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Two general defects seem to be patent, one in presentation,
one in range. It is the author’s aim to emphasize the force
and directness of the analysis by having the results appear
after 2 minimum of intermediate work, but this work has fre-
quently been so abbreviated that the reading is at times ex-
tremely difficult. Again, the author was naturally ambitious
to have his method apply to as large a range of subjects as
possible, but its applicability seems but questionably successful
when applied to projective properties.

For the differential analysis of curves and surfaces the work
of Cesaro is certainly a powerful instrument and can be used
with profit by every student of the subject.

VIRGIL SNYDER.
COoRNELL UNIVERSITY,
December, 1902.
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WirH the death of Ernst Schering, the venerable editor of
the first six volumes of Gauss’s collected works, it became in-
cumbent on younger hands to continue the labor of studying,
selecting and preparing for the press everything of interest that
still remained in the great mass of manuscript that Gauss left
behind. Professor Klein, with customary energy and dis-
patch, has made the necessary arrangements to bring Schering’s
labor to a prompt termination.

Four new volumes are planned. Professor Brendel, of Got-
tingen, is editor-in-chief, having the editorial supervision of
the entire undertaking. He has also, in particular, the prepa-
ration of volume VII. Thisis to contain the final edition of the
Theoria motus and Gauss’s voluminous work on the theory of
perturbation of the smaller planets, the theory of the moon, etec.

Volume VIII is the volume under review and will be
spoken of later.

The contents of volume IX fall into two parts. One of these
is to be devoted to mathematical physics, and is in charge of
Professor Wiechert, director of the magnetic observatory in



358 GAUSS’S COLLECTED WORKS. [April,

Gottingen.  The other part in charge of Professors Borsch
and Kriiger of the geodetic Centralinstitut in Potsdam, is to
contain matter relating to geodesy.

Volume X will contain extracts from Gauss’s very exten-
sive scientific correspondence, also biographical notes. ~ Finally
a supplementary volume is planned to give a complete index of
the preceding ten volumes.

In this connection it is interesting to learn that the move-
ment inaugurated by Professor Klein to collect letters written
by or to (rauss, copies of his lectures, scattered manuscripts,
note books, in short anything and everything which will help
posterity to understand and appreciate Gauss’s genius, has been
eminently successful. The so-called Gauss rooms in the ob-
servatory at Gottingen now serve to house Gauss’s papers, and
memorabilia relating to him. These, when finally arranged,
will without doubt be made accessible to the public and form a
fresh inducement, if indeed any were needed, for the student of
mathematics to visit Gottingen.

We turn now to the consideration of volume VIII, the first
of the new series to appear. Its contents may be regarded as
addenda to the first three volumes of Schering’s edition, and to
the fourth, excluding geodesy.

The new material falls under the following heads : Arithme-
tic and algebra, pp. 3-32 ; Analysis and function theory, pp.
36-117 ; all under the charge of Professor Fricke, of Braun-
schweig. Numerical calculation, pp. 121-130; Calculus of
probabilities, pp. 133-156, in care of Professors Borsch and
Kriiger, of Potsdam. Foundations of geometry, pp. 159-268 ;
Geometria situs, pp. 271-286; Problems and theorems in
elementary geometry, pp. 289-300; Application of complex
numbers to geometry, pp. 303-362; Theory of surfaces, pp.
365-449, all under the care of Professor Stiickel, in Kiel, with
the exception of a single paper on developable surfaces, three
pages in length, by Professor Weingarten, of Charlottenburg.

As the reader may know, the first three volumes of Scher-
ing’s edition, devoted chiefly to the theory of numkers and
algebra, the elliptic and hypergeometric functions, contained a
very large amount of material taken from Gauss’s posthumous
papers. It is not astonishing, then, that a second gleaning
does not bring to light much new matter on these topics. In-
teresting however are the following. First we note two short
fragments on cubic and biquadratic residues. In the two
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epoch-making memoirs on biquadratic residues published in
1828 and 1832 Gauss took the momentous step of introducing
imaginary numbers into the theory of numbers. In two places
in these memoirs Gauss states that he began to study the
higher laws of reciprocity in 1805 and was soon led to intro-
duce the roots of unity into his speculations as the true basis of
this theory. The above notes have now an especial interest to
the devotees of the sublime science, as Gauss often styled the
higher arithmetic, because they belong to this early epoch, 1805~
1808. Let us observe in passing that the ideas contained in
the memoir of 1832, properly generalized by Kummer, Dede-
kind and Kronecker, have led to the modern theory of algebraic
numbers,

In the section devoted to Analysis and theory of functions,
three papers attract our attention. One is the celebrated letter
of 1811 to Bessel. Here Gauss discusses summarily the nature
of a function and an integral taken between complex limits.
In the first place, he advocates warmly the introduction
of the complex variable into analysis. He urges:* “Es ist
hier nicht von praktischem Nutzen die Rede, sondern die
Analysis ist mir eine selbstéindige Wissenschaft die durch
Zuricksetzung jener fingirten Grossen ausserordentlich an
Schonheit und Rundung verlieren und alle Augenblick Wahr-
heiten, die sonst allgemein gelten, hochst listige Beschrinkungen
beizufiigen genétigt sein wiirde.”

After stating Cauchy’s theorem that f S(@)d« around a closed
contour containing no singular points is zero he remarkst:
¢ Dies ist ein sehr schoner Lehrsatz dessen eben nicht schweren
Beweis ich bei einer schicklichen Gelegenheit geben werde.
Er hiingt mit schonen andern Wahrheiten, die Entwickelungen
in Reihen betreffend, zusammen.”

The latter part of this quotation suggests at once far-reach-
ing consequences : Does Gauss have in mind the developments
of Taylor, Laurent and Fourier? In this letter Gauss also
emphasizes the importance of those functions which we call
to-day one valued integral transcendental functions. In place

of the function Soldner had introduced, viz., f (log #)~'dx, he
suggests f (¢ — Da~'da.

*P. 90. We take this occasion to remark that all references without indi:
catioil) of the title refer to Gauss’s Works, Vol. VIIIL.
tP. 91
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The second paper, which Fricke dates about 1800, relates to
the inversion of the elliptic integral

v r dx
“J V(I =21 = pi?)

We find to our surprise that the development given by Gauss
is nothing more nor less than Weierstrass’s celebrated expres-
sion of z as the quotient of two integral transcendental func-
tions, viz., Al (u), Al(u).

The third interesting feature in the section are three frag-
ments on elliptic modular functions. If the mathematical
world was filled with astonishment in 1827—28 when it became
gradually known that Gauss had had in his possession for
thirty years a good part of Abel’s and Jacobi’s results, we to-day
are hardly less astonished to learn that Gauss certainly knew
some of the modern theory of the elliptic modular functions.
In fact, on page 104 we find for example a modular figure with
the angles = /4, 7 /4, m[4, complete with its orthogonal circle.
It is worthy of note that on page 478 of volume IIT appears
another figure very familiar to students of the modular func-
tions, viz., the fundamental domain of the modulus — k%
But as this volume was published in 1876, while Fuchs’s and
Dedekind’s papers, which gave birth to the modular functions,
did not appear till the following year, the figure last mentioned
could not mean much to Schering, otherwise he would have
searched the manuscripts of Gauss more carefully for other frag-
ments of this nature.

The section devoted to the calculus of probabilities contains
some interesting letters of Gauss. The theory of least squares,
so important in the adjustment of observations, was discovered
independently by Legendre and Gauss. The first published ac-
count of it is found in Legendre’s Nouvelles méthodes pour la
détermination des orbites des cometes, which appeared in 18086.
In the Theoria motus, published in 1809, Gauss claimed to have
discovered it in 1795. A controversy arose, very painful to
the friends of Gauss. For example, Legendre in a letter* to
Jacobi dated 1827, speaking of Gauss’s claims of priority in the
elliptic functions, breaksout : “Comment se fait-il que M. Gauss
ait osé vous faire dire que la plupart de vos théorémes lui etait
connus, et qu’il en avait fait la decouverte dés 18082 * * * (Cet

* Jacobi, Werke, Vol. I, p. 398.







