
CHAPTER 1

Background material

1.1. Notation and conventions

Throughout this survey, (X, d) and (Z, d) will denote metric spaces. We
often abuse notation by dropping explicit reference to the metric. We write
B(z, r), resp. B(z, r), for the open, resp. closed, ball in Z with center z and
radius r. For B = B(z, r) we let tB = B(z, tr); we emphasize that the set tB
depends on the choice of center and radius for B (which are not necessarily
unique in metric spaces). We write diamA for the diameter of a set A ⊂ Z,
and dist(A,B) for the distance between sets A,B ⊂ Z. Note that

(1.1.1) diamB(z, r) ≤ 2r

for all metric balls B(z, r) in Z.
Unless otherwise specified, we equip the Euclidean space RN of dimen-

sionN with the Euclidean (�2) norm and metric. We will occasionally denote
the Euclidean metric in RN by deucl. We denote Lebesgue measure in RN

by LN . The cardinality of a finite set S will be written #S.
As is customary, we let C, c, . . . denote various finite positive constants.

These constants may depend on auxiliary data a, b, etc.; we indicate this by
writing C(a, b) or c(a, b). We will write C if we wish to emphasize that a
certain constant is finite, and we will write c or 1/C if we wish to emphasize
that the constant is positive.

1.2. Mappings

In this section, we review a number of important classes of mappings
between metric spaces. The most important of these, from the perspec-
tive of this survey, is the class of quasisymmetric maps (Definition 1.2.9),
which underlies the notions of conformal gauge and conformal dimension.
The study of quasiconformal and quasi-Möbius maps has a long history in
geometric function theory: the theory of these classes of maps generalizes
classical aspects of complex analysis.

We begin with some simpler classes: Lipschitz and Hölder maps.

1.2.1. Lipschitz and Hölder maps. Lipschitz functions are arguably
the most important class of functions in analysis in metric spaces. They
play a role there analogous to that played by smooth functions in classical
Euclidean analysis.
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Definition 1.2.1. Let (Z, d) and (Z ′, d′) be metric spaces and let L > 0.
A map f : Z → Z ′ is said to be L-Lipschitz if

d′(f(z1), f(z2)) ≤ Ld(z1, z2)

for all z1, z2 ∈ Z. We say that f is Lipschitz if it is L-Lipschitz for some
L < ∞.

When Z ′ = R we say that f is a Lipschitz function.

The Lipschitz condition is an absolute metric distortion requirement:
distances in the image should not exceed distances in the source by more
than a fixed, universal multiplicative constant. The importance of Lips-
chitz functions in analysis rests largely on results such as the following two
theorems.

Theorem 1.2.2 (Rademacher Differentiation Theorem). Every Lipschitz
function defined on a subset of RN is differentiable LN -almost everywhere.

Theorem 1.2.3 (McShane Extension Theorem). Let Z be any metric
space and let f : A → R be an L-Lipschitz function defined on a set A ⊂ Z.
Then there exists an L-Lipschitz extension of f to Z, i.e., there exists an
L-Lipschitz function g : Z → R so that g|A = f .

Note that, as a consequence of Theorem 1.2.3, we may without loss of
generality assume that the function in Theorem 1.2.2 is defined in all of
RN . Indeed, suppose that f : A → R, A ⊂ RN , is a Lipschitz function. By
McShane’s Theorem 1.2.3, there is a Lipschitz extension g : RN → R of f .
By Rademacher’s Theorem 1.2.2,

Z := {x ∈ RN : g is not differentiable at x}
is a set of measure zero in RN . Since

{x ∈ A : f is not differentiable at x}
is a subset of Z∩A, it also has measure zero. Thus f is differentiable LN -a.e.
in A, as asserted.

We note the following elementary characterization of Lipschitz maps in
terms of metric balls. A generalization of this observation to quasisymmetric
maps will be useful later on.

Lemma 1.2.4. Let f : Z → Z ′. Then f is L-Lipschitz if and only
f(B(z, r)) ⊂ B(f(z), Lr) for all balls B(z, r) in Z.

We recall some basic examples. The distance function d : Z → R to a
point z0 ∈ Z, d(z) := d(z, z0), is a 1-Lipschitz function; this follows directly
from the triangle inequality. More generally, for any closed set F ⊂ Z, the
function d(z) = dist(z, F ) is 1-Lipschitz. The class of Lipschitz functions
on a metric space Z is closed under addition and the operations of taking
maxima and minima. Compositions of Lipschitz maps are Lipschitz.
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The projection maps

πj : R
N → R, j = 1, . . . , N,

or
πj : �

∞ → R, j = 1, 2, . . . ,

given by πj(x) = xj are 1-Lipschitz maps. Thus πj ◦f is Lipschitz whenever
f : Z → RN or f : Z → �∞ is Lipschitz. Conversely, if πj ◦ f is L-Lipschitz

for all j, then f is L
√
N -Lipschitz (if the target is RN ) or is L-Lipschitz (if

the target is �∞).

Definition 1.2.5. A homeomorphism f : (Z, d) → (Z ′, d′) is L-bi-
Lipschitz if both f and f−1 are L-Lipschitz. We say that f is bi-Lipschitz if
it is L-bi-Lipschitz for some finite L.

In many contexts, bi-Lipschitz equivalent spaces are indistinguishable.
For instance, all of the most well-studied notions of metric dimension (see
section 1.4) are invariant under bi-Lipschitz maps. The problem of rec-
ognizing when two metric spaces are bi-Lipschitz equivalent is in general
quite challenging. For instance, there is still no simple list of intrinsic met-
ric properties which characterize bi-Lipschitz images of RN , except in the
simple case N = 1.

Products of bi-Lipschitz maps are always bi-Lipschitz. Given two metric
spaces (Z1, d1) and (Z2, d2) we consider the product space Z3 = Z1 × Z2.
We may equip Z3 with the �2 product metric

d3((z1, z2), (z
′
1, z

′
2)) =

√
d1(z1, z′1)

2 + d2(z2, z′2)
2.

Alternatively, we may use the �p product metric

((z1, z2), (z
′
1, z

′
2)) 
→ (d1(z1, z

′
1)

p + d2(z2, z
′
2)

p)1/p

for any 1 ≤ p < ∞ or the corresponding �∞ product metric

((z1, z2), (z
′
1, z

′
2)) 
→ max{d1(z1, z′1), d2(z2, z′2)}.

All of these metrics are bi-Lipschitz equivalent.

Proposition 1.2.6. Let f1 : (Z1, d1) → (Z ′
1, d

′
1) and f2 : (Z2, d2) →

(Z ′
2, d

′
2) be bi-Lipschitz maps. Then (f1, f2) : (Z3, d3) → (Z ′

3, d
′
3) is bi-

Lipschitz, where Z3 = Z1 × Z2 and Z ′
3 = Z ′

1 × Z ′
2.

The concept of a Lipschitz map admits the following natural generaliza-
tion.

Definition 1.2.7. Let Z and Z ′ be as in Definition 1.2.1 and let L, α >
0. A map f : Z → Z ′ is said to be (L, α)-Hölder if

d′(f(z1), f(z2)) ≤ Ld(z1, z2)
α

for all z1, z2 ∈ Z. We say that f is α-Hölder if it is (L, α)-Hölder for some
L < ∞, and that f is Hölder if it is α-Hölder for some α > 0.

Again, when Z ′ = R we say that f is a Hölder function.
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The obvious analog of Lemma 1.2.4 holds for Hölder functions. We leave
the precise formulation to the reader.

Lipschitz and Hölder maps are closely related. To state this more pre-
cisely we recall the notion of a snowflake metric space.

Definition 1.2.8. Let (Z, d) be any metric space, let 0 < ε < 1, and
define dε on Z by

dε(z1, z2) := d(z1, z2)
ε.

Then dε is a metric. The metric space (Z, dε) is called the snowflake of (Z, d)
with parameter ε.

The primary example (and the reason for the terminology) is the von
Koch snowflake curve K ⊂ R2, see Figure 1.1. This self-similar fractal set
is homeomorphic to the unit interval [0, 1]. It has metric dimension log 4

log 3 > 1.

(Here we refer to any of the notions of dimension introduced in section 1.4—

all of them agree for this set.) Let α = log 3
log 4 . Then (K, deucl) is bi-Lipschitz

equivalent to the snowflaked space ([0, 1], dαeucl).

Figure 1.1. The von Koch snowflake curve K

It follows immediately from the definitions that a function f : (Z, d) →
(Z ′, d′) is α-Hölder (for some α ≤ 1) if and only if f : (Z, dα) → (Z ′, d′) is
Lipschitz. Coupling this with the McShane Extension Theorem, we observe
that every real-valued Hölder function defined on a subset of a metric space
Z extends to a Hölder function on all of Z, with the same Hölder exponent
and coefficient.

Hölder functions with exponent larger than one are of little interest in
the classical setting. In fact, if f is a (1 + ε)-Hölder function defined on
an open subset Ω of RN , then f is constant. For the proof, we note that
f is Lipschitz on compact subdomains of Ω, hence differentiable a.e. in Ω.
It is easy to check that the derivative must vanish wherever it is defined.
Since f is also absolutely continuous along every line segment in Ω and Ω
is connected, we conclude that f is constant. However, by the remarks of
the previous paragraph, (1 + ε)-Hölder functions defined on more general
subsets of RN need not be constant.

Note that the product of the snowflakes of (Z1, d1) and (Z2, d2) with the
same parameter ε is bi-Lipschitz equivalent to the snowflake of (Z1×Z2, d3)
with parameter ε. Products of snowflakes with different parameters are
never bi-Lipschitz equivalent with each other, and are rarely even quasisym-
metrically equivalent (for the definition of quasisymmetric maps, see the
following section). See the notes to section 4 for more details.
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1.2.2. Quasisymmetric, quasiconformal and quasi-Möbius maps.
The bi-Lipschitz condition imposes a restriction on absolute metric distor-
tion: distances in the image are uniformly comparable to the corresponding
distances in the source. The notion of quasisymmetry, which we now intro-
duce, is more subtle: it imposes a restriction on relative metric distortion.
Quasisymmetric maps are at the core of this survey. In the Euclidean setting
(and in many other contexts), quasisymmetry turns out to be equivalent to
the more classical notion of quasiconformality, which arose first in the con-
text of complex analysis. We review the basic facts.

A distortion function is a homeomorphism of [0,∞) onto itself.

Definition 1.2.9. Let η be a distortion function. Let f : (Z, d) →
(Z ′, d′) be a homeomorphism of metric spaces. We say that f is η-quasi-
symmetric if

(1.2.1)
d′(f(z1), f(z2))

d′(f(z1), f(z3))
≤ η

(
d(z1, z2)

d(z1, z3)

)
for all z1, z2, z3 ∈ Z, z1 �= z3. We say that f is quasisymmetric if it is
η-quasisymmetric for some η, and that (Z, d) and (Z ′, d′) are quasisymmet-
rically equivalent if there exists a quasisymmetry from Z to Z ′.

Thus f is quasisymmetric if ratios of distances of pairs of points are
distorted in a controlled fashion. This three-point condition is extremely
useful. We will see numerous applications in later chapters.

Examples 1.2.10. (1) Every L-bi-Lipschitz map f : Z → Z ′ is η-quasi-
symmetric with distortion function η(t) = L2t.

(2) The identity map from (Z, d) to its snowflake (Z, dε) with parameter
ε < 1 is η-quasisymmetric with distortion function η(t) = tε.

(3) If f1 : Z → Z ′ is an η1-quasisymmetric homeomorphism and f2 :
Z ′ → Z ′′ is an η2-quasisymmetric homeomorphism, then f2 ◦ f1 : Z → Z ′′ is
η2◦η1-quasisymmetric. The inverse of an η-quasisymmetric homeomorphism
is η̃-quasisymmetric with distortion function η̃(t) = 1/η−1(1/t). Hence the
collection of all quasisymmetric homeomorphisms of Z onto itself forms a
group.

Quasisymmetry is a global condition: it imposes a uniform requirement
on the relative metric distortion of any triple of points. In the Euclidean
case, this condition turns out to be equivalent to an infinitesimal version.

Definition 1.2.11. Let F : Ω → Ω′ be a homeomorphism between
domains in RN . The linear dilatation of F is the function HF : Ω → R given
by

(1.2.2) HF (x) := lim sup
r→0

sup{|F (x)− F (y)| : |x− y| = r}
inf{|F (x)− F (z)| : |x− z| = r} .

We say that F is H-quasiconformal, H ≥ 1, if HF (x) ≤ H for all x ∈ Ω,
and that F is quasiconformal if it is H-quasiconformal for some H < ∞.
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It is easy to see from the definitions that if F is η-quasisymmetric, then
it is H-quasiconformal with H = η(1). In fact, the stronger condition

sup
r>0

sup{|F (x)− F (y)| : |x− y| = r}
inf{|F (x)− F (z)| : |x− z| = r} ≤ η(1)

holds true. It is a deep fact, central to modern geometric function theory,
that the converse also holds true, at least for globally defined mappings.
The same result holds true for homeomorphisms between sufficiently nice
domains.

Theorem 1.2.12. Let F : RN → RN be a H-quasiconformal homeomor-
phism, N ≥ 2. Then F is η-quasisymmetric for some distortion function η
which depends only on H and N .

Remark 1.2.13. There are many characterizations of quasiconformal
maps. Here is an analytic one. Assume that F is a homeomorphism in the

local Sobolev class W 1,N
loc (Ω : RN ) (the latter condition means that the first-

order partial derivatives of the components of F exist in the distributional
sense as elements of LN

loc(Ω)), and that there existsK < ∞ so that the almost
everywhere defined differential matrix DF satisfies the following reverse
Hadamard inequality

(1.2.3) ||DF (x)||N ≤ K detDF (x)

for a.e. x ∈ Ω. Geometrically, inequality (1.2.3) asserts that the volume of
the image of an infinitesimal ball centered at x is comparable with the volume
of the smallest circumscribed ball. By elementary geometry, this condition
implies and is implied by the corresponding condition that infinitesimal balls
are mapped onto infinitesimal ellipsoids with uniformly bounded eccentric-
ity. Indeed, F is quasiconformal (in the sense of Definition 1.2.11) if and
only if it satisfies this condition. The constants H and K depend only on
each other and on the dimension N .

Remark 1.2.14. In the setting of (1.2.3), the regularity assumption

F ∈ W 1,N
loc is natural, since it is equivalent to the local integrability of the

Jacobian detDF (which is relevant for change of variables arguments). How-
ever, it is a deep fact in Euclidean geometric function theory that weaker
regularity assumptions are sufficient, and that stronger regularity assump-
tions are in fact valid in the presence of a distortion condition such as (1.2.3).
A fundamental tool is Gehring’s higher integrability lemma, which in its sim-

plest form asserts that aW 1,N
loc mapping F satisfying (1.2.3) for someK < ∞

in fact belongs to W 1,p
loc for all p < p(N,K) for some specific p(N,K) > N .

See the notes to this section for further remarks.

Remark 1.2.15. Theorem 1.2.12 admits the following local version. Let
us say that F : Ω → Ω′ is locally quasisymmetric if it is quasisymmetric
on every compact set S ⊂ Ω, with distortion function η depending only
on S (and N). Then every quasiconformal mapping F : Ω → Ω′ between
arbitrary domains Ω,Ω′ ⊂ RN , N ≥ 2, is locally quasisymmetric.
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Remark 1.2.16. The restriction to dimensions N ≥ 2 is essential. Every
C1 homeomorphism F : R → R is quasiconformal, but such a homeomor-
phism need not be quasisymmetric.

Example 1.2.17. Every 1-quasiconformal map defined between domains
in R2 is a conformal map (in the sense of complex analysis). Every 1-
quasiconformal map defined between domains in RN , N ≥ 3, is the restric-
tion of a globally defined Möbius transformation of RN : this is a consequence
of the Gehring–Liouville theorem.

We remark on an interesting corollary of Theorem 1.2.12: inverses of
quasiconformal maps of RN (N ≥ 2) are quasiconformal. This follows im-
mediately from Theorem 1.2.12 and Example 1.2.10(3). It is not at all easy
to see this fact directly from the definition of quasiconformality.

The following lemma recasts quasisymmetry in terms of the distortion
of metric annuli. It is the analog of Lemma 1.2.4 from the Lipschitz setting.

Lemma 1.2.18. A homeomorphism f : Z → Z ′ is η-quasisymmetric if
and only if whenever B1 = B(z, r1) ⊂ B2 = B(z, r2) are concentric balls in
Z, then there exist concentric balls B′

1 = B′(f(z), r′1) ⊂ B′
2 = B′(f(z), r′2)

so that B′
1 ⊂ f(B1) ⊂ f(B2) ⊂ B′

2 and r′2/r
′
1 ≤ η(r2/r1).

We note however an important distinction between quasiconformal maps
and quasisymmetric maps. Quasiconformal maps need not preserve bound-
edness. (Indeed, even conformal maps of the plane can change bounded
domains into unbounded domains.) By way of contrast, quasisymmetries
always preserve boundedness. More generally, we have the following well-
known result on the distortion of relative diameter by quasisymmetric maps.

Lemma 1.2.19 (Tukia–Väisälä). Let f : Z → Z ′ be an η-quasisymmetric
homeomorphism and assume that A ⊂ B ⊂ Z are such that 0 < diamA ≤
diamB < ∞. Then diam f(B) is finite and

1

2η(diamB
diamA )

≤ diam f(A)

diam f(B)
≤ η

(
2 diamA

diamB

)
.

It is for this reason sometimes advantageous to work with a different class
of mappings: the so-called quasi-Möbius maps. The quasi-Möbius condition
is a four-point condition. One can recover quasisymmetric maps on locally
compact metric spaces from quasi-Möbius maps on the one-point (Alexan-
drov) compactifications by specializing one of the points to the point at
infinity.

Definition 1.2.20. The (real) cross ratio of four points z1, z2, z3, z4 in
a metric space (Z, d) is

[z1, z2, z3, z4] :=
d(z1, z3)d(z2, z4)

d(z1, z4)d(z2, z3)
.
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A map F : (Z, d) → (Z ′, d′) is called θ-quasi-Möbius, where θ is a distortion
function, if

[f(z1), f(z2), f(z3), f(z4)] ≤ θ([z1, z2, z3, z4])

for all quadruples z1, z2, z3, z4 ∈ Z, z1 �= z4, z2 �= z3.

Quasisymmetric maps are always quasi-Möbius, while quasi-Möbius maps
are quasisymmetric provided the source and target space are simultaneously
bounded or simultaneously unbounded.

1.3. Quasisymmetric invariants

In order to distinguish spaces up to some notion of equivalence, one re-
quires invariants. By Example 1.2.10(3), quasisymmetry is an equivalence
relation on the class of metric spaces. In this section, we indicate a few
important quasisymmetric invariants: the doubling property, uniform per-
fectness, and uniform disconnectedness.

1.3.1. Doubling spaces.

Definition 1.3.1. A metric space (Z, d) is doubling if there exists a
constant N < ∞ so that any ball B(z, r) in Z can be covered by at most N
balls of radius r/2. We say that (Z, d) is N -doubling.

The doubling condition is a finite-dimensionality hypothesis which con-
trols the growth of the cardinalities of separated subsets of balls at all scales
and locations. (This remark is made precise in Definition 1.4.14.) Examples
of doubling spaces include Euclidean space of any dimension and arbitrary
subsets thereof.

1.3.2. Uniformly perfect spaces.

Definition 1.3.2. A metric space (Z, d) is uniformly perfect if there
exists a constant c > 0 so that B(z, r) \ B(z, cr) �= ∅ for all z ∈ Z and
0 < r < diamZ. We say that (Z, d) is c-uniformly perfect.

Uniform perfectness is a quantitative, scale-invariant version of topo-
logical perfectness: it asserts the nonexistence of separating annuli of large
modulus. Every connected metric space is uniformly perfect. The Cantor
set is uniformly perfect.

1.3.3. Uniformly disconnected spaces.

Definition 1.3.3. Let (Z, d) be a metric space. A finite sequence of
points z0, z1, . . . , zN in X is called a δ-chain if d(zi−1, zi) ≤ δd(z0, zN ) for all
i = 1, . . . , N . We do not require that the points be distinct. Such a chain
is called trivial if all of its points coincide. We say that (Z, d) is uniformly
disconnected if there exists δ > 0 so that there are no nontrivial δ-chains in
Z. In this case we also say that (Z, d) is δ-uniformly disconnected.
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Chains should be viewed as finite analogs of curves. Indeed, in any path
connected space, every pair of points can be joined by δ-chains with arbi-
trarily small δ. Uniform disconnectedness is a quantitative, scale-invariant
version of total disconnectedness: it asserts the existence of separating an-
nuli of a definite modulus at all scales and locations. The Cantor set is
uniformly disconnected for some specific positive value of δ.

Theorem 1.3.4. Let (Z1, d1) have property P, where P is one of the
following conditions:

• the doubling property,
• uniform perfectness,
• uniform disconnectedness.

Let f : Z1 → Z2 be a quasisymmetric homeomorphism of Z1 onto another
metric space (Z2, d2). Then Z2 has property P. The statement is quantita-
tive.

1.4. Dimensions and measures

The subject of this survey is another quasisymmetric invariant: confor-
mal dimension. Versions of conformal dimension are defined (see section
2.2) by infimizing certain metrically defined notions of dimension over all
quasisymmetric images. In this section, we review several notions of dimen-
sion for metric spaces. We begin with the most well-known and useful of
these notions, the Hausdorff dimension.

1.4.1. Hausdorff measure and dimension. The Hausdorff measures
on a metric space arise as instances of a general construction due to Carathé-
odory. As we will make use of this construction in several different ways, we
begin with a general review.

Carathéodory’s construction. Let (Z, d) be a metric space. The data
associated to Carathéodory’s construction are a family F of subsets of Z and
a function φ : F → [0,+∞] (called a gauge function).

Typical examples of families F which we will use are the full power set
of Z, the family of all metric balls in Z, or (in the case Z = RN ) the family
of dyadic cubes. We usually consider gauge functions φ which depend only
on the diameter of the argument, although this is not essential and there
are situations where more general gauges are relevant. See, for example, the
proof of Lemma 6.2.8.

Associated to (Z, d), F and φ, and for each 0 < δ ≤ ∞, we define the
following set function:

Φδ(A) := inf

{ ∞∑
i=1

φ(Ai) : A ⊂
∞⋃
i=1

Ai, diamAi < δ,Ai ∈ F
}
, A ⊂ Z.

Some comments are in order. We have imposed no further assumptions on
F , thus, it may happen that the infimum in question is taken over the empty
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set for certain choices of δ and A. In this case, we assign Φδ(A) = +∞. In
case A = ∅ we allow the trivial (empty) covering (one way to do this is
to include the empty set as an element of F and assign φ(∅) = 0), thus
Φδ(∅) = 0 for all δ. With these remarks in mind, the value of Φδ(A) is
well-defined for all δ and A.

We call (Φδ)δ>0 the family of Carathéodory premeasures associated to F
and φ. We also call Φ∞ the Carathéodory content.

For each 0 < δ ≤ ∞, the function Φδ is an outer measure on Z. Indeed, it
is clearly monotone and countably subadditive, and by convention it vanishes
on the empty set. It is not necessarily a Borel measure, however. The
following definition overcomes this shortcoming.

Definition 1.4.1. The Carathéodory measure associated to the data F
and φ is

Φ(A) := lim
δ→0

Φδ(A) = sup
δ>0

Φδ(A),

where A ⊂ Z.

The existence of the limit and the equality of these two formulas is an
easy consequence of the monotonicity of the function δ 
→ Φδ(A).

We use the following criterion, also due to Carathéodory, to verify that
Φ is a Borel measure.

Theorem 1.4.2. Let μ be an outer measure on a metric space (Z, d).
Then μ is a Borel measure if and only if μ(A∪B) = μ(A) + μ(B) for every
pair of sets A,B ⊂ Z with dist(A,B) > 0.

Corollary 1.4.3. Carathéodory measures are Borel.

Proof. It suffices to verify the condition in Theorem 1.4.2. For fixed
A,B ⊂ Z with dist(A,B) > 0, we have Φδ(A∪B) = Φδ(A)+Φδ(B) whenever
δ ≤ 1

2 dist(A,B). Taking the limit as δ → 0 completes the proof. �

Hausdorff measure and content. We now specialize to the most
important example. Let F be the power set of Z, let s ≥ 0, and let
hs : F → [0,∞] be given by

hs(A) := (diamA)s.

Definition 1.4.4. The Hausdorff premeasures, resp. Hausdorff content,
resp. Hausdorff measure, in dimension s are the functions (Hs

δ)δ>0, Hs
∞, Hs,

given by Carathéodory’s construction for the gauge function φ = hs on F .

By the preceding remarks, Hs is a Borel measure on Z for any s ≥ 0.

Examples 1.4.5. On any metric space, the Hausdorff measure in di-
mension zero coincides with the counting measure

H0(A) = #A.
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When Z = RN and s = m ≤ N is an integer, Hs coincides with the usual
surface area measure for m-dimensional smooth submanifolds in RN , up to
a positive multiple. In particular, HN coincides with the Lebesgue measure
LN up to a multiple. For intervals I ⊂ R, L1(I) = H1(I) = H1

∞(I) = diam I.

Remark 1.4.6. Let F be the family of all metric balls in (Z, d), let
φs(A) = (diamA)s for A ∈ F , and let Φs

δ be the corresponding family of
Carathéodory premeasures. Then

(1.4.1) Hs
δ(A) ≤ Φs

δ(A) ≤ 2sHs
δ(A)

for all A ⊂ Z and all δ ≥ 0. The left hand inequality is obvious; for the right
hand inequality we note that any nonempty subset A of Z is contained inside
a ball of radius diamA and use (1.1.1). These measures Φs are sometimes
known as the spherical Hausdorff measures on Z.

Remark 1.4.7. Let Z = RN and let F be the family of dyadic cubes,
i.e., closed cubes with sides parallel to the coordinate axes and vertices at
consecutive dyadic rational coordinates. More precisely, A ∈ F if and only
if

A = [k12
−m, (k1 + 1)2−m]× · · · × [kN2−m, (kN + 1)2−m]

for integers m and k1, k2, . . . , kN . Let φs be as in Remark 1.4.6 and let Φs
δ

be the corresponding family of Carathéodory premeasures. Then

(1.4.2) Hs
δ(A) ≤ Φs

δ(A) ≤ (4
√
N)sHs

δ(A)

for all A ⊂ Z and all δ ≥ 0. The argument is similar to the previous one.
These measures Φs are sometimes known as the dyadic Hausdorff measures
on RN .

Lemma 1.4.8. Let 0 ≤ s < t < ∞ and A ⊂ Z. If Hs(A) < ∞, then
Ht(A) = 0.

Proof. For each 0 < δ < ∞ it follows from the definitions thatHt
δ(A) ≤

δt−sHs
δ(A) ≤ δt−sHs(A). Let δ → 0. �

Definition 1.4.9. The Hausdorff dimension of a set A ⊂ Z is

dimA = inf{s ≥ 0 : Hs(A) = 0} = sup{s ≥ 0 : Hs(A) = +∞}.
Note that the equality of these two formulas follows immediately upon

considering the contrapositive in Lemma 1.4.8. Throughout this survey, we
will denote by dim the Hausdorff dimension. On occasion, if we wish to
distinguish it from other notions of dimension, we may write dimH for the
Hausdorff dimension.

Hausdorff dimension is monotonic:

dimA ≤ dimB if A ⊂ B

and countably stable:

dim

( ∞⋃
i=1

Ai

)
= sup

i
dimAi for A1, A2, . . . in Z.
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We will see many examples of dimensions of specific sets and metric spaces
throughout this text. For now we merely observe that the Hausdorff dimen-
sion of RN (or any open set in RN ) is equal to N . Similarly, the Hausdorff
dimension of any smooth m-dimensional submanifold of RN is equal to m.

Remark 1.4.10. By (1.4.1) and (1.4.2), the value of dimA is unchanged
if we replace the Hausdorff measures in its definition with either the spherical
Hausdorff measures or the dyadic Hausdorff measures (in RN ).

Estimates for the Hausdorff dimension of a set A in Z arise primarily via
measure-theoretic arguments. It suffices to find Borel measures supported
on A with suitable volume growth properties. Two primary results along
these lines are the Mass Distribution Principle and its converse, Frostman’s
lemma.

Theorem 1.4.11. (1) (Mass Distribution Principle) If there exists a
positive measure μ on A satisfying μ(B(z, r)) ≤ rs for all B(z, r) ⊂ Z, then
Hs(A) > 0.

(2) (Frostman’s lemma) If A is compact and Hs(A) > 0, then there
exists a positive Borel measure μ on A satisfying μ(B(z, r)) ≤ rs for all
B(z, r) ⊂ Z.

The proof of (1) is trivial: Hs(A) ≥ Hs
∞(A) ≥ μ(A) > 0. The proof

of Frostman’s lemma is significantly more involved; see the notes to this
section for specific references.

Every uniformly perfect metric space has positive Hausdorff dimension.
Indeed, by iterating the uniform perfectness condition one can construct a
subset which is bi-Lipschitz equivalent to a Cantor set of positive dimension.

1.4.2. Topological dimension. We will denote by dimT Z the topo-
logical dimension (or small inductive dimension) of Z. This is defined as
follows:

dimT ∅ = −1

and dimT Z ≤ n if Z admits a neighborhood basis of sets {Ai} whose bound-
aries satisfy dimT ∂Ai ≤ n−1. It is clear that RN has topological dimension
N . Any compact totally disconnected metric space has topological dimen-
sion zero. Note that the topological dimension is always an integer, unlike
Hausdorff dimension which may assume any nonnegative real value.

The main fact which we want to highlight is the following.

Theorem 1.4.12. For any metric space Z, the inequality

(1.4.3) dimT Z ≤ dimZ

holds.

There is a beautiful “Fubini-type” proof for Theorem 1.4.12 which re-
duces it to the following implication: if Hn+1(Z) = 0, then Hn(∂B(z, r)) = 0



1.4. DIMENSIONS AND MEASURES 13

for each z ∈ Z and for L1-a.e. r > 0. Since the metric balls are a neigh-
borhood basis in Z, Theorem 1.4.12 follows by induction on the topological
dimension.

1.4.3. Ahlfors regularity. Many natural spaces which arise in geo-
metric function theory, dynamics and rigidity exhibit strong self-similarity
properties. This self-similarity implies that the space looks similar at all
locations and scales. Ahlfors regularity provides one quantitative measure-
ment of such self-similarity, from the perspective of measure theory. A
metric space is Ahlfors regular, roughly speaking, if the measures of balls of
a fixed radius are all comparable, and scale like an appropriate power of the
radius. Here is the precise definition.

Definition 1.4.13. A metric space (Z, d) is Ahlfors s-regular for some
s > 0 if there exists a Borel measure μ on Z and a constant C < ∞ so that

(1.4.4)
1

C
rs ≤ μ(B(z, r)) ≤ Crs

for all balls B(z, r) in Z with r < diamZ. We say that (Z, d) is Ahlfors
regular if it is Ahlfors s-regular for some s > 0. We also say that μ is an
Ahlfors regular measure on (Z, d).

If (Z, d) is Ahlfors s-regular with respect to some Borel measure μ, then
it is Ahlfors s-regular with respect to the Hausdorff measure Hs (possibly
with a different constant C) and μ and Hs are comparable. Indeed, for any
covering of a ball B(z, r) with sets Ai, we compute

1

C
rs ≤ μ(B(z, r)) ≤

∑
i

μ(Ai) ≤
∑
i

(diamAi)
s

(where we included each set Ai in a ball of radius equal to its diameter),
from which it follows that

Hs(B(z, r)) ≥ Hs
∞(B(z, r)) ≥ 1

C
rs.

The remaining direction is similar, but uses also a suitable covering theorem
(see Lemma 4.1.1).

For each s > 0 there exist Ahlfors s-regular metric spaces. Examples can
be selected from among the self-similar Cantor subsets of Euclidean spaces.
In fact, all self-similar subsets of Euclidean space generated by iterated func-
tion systems satisfying the so-called open set condition are Ahlfors regular.
See section 8.3 for more details.

Every Ahlfors regular space is uniformly perfect. Indeed, suppose that
(Z, d) satisfies (1.4.4) for some s > 0, some C and some measure μ. If
B(z, r) \ B(z, cr) is empty for some positive r, then rs/C ≤ μ(B(z, r)) =
μ(B(z, cr)) ≤ C(cr)s and c ≥ C−2/s. Thus Z is 1

2C
−2/s-uniformly perfect.

Similarly, every Ahlfors s-regular space with s < 1 is uniformly discon-
nected. For a more general statement, see section 1.4.4.
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1.4.4. Assouad dimension. In a metric space (Z, d), call a subset S
ε-separated if d(z1, z2) ≥ ε for all distinct z1, z2 ∈ S. Let N(S, ε) be the
maximal cardinality of an ε-separated subset of S. Then Z is doubling (as
in Definition 1.3.1) if and only if there exists C < ∞ so that

(1.4.5) N(B(z, r), r/2) ≤ C

for all balls B(z, r) in Z with r < diamZ. An easy inductive argument
shows that if (1.4.5) holds, then there exists C ′ and s depending only on C
so that

(1.4.6) N(B(z, r), εr) ≤ C ′ε−s

for all balls B(z, r) in Z with r < diamZ and all 0 < ε < 1. For instance,
we may take s = log2C.

Definition 1.4.14. The Assouad dimension, dimA Z, of a doubling met-
ric space (Z, d) is the infimum of those s > 0 for which (1.4.6) holds for some
C ′ < ∞, for all balls B(z, r) and 0 < ε ≤ 2.

Thus (Z, d) is doubling precisely when it has finite Assouad dimension.
The inequality

(1.4.7) dimZ ≤ dimA Z

between Hausdorff and Assouad dimension is valid for all spaces (Z, d); this is
an easy exercise. Every nonempty open set in RN has Assouad dimensionN .
Assouad dimension is monotonic: dimA S ≤ dimA Z whenever S ⊂ Z.

Let (Z, d) be an Ahlfors s-regular space. Then (1.4.6) holds for some C ′

depending only on the constant C from (1.4.4) and on s. To see this, note
that if z1, . . . , zN are points in a ball B(z, r) which are all at distance εr from
each other (ε ≤ 2), then the balls B(zi,

1
2εr) are all disjoint and contained

in B(z, 2r). The estimate N ≤ C24sε−s follows from volume considerations.
From this and the previous remarks we conclude that

(1.4.8) Z Ahlfors s-regular =⇒ dimZ = dimA Z = s.

In Chapter 5 we will prove that every metric space with Assouad dimen-
sion strictly less than one is uniformly disconnected. It follows that Ahlfors
s-regular spaces with s < 1 are uniformly disconnected.

Several warnings are in order. Assouad dimension is not countably stable
(Example 1.4.15). Also, the Assouad dimension of a metric space Z agrees
with the Assouad dimension of its completion, thus the rationals Q have
Assouad dimension one. These properties illustrate that Assouad dimension
behaves quite differently from its Hausdorff counterpart.

Example 1.4.15. For each p > 0, the set {1, 2−p, 3−p, 4−p, . . .} has As-
souad dimension equal to one.

In Chapter 6 we will give an alternate derivation of Example 1.4.15 by
showing that Assouad dimension does not increase upon passing to weak
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tangents. It is not hard to verify that {1, 2−p, 3−p, 4−p, . . .} has the set
[0,∞) as a tangent space at the origin. Then

1 = dimA[0,∞) ≤ dimA{1, 2−p, 3−p, 4−p, . . .} ≤ dimAR = 1

and equality holds throughout.
A fundamental property of doubling metric spaces is Assouad’s Embed-

ding Theorem.

Theorem 1.4.16 (Assouad). If (Z, d) is a doubling metric space and
ε < 1, then there exists N < ∞ so that the snowflaked space (Z, dε) admits
a bi-Lipschitz embedding in RN .

The conclusion in Theorem 1.4.16 need not hold if ε = 1. Non-abelian
Carnot groups, equipped with their standard Carnot-Carathéodory (sub-
Riemannian) metric, provide counterexamples. We discuss the sub-Riemann-
ian geometry of Carnot groups in more detail in chapter 3.

1.4.5. Behavior of dimensions under mappings. Lipschitz and
Hölder maps behave well with respect to Hausdorff dimensions and Ahlfors
regularity, but can behave rather pathologically with respect to Assouad
dimension.

Theorem 1.4.17. (1) Let f : Z → Z ′ be L-Lipschitz. Then Hs
Lδ(f(A)) ≤

LsHs
δ(A) for all A ⊂ Z and all 0 ≤ δ ≤ ∞.

(2) Let f : Z → Z ′ be (L, α)-Hölder. Then Hs/α
Lδα(f(A)) ≤ Ls/αHs

δ(A)
for all A ⊂ Z and all 0 ≤ δ ≤ ∞.

The proof is obvious.

Corollary 1.4.18. (1) If f : Z → Z ′ is Lipschitz, then dim f(A) ≤
dimA for all A ⊂ Z. If f : Z → Z ′ is a bi-Lipschitz homeomorphism, then

dim f(A) = dimA

for all A ⊂ Z.
(2) If f : Z → Z ′ is α-Hölder, then dim f(A) ≤ α−1 dimA for all A ⊂ Z.

If f : Z → Z ′ is an (α, β)-bi-Hölder homeomorphism (i.e., f is α-Hölder
and f−1 is β-Hölder) for some α, β with αβ ≤ 1, then

β dimA ≤ dim f(A) ≤ α−1 dimA

for all A ⊂ Z.
(3) For any ε < 1 and any metric space (Z, d), dim(Z, dε) = ε−1 dimZ.

It is also easy to see that the image of an Ahlfors s-regular metric space
under a bi-Lipschitz homeomorphism is again s-regular. The image of an
Ahlfors regular metric space under an (α, β)-bi-Hölder homeomorphism need
not be Ahlfors regular, but the snowflake of an s-regular metric space Z with
parameter ε < 1 is s/ε-regular.

Bi-Hölder homeomorphisms can also be ill-behaved with respect to the
Assouad dimension.
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Example 1.4.19. There exists a countable doubling metric space (Z, d)
and a Lipschitz homeomorphism f : Z → Z ′ onto a non-doubling space
(Z ′, d′). In fact, for each β < 1 we construct a (1, β)-bi-Hölder homeomor-
phism from a space Z with dimA Z = 1 onto a space Z ′ with dimA Z ′ = ∞.

By Example 1.4.15 the Assouad dimension of {n−p : n ∈ N} is equal
to one, for each p > 0. By the finite stability of the Assouad dimension,
{n−p : n ≥ n0} has Assouad dimension equal to one for any (fixed) n0 ∈ N.
Let us consider Z = {n ∈ N : n ≥ n0} with the metric d(p) defined by

d(p)(m,n) = |m−p − n−p|; then (Z, d(p)) is isometric with {n−p : n ≥ n0}.
Let β < 1 and define d′ : N×N → ∞ by d′(m,n) = max{m−1/β, n−1/β}

if m �= n and d′(m,n) = 0 if m = n. We leave it to the reader to check that
d′ is a metric on N.

If we choose p > 0 such that p < 1
β − 1 and choose n0 = n0(p) ∈ N

appropriately, then the identity map from (Z, d(p)) to (Z, d′) satisfies

1

C
d(p)(m,n)1/β ≤ d′(m,n) ≤ Cd(p)(m,n)

for all m,n ∈ Z and a suitable constant C = C(p) < ∞, i.e., the identity
map is a (1, β)-bi-Hölder homeomorphism. In particular, it is Lipschitz.

We show that (Z, d′) is not doubling. Again by the finite stability of the
Assouad dimension, it suffices to show that (N, d′) is not doubling. Since

lim
m→∞

diamd′{m,m+ 1,m+ 2, . . .} = lim
m→∞

m−1/β = 0,

(m) is a Cauchy sequence in (N, d′). There is a unique limit point for this
Cauchy sequence in the completion of (N, d′); we denote this point by 0.

The metric d′ extends to {0} ∪ N and d′(0,m) = m−1/β. We will show that

lim
r→0

N(B(0, r), 12r) = ∞

which implies that (N, d′) is not doubling.
Observe that B(0, r) = {0} ∪ {m ∈ N : m > r−β} and that the points

m,m+ 1, . . . ,m+ p ∈ B(0, r) are all 1
2r-separated provided(

1

m+ p

)1/β

≥ r

2
,

i.e., m + p ≤ (2/r)β. Choose p = [(2β − 1)r−β] − 1 and m0 = [r−β + 1],
where [·] denotes the integer part function. Then m0, . . . ,m0 + p are all
(12r)-separated and

N(B(0, r), 12r) ≥ p+ 1 = [(2β − 1)r−β]

which tends to infinity as r → 0.

However, Assouad dimension is invariant under bi-Lipschitz maps.
We conclude this chapter with an application of Theorem 1.4.17.

Proposition 1.4.20. For any connected metric space (Z, d), we have
diamZ ≤ H1

∞(Z).
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Proof. Suppose first that Z is unbounded. We claim that H1
∞(Z) =

+∞. Fix z0 ∈ Z and consider the map f : Z → R given by f(z) = d(z, z0).
This map is 1-Lipschitz, so Theorem 1.4.17 implies that

H1
∞(Z) ≥ H1

∞(f(Z)) = H1
∞([0,+∞)) = L1([0,+∞)) = ∞.

Here we used the fact that f(Z) is an unbounded interval in the nonnegative
real axis containing 0, hence is equal to [0,∞).

Now suppose that Z is bounded. Let ε > 0 and fix z0 ∈ Z so that

sup
z∈Z

d(z, z0) ≥ diamZ − ε.

Let f be as above. Again, f(Z) is an interval in the nonnegative real axis
containing 0, with

L1(f(Z)) ≥ sup
z∈Z

|f(z)− f(z0)| ≥ diamZ − ε.

As before we find

H1
∞(Z) ≥ H1

∞(f(Z)) = L1(f(Z)) ≥ diamZ − ε.

Now let ε → 0. �
As a corollary, note that every space of Hausdorff dimension strictly less

than one is totally disconnected. (If such a space Z contained a nontrivial
connected component, we would conclude that H1(Z) > 0.)

1.5. Notes

Rademacher’s theorem 1.2.2 is a remarkable fact, highly indicative of
the geometry of the underlying Euclidean space. It asserts that Lipschitz
functions are intrinsically equipped with a powerful infinitesimal rigidity
property (local linearity), at least away from a null set. Rademacher’s origi-
nal paper appeared in 1919 [144] and has stimulated a wealth of subsequent
generalizations, reformulations and applications which we cannot hope to
describe in detail here. We mention only the striking extension of The-
orem 1.2.2 by Cheeger [44] to the category of arbitrary doubling metric
measure spaces satisfying a Poincaré inequality. This generalization extends
the Rademacher theorem to a variety of new spaces with nonsmooth infin-
itesimal geometry, such as Carnot groups and other Carnot-Carathéodory
manifolds (section 3.3.5) and the boundaries of certain hyperbolic build-
ings (section 3.5). It is now clear, as a consequence of the results of [44]
that the validity of a Rademacher-type differentiation theorem has strong
implications for the geometry of the underlying space.

McShane’s Extension Theorem 1.2.3 has also opened new lines of inves-
tigation which have expanded dramatically in recent years. The existence of
a Lipschitz extension is quite easy to prove. In fact, given any L-Lipschitz
function f : A → R defined on a nonempty set A ⊂ Z, it is easy to check
that the formulas

g+(z) := inf{f(a) + Ld(a, z) : a ∈ A}
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and

g−(z) := sup{f(a)− Ld(a, z) : a ∈ A}

define L-Lipschitz extensions of f to all of Z. Furthermore, g−(z) ≤ g+(z)
for all z ∈ Z. The existence of absolute minimizing Lipschitz extensions
(AMLE’s), i.e., extensions which minimize the Lipschitz constant locally,
was first shown by Aronsson [2] in the Euclidean setting. The study of such
extensions involves significant use of tools from nonlinear PDE, especially
the theory of the ∞-Laplace equation. The uniqueness of AMLE’s was later
established by Jensen [86]. See [3] for a comprehensive overview of the
theory of ∞-harmonic functions and absolutely minimizing Lipschitz exten-
sions in the Euclidean setting. Quite recently, Peres, Schramm, Sheffield and
Wilson [143] provided a game-theoretic reinterpretation of the ∞-Laplace
equation in terms of “tug-of-war” and thereby obtain a probabilistic ap-
proach to Jensen’s uniqueness theorem valid in extremely general settings.
This area of research is still developing rapidly.

Lipschitz extension theorems with other target spaces are also of some
interest. Lang, Pavlović and Schroeder [100], [99] consider the case of target
spaces with curvature bounds. In a series of papers [103], [104], Lee and
Naor consider the problem of Lipschitz extension where the subset A is
fixed and the superset Z is allowed to vary. They obtain striking results on
this absolute extension problem for a variety of spaces and targets, including
doubling metric spaces, graphs and Banach spaces.

Theorem 1.2.12 and Remark 1.2.15 are folklore, implicit in early work
of Gehring [57], [58] and Väisälä [174]. The local quasisymmetry of qua-
siconformal maps is sometimes known as the egg yolk principle; Heinonen
[76, Chapter 11] attributes the term to McMullen. The precise definition of
quasisymmetric maps in the metric space context was first given by Tukia
and Väisälä [166]. However, the notion was implicit in many earlier works.
In particular, quasisymmetric maps on the real line (as the boundary maps
of quasiconformal maps of the upper half plane) have been well studied since
at least the work of Ahlfors and Beurling [14]. The canonical reference for
quasiconformal maps in RN is Väisälä’s monograph [175]. For a recent
treatment, see Iwaniec–Martin [84].

Liouville’s theorem is a strong rigidity statement about conformal map-
pings in Euclidean spaces of sufficiently high dimension. It asserts that any
conformal mapping between domains in RN is the restriction of a Möbius
transformation, provided N ≥ 3. Liouville’s original proof required a suit-
able a priori regularity assumption. The version of Liouville’s theorem stated
in Example 1.2.17 is due to Gehring [58]. The result is false when N = 2;
every analytic map with nonvanishing derivative is conformal. Liouville’s
theorem also holds in more general spaces such as Carnot groups.

Gehring’s higher integrability lemma (Remark 1.2.14) is one of the most
important tools in geometric function theory; it instigated numerous in-
vestigations of self-improving integrability properties which continue to the
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present day. The sharp integrability exponent p(N,K) in Remark 1.2.14 is
not known. A well-known conjecture asserts that

(1.5.1) p(N,K) =
NK1/(N−1)

K1/(N−1) − 1
;

this value, if correct, would be sharp as indicated by the radial stretch map
F (x) = |x|(1/K)−1x. In a seminal work, Astala [5] established the conjecture
(1.5.1) in the case N = 2.

Theorem 1.5.1 (Astala). Let F : Ω → Ω′ be a W 1,2
loc homeomorphism

between domains Ω,Ω′ ⊂ C satisfying the distortion inequality ||DF ||2 ≤
K detDF a.e. Then F ∈ W 1,p

loc for each p < 2K
K−1 .

Gehring’s higher integrability lemma and Astala’s theorem 1.5.1 have
direct applications to the study of Hausdorff dimension distortion by qua-
siconformal maps. See Chapter 8 for further information. A comprehensive
account of the theory of elliptic partial differential equations and quasicon-
formal mappings in the plane can be found in the recent book of Astala,
Iwaniec and Martin [6].

An excellent reference for the theory of topological dimension is the book
of Hurewicz and Wallman [81]. Theorem 1.4.12 can be found there; see also
[76, Theorem 8.14]. For the theory of Hausdorff dimension, we recommend
the books of Rogers [149] and Falconer [52], [51]. A vast amount of in-
formation can be found in Federer’s monumental treatise [53]. For a more
recent discussion, see Mattila [116].

Assouad dimension was considered (under a different name) by Assouad
[4]. An extensive development of the history and theory of Assouad di-
mension was provided by Luukkainen [107]. Example 1.4.19 is a slight
elaboration on an example in the appendix of [107].

Assouad’s embedding theorem 1.4.16 [4] features in a surprisingly wide
spectrum of applications. Bonk and Schramm [26] use it to construct
coarse embeddings of Gromov hyperbolic spaces, Haj�lasz [71] uses it to
build Whitney-style surjections of high regularity with large critical locus,
and Semmes [153] uses it to establish a bi-Lipschitz embedding theorem for
doubling spaces with target equipped with a metric defined via deformation
by an A∞ weight (compare section 7.1).





CHAPTER 2

Conformal gauges and conformal dimension

2.1. Conformal gauges

The problem of classifying metric spaces up to quasisymmetry arises nat-
urally in many contexts. Conformal gauges provide a convenient language
for discussing quasisymmetric invariance. We recall the definition.

Definition 2.1.1. The conformal gauge G of a metric space (Z, d) is the
collection of all metric spaces (Z ′, d′) which are quasisymmetrically equiva-
lent to (Z, d).

Any quasisymmetrically invariant property of metric spaces can be un-
derstood as a property of the associated conformal gauge. For example, by
Theorem 1.3.4, we can speak of a doubling conformal gauge, a uniformly
perfect conformal gauge, or a uniformly disconnected conformal gauge.

The following theorem characterizes the conformal gauge of the Cantor
set. It is a quantitative version of the well-known topological characteriza-
tion of the Cantor set as the unique compact, perfect, totally disconnected
metric space (up to homeomorphism).

Theorem 2.1.2. A metric space is quasisymmetrically equivalent to the
Cantor set if and only if it is compact, uniformly perfect and uniformly
disconnected.

In other words, the Euclidean conformal gauge on the Cantor set is the
unique conformal gauge which is compact, uniformly perfect and uniformly
disconnected.

The proof of Theorem 2.1.2 consists of encoding the Cantor set quasisym-
metrically via the abstract symbol space {0, 1}N (equipped with a suitable
self-similar metric), and then showing that any space satisfying the assump-
tions of the theorem admits a similar quasisymmetric coding by the same
symbol space.

We note the following consequence of Theorem 2.1.2: if a conformal
gauge G is compact, uniformly perfect and uniformly disconnected, then G
is doubling.

Other spaces whose conformal gauges can be explicitly characterized
include the real line R and the circle S1. In general, however, it is extremely
difficult to write down a simple list of properties characterizing a given
conformal gauge. For example, characterizing the conformal gauge of the
sphere SN , N ≥ 2, is one of the most difficult and important problems in

21
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the area. We will have more to say about this problem later in this survey
(see section 7.2).

In the language of conformal gauges, Assouad’s embedding theorem
1.4.16 states that a conformal gauge G embeds in a Euclidean space if and
only if it is doubling.

2.2. Conformal dimension

We now recall one of the most important quasisymmetry invariants, the
focus of this survey. The following concept was first introduced by Pansu
[133] in connection with the quasi-isometric classification problem for rank
one symmetric spaces.

Definition 2.2.1. The conformal dimension, CdimG, of a conformal
gauge G is the infimum of the Hausdorff dimensions of all metric spaces
in G.

We will abuse notation by writing CdimZ for the conformal dimension of
the conformal gauge associated to a given metric space (Z, d). Occasionally,
we will write CdimH Z in place of CdimZ to emphasize that Hausdorff
dimension is under consideration.

Let (Z, d) be any metric space. Then

(2.2.1) dimT Z = inf dimZ ′

where the infimum is taken over all metric spaces (Z ′, d′) which are homeo-
morphic with Z. In other words, there is never any obstruction to lowering
the Hausdorff dimension of a metric space by a homeomorphism (apart from
the obvious a priori restriction (1.4.3)). On the other hand, bi-Lipschitz
homeomorphisms preserve Hausdorff dimension. Quasisymmetric homeo-
morphisms form a class which is intermediate between bi-Lipschitz home-
omorphisms and arbitrary homeomorphisms. By (1.4.3) and (2.2.1), the
following a priori inequalities hold true:

dimT Z ≤ CdimZ ≤ dimZ.

It follows from Corollary 1.4.18(3) that the supremum of dimZ ′ over all
spaces (Z ′, d′) in a conformal gauge G is equal to either 0 or +∞. Confor-
mal dimension, on the other hand, is a subtle and useful invariant which
reveals much about the structure of the gauge. The goal of this survey is to
document and justify this claim.

As we will see later, it is of critical importance to determine when the
Hausdorff dimension of a space cannot be decreased by quasisymmetries,
i.e., when it is minimal for conformal dimension.

Definition 2.2.2. A metric space (Z, d) is minimal for conformal di-
mension if

CdimZ = dimZ.
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Examples 2.2.3. (1) For each n ≥ 1, Euclidean space RN is minimal
for conformal dimension. Indeed, CdimRN = dimRN = N . More gener-
ally, any nonfractal metric space (i.e., a metric space whose Hausdorff and
topological dimensions agree) is minimal for conformal dimension, for purely
topological reasons.

(2) The Cantor set K is not minimal for conformal dimension. Indeed,

dimK = log 2
log 3 but CdimK = 0. To prove the latter result, consider a

one-parameter family of Cantor sets Kλ ⊂ [0, 1], 0 < λ < 1
2 , where Kλ

consists of two subsets, one of which contains 0 and the other contains 1,
so that each subset is similar to K by scale factor λ. Note that K = K1/3.
It is easy to verify that Kλ is doubling, uniformly perfect and uniformly
disconnected. By Theorem 2.1.2, Kλ is quasisymmetrically equivalent to K
for each λ > 0. (It is also straightforward to verify directly that the canonical
monotone increasing homeomorphism K → Kλ is quasisymmetric.) Thus

CdimK ≤ log 2
log 1/λ for each λ > 0 and hence CdimK = 0. Observe that

this infimum is not achieved; every quasisymmetric image of K is uniformly
perfect and hence has positive Hausdorff dimension.

In fact, there are no metric spaces with conformal dimension strictly
between zero and one. More precisely, the range of conformal dimension
is equal to {0} ∪ [1,∞]. The nonexistence of metric spaces with conformal
dimension in the interval (0, 1) is due to Kovalev and is one of the major
recent advances in the subject. We will discuss Kovalev’s theorem further
in Chapters 6 and 8.

Conformal dimension is obviously monotonic, but (in contrast with Haus-
dorff dimension) it is not countably stable. In fact, it is not even finitely
stable: there exist sets A,B ⊂ [0, 1] of conformal dimension zero such that
A ∪ B = [0, 1]! See Example 5.2.1. In section 5.2 we prove that finite
unions of disjoint compact sets have conformal dimension no larger than the
maximum of the conformal dimensions of the pieces. See Proposition 5.2.3.
We observe the following modest corollary: the conformal dimension of a
compact space Z is not increased by adjoining a finite number of points to Z.

Variant notions are occasionally more useful. Similar invariants can be
built from any of the standard metric notions of dimension: Minkowski
dimension, packing dimension, etc. One particularly useful variant is con-
formal Assouad dimension.

Definition 2.2.4. The conformal Assouad dimension, CdimA G, of a
conformal gauge G is the infimum of the Assouad dimensions of all metric
spaces in G.

Note that CdimA G is finite if and only if G is doubling.

Definition 2.2.5. TheAhlfors regular conformal dimension, ARCdimG,
of a conformal gauge G is the infimum of the dimensions of all Ahlfors regular
metric spaces in G.
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Note that a conformal gauge may contain both Ahlfors regular and non-
Ahlfors regular metrics. However, every complete, doubling, uniformly per-
fect gauge contains a large supply of Ahlfors regular metrics. We will justify
the latter assertion in chapter 7.

We record two elementary inequalities which follow from (1.4.7) and
(1.4.8):

CdimH G ≤ CdimA G ≤ ARCdimG
for every conformal gauge G. In fact, the second inequality is an equality
for a large class of gauges.

Proposition 2.2.6. Let G be a complete, uniformly perfect conformal
gauge. Then ARCdimG = CdimA G. Indeed, for any s > CdimA G there
exists a closed Ahlfors s-regular set Y contained in some Euclidean space
RN so that Y ∈ G.

2.3. Notes

Conformal dimension was introduced by Pansu [133] in connection with
the quasi-isometric classification of rank one symmetric spaces. Bourdon
[27], [29] extended the method to treat lattices in some hyperbolic buildings.
We will review the results of Pansu and Bourdon in chapter 3 and discuss
ideas from the proofs of those results in chapter 4.

The language of conformal gauges was suggested by Heinonen [76, Chap-
ter 15] as a formalism for the study of quasisymmetrically invariant prop-
erties. Theorem 2.1.2 is due to David and Semmes [47, Proposition 15.11].
The quasisymmetric characterization of S1 is well-known [166, Theorem
4.9]: A topological circle (Z, d) is quasisymmetrically equivalent to S1 if and
only if it is doubling and has bounded turning.

Definition 2.3.1. A connected, locally connected metric space (Z, d) is
said to have bounded turning if there exists C < ∞ so that any two points
z0, z1 ∈ Z are included in a connected set A ⊂ Z with diamA ≤ Cd(z0, z1).

A topological circle Z has bounded turning if and only if the following
condition holds for some constant C < ∞: for all a, b ∈ Z,

min{diam γ1, diam γ2} ≤ Cd(a, b)

where γ1 and γ2 are the two maximal subarcs of Z \ {a, b}. A planar topo-
logical circle has bounded turning if and only if it is a quasicircle, i.e., it is
the image of S1 under a quasiconformal map C → C [14].

Proposition 2.2.6 was proved by Juha Heinonen in 1996 during a grad-
uate topics course at the University of Michigan and first appeared in print
in [76, Chapter 14]. We will sketch the proof in chapter 7.


