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ON CERTAIN METHODS OF STURM AND THEIR
APPLICATION TO THE ROOTS OF
BESSEL’S FUNCTIONS.

BY PROFESSOR MAXIME BOCHER.
Read at the February Meeting of the Society, 1897.

Last November Mr. M. B. Porter, a graduate student at
Harvard, submitted to me a proof that when n >— 1 the
well known theorem that between two successive positive
roots of J (x) lies at least one root of J,.,(x) can be ex-
tended to give the theorem that between two successive
positive roots of J (z) lies just one root of J,.,(#).* This
proof consisted in applying to Bessel’s equation the follow-
ing proposition due to Sturm:¥

If in a certain interval of the wm-awis ¢, ()< ¢,(x) then be-
tween two successive roots, lying in this interval, of a solution of
the equation :

d
—x‘% = .(2)-9,

there cannot lie more than one root of a solution of the equation :

2,

d
Zizvgz = %(w) Y.

The application to Bessel’s functions is immediate when
we let y = /% J () for then y satisfies the differential equa-

tion:
d'y  (4n°—1
UE:T"—( 4zt l)y.

Not being aware at the time that the theorem above
quoted is explicitly given by Sturm, Mr. Porter gave a
proof of it which depends upon some better known theor-
ems of the same mathematician. This proof, which is dif-
ferent from the one given by Sturm, is reproduced below
(p. 210).

There has just appeared in the American Journal, (vol.
xix, p. 75) another proof of the theorem concerning the

* For the sake of simplicity of statement we confine our attention to
positive roots, the negative roots being numerically equal to them.

+ Liouville’s Journal, vol. i., p. 136. We will in future quote this ar-
ticle by merely mentioning Sturm’s name.
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roots of Bessel’s functions by E. B. Van Vleck which also
rests on a theorem of Sturm. This paper contains an ex-
tension of the theorems and methods in question to the sub-
ject of contiguous hypergeometric functions.

I propose to present now a third method for proving and
extending the theorem, following out still other lines of
thought marked out by Sturm (p. 160 seq.), and I will
then compare the three methods showing wherein lie the
peculiar advantages and possibilities of extension of each.
My purpose has been to call attention to Sturm’s methods
rather than to elaborate the details of the theory of the
roots of Bessel’s functions. The very fact that the proper-
ties of the roots of Bessel’s functions here considered are
not generally known brings out in a striking way how
little this fundamental paper of Sturm has really been
read.

The relative position of the positive roots of J () and
Ja() is evidently the same as that of the positive roots
of R (¢)and R,,,(§) where & = 2*/4and R, (&)= (2/x)"J, (x).
The object of introducing E (&) is that (cf, Gray and Math-
ews: Treatise on Bessel Functions, p. 46)

Rm'(5)=_Rn+1($)7

(the accent denoting differentiation) so that Rolle’s the-
orem shows us that between two successive roots of R (&)
lies at least one root of R,,,(§). To show that there lies in
this interval only one root of R,.,(§) we have merely to
pass from Bessel’s equation to the equation satisfied by
R,(%):

dy

i

d
+(n+ 1) +y=0.

A point at which R () = 0 must be a maximum or a min-
imum of R, (&) as otherwise R "(&) would also vanish at
this point and this is seen from the differential equation to
be impossible. If then between two successive vanishing
points of R (&) R/(&) vanished more than once it would
have to vanish at least three times and at one of these
points B (&) would have a minimum if positive, a maximum
if negative. In either case R (£) and R,"(§) would have
the same sign at a point where R /(§) =0, and this, as we
see from the differential equation, is impossible. This
completes the proof of the theorem that between two successive
posttive roots of J (x) lies one and only one root of J,..(x).*

* Cf. Sturm, p. 162.
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Precisely the methods just used enable us to obtain an
analogous theorem, which the writer has never seen stated,
concerning the roots of J,.,(z). We again consider two
successive roots ¢ and b (0 <a < b) of R, (§). Between a
and b lies, as we have seen, one and only one point ¢ for
which R,’ (¢) =0. From « to ¢, R, and R,’ have the same
sign so that we see from the differential equation that
R, (&) cannot vanish between ¢ and ¢. R,” (&) must,
however, vanish at least once in o b (and, therefore, as we
have just seen in ¢ b) for R, (a) = R, (b) =0, while R,/a
and R,’ (b) have opposite signs, so that it is clear from the
differential equation that R,” (a) and R,” (b) have opposite
signs. It remains to see whether R, can vanish more than
once in ¢ b. It is easily seen that at every point where
R,"=0, R,/ has a maximum or a minimum so that if
R, vanishes more than once in « b it vanishes at least
three times, and, therefore, if R, is positive it has at least
one minimum, if negative, one maximum. In either case
R, and R,'" have the same sign while R," =0, and this is
seen to be impossible when we consider the following rela-
tion obtained by differentiating the differential equation
for R,:

ER) (&) + (n+2)R,) (&) + R, (&) =0.

‘We thus get the theorem:

Between two successive positive roots of J, (z) lies one and only
one 100t of Jpyy ().

This root is greater than the root of J,.,(x) which lies in the
interval in question.

It is clear that the method here used may be applied to a
large class of similar cases.* For example the following
theorem may be deduced directly from Bessel’s equation:

Between two successive roots of J, (x), between which x> |n|,
lies one and only one root of J ' (x) and one and only one root
of J," (z). Thewrootof J," (%) is greater than the root of J ' (x).

* The principal theorem used applies even to the case of certain partial
diﬁferer)xtial equations. It may be stated as follows (cf. for » =1 Sturm
p. 160).

In the partial differential equation :
=n o g2y ou

3 > i =0u.
i=1( ¢ dxiz—l—b dm) teu=0

ai, biy ¢ are real functions of the real variables x,,... xn, and throughout a cer-
tain region, ay,... an are positive. If throughout this region ¢ s positive u
cannot have a positive minimum or a megative maximum ; if ¢ is negative
cannot have a positive maximum or a negative minimum.

For an example of the use of this theorem when n= 2 cf. Picard Traité
d’ Analyse, Vol. ii., p. 34.
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‘We will now proceed to a comparison of the method just
explained with the one used by Van Vleck. It seems to
me that the former is of a distinctly more elementary char-
acter, inasmuch as it involves the sort of discussion which
we must always go through with when we wish to get an
idea of the nature of a real function of a real variable, viz.,
the location of maxima and minima, points of inflection,
etc. Van Vleck’s method, on the other hand, is not only
extremely elegant but is in touch with the important idea
of related * differential equations so that it can be applied at
once to hypergeometric functions and in fact to the solu-
tions of any regular linear differential equation of the sec-
ond order and possibly, therefore, ultimately to irregular
equations of the second order in general, since these may
be regarded as the limiting forms of regular equations.
The method contained in the foregoing pages, while apply-
ing as readily to irregular as to regular equations, depends
essentially on the properties of derivatives which are
merely special cases of related functions (having in general
accessory points 1), and appears, therefore, at first sight to
have a more limited range of application than Van Vleck’s.
The two methods appear, however, on closer examination,
to be coextensive, at least in their application to Bessel’s
functions and hypergeometric functions. Two very simple
examples may suffice here.

1. The theorem above proved that between two succes-
sive positive roots of J (z) lies just one root of J,.,(x) fol-
lows at once by Van Vleck’s method from the relation:

4(n+1)sin(n41)=
)

wxt

or2s = iy I, =

or when » is an integer:
T ¥, =¥, J,= 20D
2. If we remember that
d afd
c—l:I:F(a’ Byr, )= 7F(a +1L,84+1,r+1,2)

and that F(e, B, r, ) satisfies the differential equation:

*In my lectures I have been in the habit of translating the German
term verwandt by kindred rather than related as this last term is constantly
used in an entirely untechnical sense to denote any kind of connection or
similarity in form.

+Thus J,,/(«) has accessory points at z = *=n.
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dzy r—(a+ﬁ+1)xdy af
da? z(1—z) de x(l—x)y—

we obtain by the method above explained the theorem:

Between two successive roots of F(a,pB,r, ) which lie in the
interval from 0 to 1 lies one and only one root of F(a+1, f+1,
r+1, z); and, provided that the pomt z=y/(a+pB4+1) does not
lie between the roots of F(a, f,y,x) in question, one and only one
root of F(a + 2,8+ 2, v + 2, x).

The second part of this theorem might easily be obtained
by Van Vleck’s method, while the first part is merely a
special case of his theorem concerning contiguous hyperge-
ometric functions. The general theorem can easily be ob-
tained in the same way.

It is clear that what is essential to the application of our
method is that the two related functions should be so pre-
pared by multiplication by suitable factors and, if necessary,
by & change of the independent variable that one is a de-
rivative of the other.

Very different from the two methods so far discussed and
in some respects much more far-reaching is the method sug-
gested by Mr. Porter. In order to simplify matters we will
restrict ourselves in this article to positive values of .
Before beginning with a discussion of the method it will be
well to note that the proof given at the beginning of this
paper established the fact that, k being any positive quantity,
between two successive positive roots of J (x) (n positive) cannot
lie more than one root of J, ().

The theorem of Sturm quoted at the beginning of this pa-
per was proved by Mr. Porter by means of the following
two more fundamental theorems also due to Sturm:

I. p and q being continuous real functions of the real variable
x, between two successive roots of a solution of the differential
equation :

+

dy
+p » T =0

will lie one and only one root of any linearly independent solution.
II. If, ¢, and ¢, being continuous real functions of the real
variable z, ¢, << ¢,, and if y, and y, both vanish ot a point z, and
satisfy respectively the equations :
2,
@ dyz 1Y
2

(2) Ty2=¢z'y7

ax






