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If G be the contact transformation whose defining functions 
are the above Xt, Pi7 Z; Q an arbitrary point transformation ; 
and L the transformation of Legendre as generalized by-
Lie it may be shown analytically and geometrically that 

C^LQL. 

In case the contact transformations degenerate into point 
transformations, Q must be projective. Among the results 
of the note are complete generalizations of those of a 
memoir of G. Vivanti, Bend, del cire. mat. di Palermo, vol. 
5 (1891). F . N". COLE. 

COLUMBIA UNIVEKSITY. 

CONCERNING A LINEAR HOMOGENEOUS GROUP 
IN Cm>q VARIABLES ISOMORPHIC TO THE 

GENERAL LINEAR HOMOGENEOUS 
GROUP IN m VARIABLES. 

BY DR. L. E. DICKSON. 

(Read before the American Mathematical Society at its Fifth Summer 
Meeting, Boston, Mass., August 20, 1898.) 

1. While the present paper is concerned chiefly with con
tinuous groups, its results may be readily utilized for dis
continuous groups.* Indeed, the finite form of the general 
transformation of the group is known ah initio. Further, 
the method is applicable to the construction of a linear 
Cm> q -ary group isomorphic to an arbitrary m-ary linear 
group. 

2. The formula of composition of m-ary linear homoge
neous substitutions 

m 

(«<,) : £,' = 2 «<& U = 1> - > O 

is as follows, where the matrix (a./) operates first : 

where a " = X «««*' (h J = 1, - , "0-

*An analogous isomorphism between certain linear groups in the 
Galois field of order pn has heen discussed by the writer in an article 
presented to the London Mathematical Society. 
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Using Sylvester's umbral notation, consider the qth minors 
of the determinant I a.. I 

a. . a. . 

V'i Va U 

.2 

The formula* expressing the qth. minors of |<y I in terms of 
the qth minors of la J and of \aj is as follows : 

( i ) 
l«?l '"Jq 

,» = 2 ^ ••• L I « 

the summation extending over the Cmt q combinations 
lv l2, -•-, lq of the m integers 1, 2, •••, m taken q at a time. 

3. Consider the Cw, s -ary linear substitution 

[«]: F , - 2 U ' ;* Y 
I \ a h h 

where the sets (iv •••, iq) and (lv •••, £2) take successively 
the Gm>q combinations of the integers 1, 2, —, m taken q to
gether and where further 

h < h < '" <\\ k<h< '" < h* 
Its determinant has been called the qth compound of the 
determinant 

1 2 ••• m I 
1 2 •••m I a 

and equalsf the latter raised to the power Cm _ hq _ i. 
In virtue of (1) we have the composition formula : 

W - M = [«"]• 
Hence, if the substitutions (a) form a group, so do also the 
substitutions [«]. We will speak of the latter group as the 
" qth compound of the m-ary group." Hence the theorem : 

An arbitrary linear group is isomorphic to each of its com
pounds. 

4. Consider the more general substitution 

H . A •••<,= 2 *!:-: 31 îi :"£!.-& •••.,, 

* Scott, Theory of Determinants, p. 53. 
t Muir, Theory of Determinants, \ 174. 
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where the e's denote d= 1. The product [a]6 « [a']e equals 

Hence if we define the e's such that (2) £'i::% • %-k = %ZH 
we have the formula of composition 

But [a]e = 1 will correspond to (a) = 1 if and only if 

(3) 4"^=+i (&;r*-<V'">-
From (2) and (3) it follows that 

(4) ^ : : : : = « • 

Hence if we set 

it follows from (2) and (4) that [<*]«, takes the form [a] of 
§ 3. Since [a] is the transformed of [<*]„ by a linear sub
stitution, their determinants are equal. 

"We confine our discussion to the group of the [a]. De
note the general m-ary linear group by Gm and its çth com
pound by Gm,r 

INFINITESIMAL TRANSFORMATIONS OF Cm,t, §§5-7. 

5. Consider first the case m = 4, q = 2. Setting 

( 5 ) aM=1 + V f > a<s= aaôt> 

the general infinitesimal transformation of C4,2 is seen to 
assign to the six variables F,1<2 the following increments : 

Y.M YJt YJt YM YJt YM 

*YW 

*YW 
3Y2t 
iY.. 

« 1 1 + « 2 , 

«32 

«42 

~ « 3 1 

~ « 4 1 

0 

«23 

an+% 
«43 

«21 

0 
- « 4 1 

«24 

«34 

« 1 1 + «44 

0 
«21 

«31 

~ « 1 3 

«12 

0 
a22 + «33 

«48 

- « 4 2 

- « 1 4 
0 
«12 

«34 

« 2 2 + «44 

0 
- « 1 4 

«13 

- « 2 4 

«23 

«32 «33+«44 
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Setting in turn one of the a^ equal unity and the other 
15 equal zero, we obtain 16 linearly independent infinitesi
mal transformations A^ These we exhibit (by detached 
coefficients) in sets of four each. We use the abbreviation 

Set (1) 

A 
A 
A 
A:A-

BYV 

11 

L,. 
,» 
Lu 

Pu 

Yu 
0 

— Y 
x 23 - ^ 

^ 1 3 

^ 1 3 

Y 
•*• 2 3 0 

- ^ 3 4 

p 

*"H 

*» 
^ 
0 

Set (2) 

22 

21 

23 

24 

* 1 , 

^ 1 2 

0 
K 
y* 

x 23 

Y 
•* 23 

J',. 
0 

~YSi 

Pu 

Yu 

Yu 
Yu 
0 

Set (3) 

A, 

33 

31 

3? 

34 

^ 1 3 

^ 1 3 

0 

^ 1 4 

P 
•*• 2 3 

Y 
•* 2 3 

0 
^ 

^ 

Y< 
0 

i: 

Set (4) 

Pu iu__ 
Y Y 
0 — Y — F 

•*- 12 •* 1 3 0 x 2? 

0 

The four transformations of each set generate a group of 
four parameters. Indeed Au is Euler's homogeneous oper
ator for the variables of the ^th set, which do not enter into 
the coefficients of the other three of that set, so that the 
latter are commutative. Thus, for set (1), we have the 
commutator relations 

(AyAn) = Ay 0 ' - 2, 3, 4); ( V W = 0 (j, & = 2, 3, 4) . 

I ts invariants are found by expanding the four determinants 
of the third order, one of which is skew-symmetric and 
therefore zero. The other three give the function (Pfaf-
fian) 

rr__ YY— YY4-YY 
•*• — •*• 12 -*• 3 4 •* 1 3 •* 2 4 « •* 1 4 ^ 2 3 

multiplied by F23, F24, Yu respectively. 
A similar result holds for the other sets. A skew-sym

metric determinant appears in set (2) if we change the signs 
in the first column, iii set (3) if we change the signs in the 
first and second columns. I t is seen that F is an invariant for 
the total group of 16 parameters. We obtain also the (here 
trivial) invariant system formed by the six variables Yii2. 

6. Consider the case of general m and q. Neglecting 
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terms having the factor Sf, as will be proven allowable, we 
have at once 

= l+(cthil+-+aiqiq)ôt 

= 0, 
JiJi-Jq\

a 

if two or more ƒ s differ from every i. 
Consider the case in which j \ , j 2 , ••• ,ja-i9 js+i, — ,jq forma 

permutation of iu i2, •••, ir-i, % + D "' ? % w h i l e J ^ i - Since 

%<%+!, jk<jk+l (*== 1 ) - ? ?-"1)> 

the above permutation must be cyclic. According as s < r 
or s > r, we readily see that 

must be of the respective forms : 

H "' ^s—i ^s ^s+i " * V —i \ \ + \ " ' % 

H '" % — \Js ^8 '" V — 2 V — 1 V + l " * * 8 

% ••* ^r—1 V *r + l *" *«— 1 % %+l *'* *? 

*1 *'* %—l %+l *r+2 "** % J s %+l " * *a 

the cylic permutation being confined to the i's which run 
from i8 to ir inclusive, and of the backward or forward type 
according a s s < r . As the two cases are really not distinct, 
we consider only the first one, r > s. 

Substituting for the «# their values in terms of the a^ôt, the 
first determinant takes the following form (where for the 
moment alh is written for ailikSt and j for jj : 

L+Ou ^ 1 2 -

«21 1 + ^ 2 . . 

Cls-11 

O>A 

&s+l 1 

Clr—i l 

Ctrl 

^3—1 2* 

cts2 ' 

®8+1 2* 

Ctr—1 2* 

Clr2 

<*1 8-1 

&2 8-1 

•l+as_ ls_! 
Cts s—l 

^s-f-1 s—l 

# y _ l s _ l 

- Ctrs-1 

av 

% 

y>8~ 

asj 

i i 

Clls 

d2s 

CLs—l 

l+ass 
Cls+lj 

ar_ 
ar1 

-1J 

Ct>s+1 

Clr-1 

ars 

<h s+i i 

Q>i s+i i 

5 ClS-~\ 8+1 ! 

a88+l 

s±~T~Cls+l s+1-

H Clr—1 s+l\ 

ctr-8+i ; 

d\r—l 

Cl>2r—1 

CI s—l r - l 

• Cls r__i 

Cl3+i r _ i 

l+a r_ l r_a 
Ctrr_i 

\ Ctlq 

\ a2q 

\ U&—1 q 

\ asq 

\ as+l q 

\ ar—l q 

\ Ctrq 

^ 2 s + l : Qjqr—1 i l T t t j j 
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In the expansion of this determinant, the only term of 
the first degree in the a's is seen to be arJ. Hence the de
terminant equals 

( - l ) r - a v . t f -

Similarly, the second determinant is found to have the same 
value. 

The general infinitesimal transformation of the form [a] 
is therefore as follows : 

ôYh...iq^Y'h...iq-Yh...iq 

= U\{ahh+-+aiéq)Yh...h 

+ 2 ( ~ iy+Sairj8Yi1-~i8_1jsis~-ir-lir+l"'iq I 
r, s ' * 

the summation also extending over all values of j s from 
i _ i to i„ exclusive. A simplification arises by introducing 
several coexistent notations for the same variable Y< viz : 

Yh - *.-ri,«. •"<* = ( — I ) ' " 1 Yhh... is_lis... iq. 

Indeed, we may then perform the above summation with 
respect to s, and obtain for d Yi±... t the simpler value 

+ 2 (— 1)r""laWïi<i-<r-i<r+l-«« l> 

( r = l , ...,gr; j = 1, - , m ; , ƒ + ^, ta, - , iq). 

7. We may now readily obtain m2 linearly independent 
infinitesimal transformations Alk by setting in turn alk = 1 
and the other a's equal zero. 

For Au, dY^.-i is zero unless one of the i's equals I, while 

Hence <**V v~iv + i ^ = ^ V W v + i - V 

Hence Au has the form given below (for h = I). 

For J.tt(Z-}-&), fll7^..., is zero unless some ir = I, in which 
case 

^ Yil "• V - 1*V + 1 - *q ^ 2 ( — ! ) r " \ * ^ i - <,_l<r+l" V 
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Hence, since av = 0 if j =[= k, 

The m2 independent transformations of the group CW| q are 
thus : 

1, - , m 

^— . ? . ^ « î - U V f r ' î ¥ 'V- iHi""V 
*l» ' V - l V f l''"'*<? 

(*i < 4 < ••* < \i and each =\=l,=^k). 

Here Pj...* denotes 

3/ 

ar,...,, 
#. 

CERTAIN PROPERTIES OF THE INVARIANTS OF 0TO i8-10. 

8. For # = 2, we have the m2 transformations of Cm>2 

(I, & = 1, ~',m). 

"We may separate these m2 transformations into m sets 

i=l, '",m 

[•^n» Aw •••, ^4îm] (7 = 1, - , m ) . 

Those of the Ith set involve only the m — 1 differential co
efficients 

-*n? ^a> '"> *u-U -*ufi? ' " j PÏWi» 

For use below we exhibit them in a table (with detached 
coefficients). By our notation Y^= — YJit 

4, 

4 i 

-^ •Zî f l 

^•Zm 

i \ t 

Ya 

0 

7* 

^ x 

^ 2 

r» 

0 
•* 32 

•* I—12 

•* H - 1 2 

•*• m 2 

^ 

* . 

"*• 23 

0 

-*Z—IS 

- M + 1 3 

Y 
* w3 

i u _ i 

l ^ Z — 1 

F 1 W 

-* 2Z—1 

•* 3Ï—1 

0 
• » H - 1z—1 

: *m z_x 

Pll+l 

-* U + l 

M I + 1 

• » 2 Z f l 

^ 3 ï f l 

•* Ï—1 i f 1 

0 

-*mH-l 

^ Z m 

•* lm 

Y Y* 
1 3m 

•* Z—In» 

•* H-l«» 

0 

I t follows exactly as in § 5 that the m transformations of 
any set generate a group of m parameters. 
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Deleting the row AlP we obtain a skew-symmetric deter
minant of order m — 1, which we denote by D ? - 1 ) . De
leting the row Am and moving the column headed by Plk 
into the place of the last column, we obtain a bordered 
skew-symmetric determinant Di™~~l), the first row and the 
last column forming its borders. 

9. For m odd and q = 2, we have* 

D ? " 1 } = [1 ,2 , . . . , l - M + l , - , r o ] " , 

where the Pfaffian [1, 2, •••, Z — 1, I + 1, —, m] includes 
the extreme cases [1, 2, •••, m — 1] and [2, 3, •••, m]. Fur
ther D g 1 ^ factors into two Pfaffians of like order, which 
are seen to be 

where ^ < % < • • • < v_ 2 ? and each i=^=l, =f= &. 

Since the interchange of two indices merely changes the 
sign of the Pfaffian, it follows that all the determinants 
D ? - a ) vanish if and only if the Pfaffians 
j ; = [ 2 , 3, . . . , m ] , . ~ , ^ E E [ l , 2, - , Z - 1 , Z + l , . . . , m ] , 

-., i ^ = [ l , 2 , . . . , m - l ] 

simultaneously vanish. I t follows, therefore, from the 
general theory of Lie that every system of equations invari
ant under the group CTO|2, m odd, must include the m equa
tions 

i ^ = 0 (& = 1 , - , m ) . 

I t follows readily from the properties of Pfaffians that the 
transformations AkJ have the following effect upon the Pfaf
fians Fk : 

Akk(Fk)=0, Au(Fk)=Fkdt ( l - 1 , . . . , » ; * + * ) , 

A£Ft)=0, Alk(Fk) = (-ly+^Ftdt (.iX-ZTb,). 

For example, 

Aa[l,2,-,h-l,h + l,-,m-] 

= [1, 2, - , i - 1, * + 1, - , l-l,k,l + l, - , m] 

» ( _ l ) « - » - i [ l , 2 , - , * — 1, fc, * + 1, - , 1-1,1+ 1 , - , m] 
= ( _ l ) ^ - i j p i . 

*Muir, Theory of Determinants, ^159, 163. 
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The transformation Au therefore gives the following incre
ments : 

^ = 0 , àFk~Fkôt (* = l , . » , m ; fc + ï). 

The transformation Alk(l^h) produces the increments 

I t is readily seen that the m2 linearly independent infinites
imal transformations in the m variables Fv 

(6) A= _ 2. ' J ; ^ « ; ^ - ( - i ) ' ^ - 1 ^ , ^ ^ 

generate a group whose finite transformations are : 

(7) F/^ZAyF, (j=l,-,m) 

where Aq is the minor (without sign) complementary to % 
in the determinant I atj I. Indeed if we apply formula (5) 
to the determinant 

1 ...j — ij j + i ... f — l i + 1 .»m 
1 —i ~ 1 i + 1 j + 2 ••• i i + 1 ••• m 

we find as in §6, the results 

(8) ^ = 1 + £ ' ass tf, ̂  = ( - l ) ' ^ - 1 an at 

I t follows that the general infinitesimal transformation of 
the form (7) gives the following increments : 

[8 = 1, •••, m i—l, '" ,m "1 

2 aMF{+ SC-iy+'-^FASt 
*=H j=£i J 

( i = l , - , m ) , 
from which we readily obtain the m2 linearly independent 
transformations (6). We may therefore enunciate the fol
lowing theorem* concerning the individual finite transfor
mations of the above groups. 

* This theorem is capable of proof by determinants without having re
course to the infinitesimal transformations of the groups concerned. 
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For m odd, the second compound Gm>2 of the general m-ary 
linear «homogeneous group Gm possesses a system of m invariant 
Pfaffians, 

Fi = [ 1 , 2, - , i — 1, i + 1, - , m] (i = 1, - , m ) . 

TAe transformation [a] 2 o/ Cm>2 » corresponding to any given trans
formation (a..) of Gm, effects upon the F. a linear transformation 
which is identical with that m-ary transformation [a]TO_i of the 
(m — I)*' compound of G which corresponds to («</). 

10. F o r m even a n d g = 2, t he skew-symmetric determi
n a n t 2V1""1* vanishes identically. W e readily find* t h a t 
t h e bordered skew-symmetr ic de te rminants 

P^Vk * = = L/> *1> *2> ' " ? *»» —2j ^ J L*lJ *2> "* ? V —2j 

(7, & = 1, •••, m ; Z + &) 

if i1? i2, ••• , im~2? ^ & form a permuta t ion of 1, 2, ••• , m. 
I t is readily verified t h a t t he t ransformations Au leave 

una l te red t h e Pfaffian [ 1 , 2, — , m ] , while t he J.# (*-K/) 
a n n u l it . Hence [1 , 2, ••*, m] is a n invar ian t of Cm, 3 . Con
sider t h e %m(m — 1) Pfaffians 

• ^ 1 * 2 - < m - 2 ^ L1!? *2? "* ? * m - 2 j « 

W e find t h a t t he t ransformat ion All6 gives t h e increments , 

dF,h ^ - 2 = ° (if every ^ 4 = 0 ; 

Bu t these a re t h e increments produced by t h e transforma
t ion Allt of t he group CTO,m_2 upon i ts variables Fili2...im_2 

[see § 7 ] . W e have therefore proved t he following theo
rem, capable of proof using only t he finite t ransformat ions 
of t h e groups involved : 

For m even, the secono compound CMt 2 of the general m-ary lin
ear group Gm possesses as an isolated invariant the Pfaffian 
[1 , 2, •••, m\ and as a system of invariants the set of Cm>2 Pfaf

fians. 
l%vi2, ,im-2\ U<<> <"•<<*-» ) . 

The transformation [a ] 2 of Cm>2, corresponding to any given 
transformation (%) of Gm, effects upon these Pfaffians a linear 
transformation identical with that Cm>m_2 -ary transformation 
[ a ] m _ 2 of the (m — 2) n d compound of Gm, which corresponds to 
the given (a#). 

* Muir, Theory of Determinants, § 163. 
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RECIPROCITY B E T W E E N T H E #TH AND T H E m — g r a COM

POUNDS OF 6r . §§ 11-15. 

11 . W e m a y express* t h e gth minors of t h e de te rminan t 
Av I ad jungate to I a^l in t e rms of t h e (m — g ) t h minors of 

(9) 
Jl J% 3 M 

= i ) 5 - 1 1 2 
1 2 

h ~ 1 î + l - % — 1 ^ + 1 
i i - i i i + i - i t - i i g + 1 

m 
m 

the double bars indicating that, in the two series of integers 
written in ascending order, j1 — 1 does not necessarily fall 
under ix — 1, etc. 

If therefore we write, for every it < i2 < ••• < % zâ m, 

ri •••<!-! i i + 1 - i 2 - l iq+l - m : 
*1 f2 "* <2 

the general substitution [«]w_gof the group Cm,M_, becomes 

(10) 
^2 '< * I . W . " \ ? , j ^ i f c - t y 

the summation extending over every combinationyx, j 2 , —,ƒ 
of the integers 1, —, m taken g together. 

12. To obtain the general infinitesimal transformation 
(10) we proceed as in § 6, using formulae (8). We find 

= 1 +(2 2 « - - 2 O ^ ; 

J1J2 '" Jq 

J1J2 '"Jq 

= 0 
(if two or more ƒ s differ 

from every i) ; 

if ^ be the only j different from every i, and ir be the only 
i different from every j . Further, 

D-^=l + (-q + l)^aJt. 
* Compare Muir, end of \ 97. 
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Hence dZ^ ... < equals St times the expression 

+ 2 ( - l )v+*+ '+ - 1 < % i V ^ 1 . . . f i _ l / A + 1 . . . v _ l V + 1 . . . , t 
1% 8 I I a 

summed also for ja = ^ _ ! + 1, •••, ia — 1. If we perform 
the summation with respect to s in the latter sum (see end 
of §6 ) , it becomes 

2 ( - i ) ^ + \ ^ . . . v . l W l . . . v 

summed for 

r = l , . . . , g ; ^ = 1 , - , m , i ==K, «a, - , or iq. 

13. Setting a a = 1 and the other a7 s equal zero, we ob
tain m2 linearly independent infinitesimal transformations 
An'. Setting 

and proceeding as in § 7, we find 
1 "'m 

A / = (— î y * * - 1 2 . ^ i - v - i v + i - ^ 6wi-<r_i<r+i-< 

1 ••• m 

(^ < t2 ••• < iq, and each i + ifc), 

where we denote by J!' the following transformation 
1 •"m 

To prove that JL' belongs to the group Cm,m_q under con
sideration, we note that Ar — Am' contains Cm_i>c_i terms, 
so that 

m 

k = l 

contains mCm-i,q.-i terms which coincide in sets of q each, 
and among which every one of the Cm> q terms of A' is repre
sented. Hence, since mCm_i, ,_x = ^(?W),, it follows that 

( m - f ) i ' = 2 i 8 ' 
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14. The set of m infinitesimal transformations of Cm>m„v 

A'-Akk', Alk' (l=l,-,m,l^h), 

generate a group of m parameters which is identical with 
the group generated by the m transformations Akl(l=l, —, m) 
of the group Cm, r We thus see the exact manner in which 
the qth and (m— q)th compounds of the general m-ary 
linear group Gm are isomorphic. 

When we confine ourselves to the group of those trans
formations of Gm of determinant D = 1, the qth. and the 
(m — q)th compounds are not merely isomorphic but iden
tical. Indeed the m2 — 1 transformations of the G m „, 

m> m — q? 

AJ(l,k**l, .-.,m, i + fc), An'~Aj ( * « 2 , - , m ) 

are identical which the m2 — 1 transformations 

4 « ( M = 1 , - , m , i + Z), A i —^L» ( i » 2 , - , m ) 

of Cm, g7 the corresponding transformations being given by the 
same pair of subscripts (& I) or (1 k). 

15. To illustrate the reciprocity between the groups 
Cm,q and Cm,m_g, we take the example m = 5, g = 2. We 
write the table of §8 for the transformations of C6| 2 which 
belong to the set Z = 2 ; viz., 

^"22 

^ - 2 1 

^ • 2 3 

^ 2 4 

•^-25 

•Pn 

Yn 
0 

-Yu 
-Yu 
-Yu 

p 

Y 
x 23 Yn 
0 

-Yu 

-r» 

Pu 

Yu 
Yu 
YSi 
0 

-Ytó 

P* 

Y» 
Ym 
Y» 
Ya 
0 

By §6 we obtain the following transformations of C5 

A — A22 

— A ' 
^"42 

+ 4»' 

—p 
M 345 

-*• 845 

0 
— F 

x 245 — F 
-1 234 

-*145 

"M 45 

Y 
x 245 

0 — F 
•* 125 

— F 
"*• 124 

P 
•*- 135 

F 
*• 135 

^ 2 3 5 

-1 125 0 
— F 

•*• 1 2 3 

"^134 

F 
•*• 184 

F 
•* 234 

F 
"*• 124 

F 
•* 123 

0 
We thus observe that any term as F245 P145 of the latter 
table may be derived at once from the corresponding term 
F18 P23 of the former by taking as subscripts to the one those 
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integers 1, 2, —, 5 (in order), which do not occur among 
the subscripts to the other term. The rule which, if ap
plied to the first table, gives the Pfafiian invariant 
F2 = [1345] will, when applied to the second table, give 

-^2 = \-*213-*245 -*2U-*235 ' * 215 * IM' ? 

which we will denote by — 2[1345], the first subscript to 
the F ? s being 2 throughout. 

Forming the remaining four tables for the group Cbf 2 and 
the corresponding tables for 05> 3> we obtain the following 
results : 

Ft = [2345], ^ = x [2345] ; F9 = [1245], FB - , [1245] ; 

^ = [1235], ^ = ~ 4 [1235] ; ^ = [1234], 2 ^ , [1234]. 

In general, if F. or Fijtt2...im__2 denote the Pfafiians formed 
from the tables of the transformations AM of Cm,2> we will 
denote by Fj or Fili,Â...im_2 the Pfaffians formed from the corre
sponding tables of the transformations Alk

r, A' — Akk' of 
^m, m — 2* 

GROUP INDUCED BY C'TO<TO_2UPON ITS INVARIANTS, §§16-18. 

16. For m odd and q ==_2, the group Gm>m^q has a system 
of m invariant Pfafiians Fj of degree J(m — 1). By §9, the 
transformation A' — Akk effects upon the F$ the transforma
tion 

j^k J O ^ 

while Alk = ( — 1)& +1~1 Akl produces the transformation 

**F% 

Since the Eulerian operator A' multiplies each Fj by 
J(m — 1), it follows that Akk produces the following trans
formation : 

= K™ - sf£"Ft j g St + i (m - 1) Fk | | - St. 
j=£h J op OF 
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The finite transformations of the group induced upon the 
Fj by the group Cm>m-2 have therefore the form 

ra •— 3 m 

(11) *7 - D ~ 2 «„ ^ (i=l,-,m). 

17. For m even and q = 2, the group Gmtm_q has as an 
isolated invariant a Pfaffian of degree m/2 and as a system 
of invariants the Cm Pfaflians F. t ..... of degree 

*1 *2 *m — 2 ° 

J(m — 2). I t follows from §§ 10, 13, 14 that the transfor
mation ( — l)l + k~l Alk' (Z + &) of Om,TO_2 gives rise to the 
following increments in the Pfaffian invariants : 

( « W - ^ - . Œ 0 ( ifeach^ + fc) 
( a ) •< _ _ 

( . ^ « 2 - * « - a = = ^ 2 - ^ - 2 ^ î 

also that J.' — J.M' produces the increments (a) (when Z is 
replaced by k). Since A' multiplies each Ft ...t 2 by 
J(m — 2), it follows that Akk produces the increments 

^ A - . „ _ 2 = i(™ - 2) Â ^ , W (if each * + i ) , 

Having thus determined the infinitesimal transformations 
of the group induced by the group Om>m_2 upon its system 
of invariants Fix ••• %_2, we may readily show that the finite 
transformations of this group are 

m 
— l~2 1""m \i ...<£ _, I — 

(12) F'ii2...i =D 2 U,1...^Ll"^li*,"/«^' 

Indeed, proceeding as in §§ 11-13, we find that the infinites
imal transformation gotten from (12) by setting akk = 1 and 
the other a's = 0 has precisely the increments (6), while 
that given by setting alk = 1 and the other a's = 0 has, when 
multiplied by (— l)1*1"*-1, precisely the increments (a). 

To give (12) another form, we set 

J?. . . = W. (h< H < - < 'm-2 \ 

when im_1 is the first and im the second integer < m which 
does not occur in the series ily i2, •-, im-2. 

(fi) 
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F u r t h e r , formula (9) of § 11 becomes for q = m — 2 

= Dm Im — l^m 

Jm — IJ m 

^1^2 ' ' ' ^m 2 

{Jlh '"Jm—2 \™ 

Hence the t ransformation (12) takes t he form* 

I ^m — 1 I'm 
(12.) W{ ,, = D 2 2 
v 1 / 'm —POT . ^ . 

Om — Pm 

Jm — ljm a Jm — ljm' 

18. "We m a y enuncia te t he resul ts proven in §§ 16-17 for 
t h e indiv idual t ransformat ions of t he groups concerned : 

To any given transformation (a^) of determinant D of the gen
eral m-ary linear homogeneous group Gm, there corresponds a 
transformation [ « ] m _ 2 of the (m— 2)d compound 0m>tn_2 which 
gives rise to a linear transformation upon its system of Pfaffian in
variants, viz : 

1° : for m odd, the m-ary transformation, 
m — 3 OT 

Yl = D~Y~XaiYJ (i =1 , - , m), 

which for D = 1, is precisely the given transformation of Gm. 
2° . for m even, the ^m(m — 1) -ary transformation (12) or 

(12x) , where, for D== 1, (12j) belongs to the second compound 
of Qm, and (12) to the (m — 2) d compound of the (m — 1)*' 
compound of Gm. 

UNIVERSITY OF CALIFORNIA, 
August 9, 1898. 

A SECOND LOCUS CONNECTED W I T H A SYSTEM 
OF COAXIAL CIECLES. 

B Y PROFESSOR THOMAS F . H O L G A T E . 

( Read before the American Mathematical Society at its Fifth Summer 
Meeting, Boston, August 19, 1898.) 

I N a paper read before th is Society a t i ts Toronto Meet
ing a n d publ ished in t h e B U L L E T I N for November, 1897, I 

* We may verify (12x ) directly, using the method of \ 6 for q = 2. The 
m — 4 

presence of the factor D 2 influences only the transformations An*1'. 
There occurs, however, some difficulty as to signs in passing from the 
W's to the F'B. Likewise the results of \\ 11-14 could doubtless be 
proved by the method of \ 6. 


