is known as Euler-Cramer paradox. On can derive Pascal’s theorem about conics
quickly from this statement, and the theorem of Pappus which is a special case of
that of Pascal, see for instance [67, 5.16].
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Let us consider now Y as the intersection of the curve C := V(f1,..., f4—1) with
the hypersurface H := V(f3). We define the following elements of k[X7,. .., X4]%:

_ _ (Ofa  Ofa
N.—gradfd—<aX1,...78Xd)
Ji :=det(grad f1,...,grad f4_1,¢;) (i=1,...,d)

where e; = (0,...,1,...,0) is the i-th standard basis vector of k¢, and

T:=(J1,...,Ja), To:=J'T

We then have J = (T, N) with the standard scalar product (, ). For P € Y
the vector T(P) = (J1(P),...,J4(P)) is tangent to C' at P and N(P) = grad f4(P)
is normal to Tp(H). The tangent vector To(P) := J(P)~'T(P) is normed so that
(Ty(P), N(P)) = 1.

The following application of 7.13 is due to R. Hiibl (private communication):

THEOREM 7.17. With the above notation and assumptions, we have
a) If H is not a hyperplane, then
> Ty(P)=0.
Pey

b) If H is a hyperplane, then ) poy To(P) depends only on the schemes
H;NHy (i=1,...,d), where H; denotes the projective closure of H; and
H, is the hyperplane at infinity.

PRrROOF. Apply 7.13 with f = J;. We have Resp [Ji dXy-- dXd]

flv"'afd ) and

d—1
degJ; <Y degfi—d+1
=1
hence by 7.10
Ji(P)
J(P)

B G(J;)dX, - dXg
= Reso |:G(fl)a s 7G(fd) :| .

If H is not a hyperplane, then deg J; < Zle deg f; — d and the residue vanishes.
Otherwise we have equality, and the residue depends only on the degree forms
G(f1); - Glfa).

In the situation of 7.17 b) the sum of tangent vectors does not change if
f1,..., fa are replaced by a system of polynomials g1, ..., gq defining hypersurfaces
H! :=V(g;) such that H] and H; have the same schemes at infinity (i = 1,...,d)
and Y’ := H{ N---N H) is reduced, for example, if the hyperplane H is replaced
by a parallel hyperplane H' and Y’ := C' N H' is reduced. O

In the following we use the notation fx, for the partial derivative 67’: of a
polynomial f. With C' and H as above let

T, .= (fa)x,ei — (fa)x,eq and h; :== (T;, N) (i =1,...,d).

Then (T;(P), N(P)) = 0, i.e. the vectors T;(P) are tangent to the hypersurface H
at P.
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THEOREM 7.18. Fori=1,...,d— 1 we have

PV — Res, |G (h) dX1 - dXg
Y (To(P), T;(P)) = Reso G(f),--,G(fa) |

pPcY

As above the sum depends only on the schemes at infinity of the hypersurfaces H;
(i=1,...,d).

PROOF. Apply 7.13 with f = h; and note that either degh; < >0 deg f; — d
or, in case of equality,
G(h;) = det(grad G(f1), . ..,grad G(fa—1), G(T3))
with G(TZ) = G(fd)XdeZ- - G(fd)xied. O
This theorem generalizes a theorem of G. Humbert [50] about the angles under
which two plane curves intersect. When d = 2 set f := f1, g := f2, C1 := V(f) and
Cy = V(g) Then T' = (szv 7fX1)> N = (gngXz) and 11 = (ngv 79X1)7 hence
(Ty, Th) = Ixi9x, + fx.9x,
Ix19x: — Fx.9x,
For PeY :=CyNCs and h := (T, T}) we denote the invariant

hd)]fj;l)@] = (To(P), Ta(P))

Resp {

by ap(Ci,Cs). Then by 7.18

Z CLP(Cl, CQ) = Reso

Z G(f),G(9)

See the discussion in [67, p. 119-122], where G. Humbert’s theorem is derived from
the last formula. Another higher dimensional version of this theorem can be found
in [47].

The theory of residues can also be used to prove certain global relations about
the curvature of plane algebraic curves such as the Reiss relation and its general-
ization by B. Segre ([90, 91]), which follows from 7.14 (see also [67, chap. 12]).
Similar relations about the curvature of algebraic curves in higher dimensions and
algebraic hypersurfaces can be found in chapter 6 of the thesis of G. Quarg [85].
See also [66], where some of his results are outlined.

[[G(f)le(g)Xl +G(f)x,G(g9)x,] dX1dX> '
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