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institution claiming college grade should be accepted unless the
major part of the work in preparation has been taken under
the direction of mathematical instructors who have themselves
done the equivalent of the work here outlined for the master’s
degree in mathematics.

By the adoption of the above mathematical programme by
the institutions represented in the Chicago Section, it is believed
that a substantial service would be rendered the study of math-
ematics in the central west, not only by securing the advantage
of uniformity in granting the second degree, but by elevating
in some cases the standard upon which the degree is granted,
and perhaps more than all else by giving to the small college,
aiming to prepare for graduate work, a standard by which it
may best arrange its elective system.

C. A. Wavrpo, Chairman,
E. J. TowNSEND,
OskAR Borza,
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ON THE SUBGROUPS OF ORDER A POWER OF
p IN THE LINEAR HOMOGENEOUS AND
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1. THIs paper relates primarily to the subgroups G of order
the highest power of p in the m-ary general and special linear
homogeneous groups and the linear fractional group in the
GF[p*]. For the latter groups the question of the minimum
index of subgroups is of importance in various applications of
group theory. A knowledge of the properties of G con-
tributes materially towards an answer to this question, as will
be shown in a subsequent note.

2. Notations.— The general linear homogeneous group

G LH(m, p) of all m-ary transformations in the GF[p"] has
the order

Qo = (p™ = D)(pr" P = 1) (p" — Lp*7,

(1= dm(m — 1)].
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Its transformations of determinant unity form the special linear
homogeneous group SLH(m, p*) of order Q,, ..+ (p"—1).
Forming the quotient group of the latter by the group of the
transformations which multiply each variable by the same
mark, we obtain the linear fractional group LF(m, p*) of order

1
@y, =g (P = 1"V = 1)+ (p™ — L)p*,

where d is the greatest common divisor of m and p* — 1. Ex«
cept for (m, p”) = (2, 2) and (2, 3), LF(m, p*) is simple.

In this paper, (a,) denotes a general matrix of m* elements
a,, while [a,] denotes a matrix of the special form

1 o 0 O .o 0 0

@4 1 0 0 .. 0 0
(1) [“u]E T T | 0 ()] 0/

aml am2 am3 am4 et amm—l 1

with every a, =1, a, = 0, (j > ?).
The totality of transformations [a,] in the GF[ p"] defines a
group Gyun. Indeed, we have [a,] [8,]=[v,], where

i—1
Yy = B gt Z Bikakj + &
(2) k=j+1

(=1, ym; j=1,...,i—1).

Within GLH(m, p") every subgroup of order p*" is conju-
gate with G un.

3. Powers of [a;].—Let [a,]"= [p,]. In the matrix
[p,] the elements in a line parallel to the main diagonal are
given by asingle type of formula. We abbreviate the binomial
coefficients as follows :

. _rr—=1)(r—2)

r(r — 1)
n="13g 0 BT 1.3  ©

n=roon

As shown by induction from » to » 4+ 1, we have
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Piica = 1% -5 Piimz = T1% =2 + To% %y i
Piicg = T\%img + To( % sms®ig img + % i1y )

+ P % e %ig i

Piima = T1% g+ To( % g iy OOy g+ Oy i)
+ 7y gy g%y img T FiiaPimy im g Fimgims
R TSR M. SEPPI) B ol Y AN MR PN S

For the general element p,, ,, we have a sum of expressions,
that with the factor », being a homogeneous function of the kth
degree of the a’s composed of all possible terms of the form

o, Q.

30y alagaa,gaa' o

18— <Z>a1>a2> >0 >0 —.7)°
For example, if ¢ = 6, j = 5, we have

Poy = 10y + Ty Uy + Ogelyy + g0ty + gt
7y (Cgggglly F gy A+ O g0y 4 OOty + 00y

+ a65a54a41) + r4(a64a43a32a21 + a65a53a32a21 + a65a54a42a21

00 00,50 ) T 050, 0O
4. Period of [a,].— Sufficient conditions for period r are

rn=0, r,=0,---,7r

, = 0 (mod p).

Unless certain relations hold between the o, these are also
necessary conditions. Hence * the period of [a,] is a divisor
of ptl, where p? is the highest power of p inferior to m.
Corollary. For p=m, G LH(m, p") contains no operator of
period p®. An abstract group with operators of period p*(a>1)
can not be represented as a linear homogeneous or linear frac-
tional group in the GF[p*] on fewer than p + 1 variables.

m—

5. THEOREM. The only self-conjugate transformations of G un
are

(3) £=¢§ &= £, + a.éy (t=1,--,m—1).

* Jordan, Traité, p. 127 (r and m for his 2, p).
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Let a; be fixed marks and B, be arbitrary marks. The
conditions under which (2) remains unaltered upon the inter-
change of a, and B, are

Bij+laj+1j +oeet ’Bii—lai——lj = aij+l’8j+1j el APETE PR
For j <i¢—1, no B enters more than once. Hence

=O)"’)a~ —O a, O,"',a.._l=0,

aj+1j =15 i+l T it

=1, ym;j=1,..--1—2).

The theorem being evident for m =2, let m= 3. By the second
set, for 1> 2,7 =1,

=0, ==+ = O O (i=3,"',m).

ii-1

By the first set, fori=m,j=1,a, =a,=-..=0a, _ =0.
6. THEOREM.* The group G un is transformed into itself
by exactly (p"— 1)"p*" transformations of GLH(m, p*), by
pt — 1)"=prr  transformations  of SLH(m, p*), and by
1 /d( p"— 1)™prr transformations of LF(m, p).
Let [4,] be an arbitrary transformation of G un, [a,] one
to be determined. Now [4,](8,) and (8,)[a,] replace f by

Z (8 + 81,/+1 J+1 + 8y+2Aj+2] + _'" BimAmj)fj?

J=1
Zx By + 2 yiyy + -+ o0y + 2,0y + 2,8,)E,
=

respectively. These are to be identical for arbitrary &s and
A’s.  For i =1, this requires

12 21 + lmAml O’ 8 A32 + + 8lm m2 = O
8141'143 + et Slm m3* 0 slmAmm—l 0.
whence 8, =0, -+, 8,=0. TFor i= 2, the conditions are
822‘(121 + - 82mAml = 811“21’ 323,‘432 + o+ 82m me 812‘7‘21’

* For m =13, the result follows more readily from § 5.
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324A4’3+---+8mAm3=8a Tty

1377210
A a1 = OOy 0= 8,00,
whence 8, =0,---, 8,,=0,8,=0, 5,4, =3 a,. Relying
upon induction, we suppose that after ¢ — 1 such steps we have

8 ="'=81m=0’823="'=82m=0”"}

12
) . =19

i—1lm

. N = 0
=11 *
Then, in the ith step, the conditions, for j =¢,i+1, ..., m —1,
are

8ii+1Ai+1i+"'+8i'A =0,:+¢,4 =0.

m” T mi m” " m m—1

Hence 6, =0, ..., 8, ,=0; the conditions, for j=1, ...

v

)
@ — 1, then serving to determine certain of the a,. Tt follows
that *

& 0 0 0 ... 0

8, 8, 0 0 .- 0
4) @¢,)="n °» :

8, &, & O - 0

31 32 33

7. The inverse of [B,] is found to be [B];], where
Bici=—=Bivy Biics = = Biies + BiimiBisticw
Big=—Bi s+ BiiaBigizs + BiimiBinrics

—_ ﬁii_lﬁi_l i—Z'Bi—Z —

the literal parts following the law of § 3, while the coefficient
is &= 1 according as the number of factors 8 is even or odd.

We now get [8,]~! [e,] [B,] = [«], where

’ ’

Upp =0y gy Wy =+ By 1y = B iy

’

U g =g+ B ¥y — % Biyics + B gis

- aii—zlgt'—zi——3 + aii—IBi—l i—ZBi—2 -3 Bii—la"-'l i-ZBi—Z -3

* That the result is valid also for the linear fractional group may be shown
by allowing the entrance of a factor 8, where ©» =1 (cf. the author’s Linear
Groups, p. 242). That © =1 follows most readily by the theory of canonical
forms.
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In general, o, . equals a,, . together with a sum of binomials,
each the difference of two terms involving the same subscripts,
the two terms being interchanged upon interchanging the a and
B with highest first subscript. The subscripts entering the
various binomials follow the law of § 3. TFor example, we
have

a;1 = a4 + 1854 4N a54'841 =+ '853 31 T assﬁsl + '852 21— “s2Pa1
+ o 32 21 1853 32821 + a54842/821 - 354 42621 + a54643'831
1354 43331 + IB54 431832'821 - a54'843'832821'

8. Comugate operators of .. — Consider two operators
[,;] and [a;;], witha; | = a“_l(t__ 2, . m) Form =3
the further condition for conjugacy (§ 7) is ay, = a, + a,8,,
— a,8,. If a, and a, are not both zero, this condition may

be satisfied by choice of Bay By

THEOREM. For m = 3, the operators of G, other than the
p" self-conjugate operators (3), fall into p™ — 1 distinct sets S, ,.,
of conjugates [a;;], with a, and oy, fived marks not both zero
and a, ranging over the ﬁel

Form>3 we setaj a;, =¢; forj<i—1. Then, for

= 4, the further conditions Tor conjugacy (§ 7) are

(5) 632 21 21 643 32 a43632’

(6) 643 31 ‘143/831 + '842 21
— 0oy + a5 B5,8 — BBy

(@) Let a,, = 0. Then B, and B,, are determined by (5).
In case a, = 0, B, is determined by (6). For a,=0, (6)
becomes, by (5),

342 32 21 632 21 42 + a.’il 2 2641 + a42 3L 0'
This determines B,, if a, 4= 0. For a, = 0, it may be written

(M Qg Oy — CgpOly = Ol 0, — Qg0

(b) Let a,=0. Conditions (5) require a,e,, + a,¢, =0,
viz.,
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(8) gty + 0ty = 0,0 + agay.

Assume that this condition is satisfied. If a, = 0, (5) and (6)
determine S,, and B w3 ifa, =0, a, % 0, they determine B,
and B,. Ifa, = 0, then

€ =0, €, =0, = Bty — 2,08,

The latter may be satisfied by choice of 8,, and B, unless

oy = a,=0.

For m = 4, two transformations [a,;] and [a;,] with the same

Oy Olgyy . w are conjugate (a) if o, == O, promded (7) holds 'when
Oy == 0y 5 (b) if a,, = 0 with (8) satisfied, provided a;,

and aiz = a42 "when oy = o, = 0, while also a;, = a,, when also

Oy == Oy =

THEOREM. For m = 4, the operators of (., other than the
p" self-conjugate operators (3) Sall into distinct Sses of conjugates
as follows :

(p™ — 1)(p"* — 1) sets S, ny aip Fa2 = 0, 2y and a, not both zero ;
p(pt—1)sesS,, ., o, F 0,0, =o0a,=0,

T = U0y — gy 5

pn(p% - 1) sets 2“217 ag, o9 P32 = 0’ Ay and %y
not both zero, ¢ = a0, + a0, ;
p"—1 sets Zam, aw Og1 = Oy = 03 =0,
a, and a,, not both zero ;
each set of the four types containing respectively p*, p™, p*, p

conjugate operators.
By way of check, we note that

P+ (P = 1)(p" — Dp*™ + p(p" — L)p™
+ p'(p™ — Dp™ + (p™ — 1)p* = p™.

9. Self-conjugate subgroups of G for m =3, n=1*%—
The only ones are readily seen, in view of the first theorem

* The method holds for general n. Cf. Transactions, vol. 4 (1903), p. 376.
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of § 8, to be G, itself, identity, the cyclic group C, of the self-
conjugate operators (3) and the p + 1 groups *.

1 0 0 1 0 0
(9) K,:(0 1 0, Hy:|» 1 0],
b ¢ 1 b rt 1

where b, ¢, 7, t =0, 1,--.. p —1,  constant for each H.
Proceeding as in § 6, we find that a ternary transformation

(ay) transforms K, into itself if and only if a,=a, =0.

For H, the conditions are a,,=a,=0. For Hp, ¢t 0,

- U T s T
the conditions are o, = a, = a,, = 0, a2, = a,,0,,.

THEOREM. Each of the groups K, and HY, is transformed into
itself by exactly (p*—1)(p — 1)*p* transformations of GLH
(3, p), by (p*—1)(p — L)p* transformations of SLH (3, p)
and by (p*— 1)(p — 1)p*/d transformations of LF(3, p). For
each group H, (t = 0), the numbers are respectively

(p—=1)p% d(p—1)p% (p—1)p%

10. Self-conjugate subgroups H of Gy form =4, n=1,—
We make use of the final theorem of § 8. If H contains one
operator of the set S, ,. .., it necessarily contains the group ¥

agly

1 0 0 O

(10) ey 1 0 0
a r 1 O

¢c rs 1

where ¢ and s are fixed integers not both zero.
Consider next the set S, .. Denote by {a} the general

operator [a;] with a, =a,;=0. Then

* Note that §;=t‘1§3 transforms Hzfg into H;)z. For SLH (3, p) and

LF (3, p), we transform [, B, rt] by f; =7é) 5; =17, 5; = £, and obtain
[r’y 1B, r't’ ], where ' =1—2, ' =13%., We therefore restrict ¢ to one of d
values (see § 2).

T Henceforth, in the definition of a group, all letters appearing in the
matrix of its general transformation, aside from the constants given also as
supersoripts in the symbol for the group, take independently the values
01-.-,p—1.



1904.] SUBGROUPS OF THE LINEAR GROUPS. 393

{a}{B} = {a+ B}, {a}"={ra}.

If {a} and {B} belong to the same (present) set while » — r’
and R — R’ are not both zero, then {ra + RB}= {r'a + R'B}
is seen to require B, =a,, B, =a,, B,=a, Hence the
operators {ra + RB}, r, R=10, 1,--.,p —1 are all distinet
when {a} and {B} are. If {a}, {a’'}, {B} have the same
values for 7 and a,, the conditions that {ra + RB} equals
{r'a" + R'B} are

r+R=r"+R, ( 31 %2 1331 Bﬂ) =7 (asl 42 '8311842),

(0 — By) = 7'(a5, — By), (@, — By) = 1" (2 — By)-

Eliminating » and »” from the last three, we get
(2 — B)otgy — (% — By)ay + 058, —,By = 0,

(aal 31)“31 42 (a3l 2 31342)‘1;1 + (a42 - 42)“31'331 =0.

Eliminating a;, from these, we get

(a42 - 42)(a;1 - a3l)(a;l - le) = 0.

Let first A F Bn' For as’n = ay, we get (o — 31)(“12"' a42)
= 0, whence {a'} = {a} if a, ,831. For a; = B,, we get
(a3l - 31)(“12 1842) = 0, whence {a } = {B} ifa:n + ’831' Let
next o, 8,,. Then (a —By)(a,— a,) =0, whence {a} = {8}
75fa3l = '8317 while a42 =0y B421 %3 =":'l‘:’,al Hence if {a}’ {a'}
and {B} are dzstmct and if R & R’ when 1 =r =0, then
{ra+ RB} & {r'a’ + R'B} except for a, = B,, a, =+ ,842 and
Jor ay, = a, = By, ay & By

It follows that, if the a; take all sets of values such that
oy & By 4, F 842, 1y = constant % 0, 7 = constant, .no two
of the resulting sets of operators {ra + RB} have in common
an operator other than the {RB}. Now aya,—oaya, =7
has (p — 1)* sets of solutions modulo p, since a, has any
value &= B,,a, any value &= 8,,, whence a,; is umquely deter-
mined. But(p — 1)*(p* — p)> p* if p*(p — 5) + p(p + 2)+
p —1>0, viz,, if p>3. For p =3, these (p —1)*( p*— p) opera-~
tors, the p operators {EB}, and any one of the operators with
oy = B,,a, + B, give more than p* distinet operators For
p =2, the 4 operators of the set S, are commutative and of
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period 2, while 6 of their products two at a time furnish 6
distinct operators of the set >, .. Likewise the 4 opera-
tors of set S, , furnish at once 6 further operators. Hence for
any p, if H contains an operator of the set S it contains the
group H )Y}

Next, fet H contain an operator of the set 3°_ .. ,. Denote
by [a]’ an operator [«] having a,, = 0. Then [a] [,8] =[8]’,

where
841 =a, + 641 + a3lB43 + a21B42’ 8;‘ = ay + Bij, (i) J) =+ (4’ 1)'

The inverse of [a]” is [y]’, where 4, = — o, (HJ) + (4, 1),
while v, = — a, + 0. If [a] and [B] are conjugate, so that

ag2, T

ay = By %y = By (2 — By) + 25(25 — By) =0,
it therefore follows that
! 1 0 0 0 i
0 1
oy — 0

31 31

(11) [2]'[8] " = )
'841""0‘21 42 a2184z a4z_/342 01 I
Varying the o, but so as to preserve the invariant o, we con-
clude that H contains p? operators of the form (11), 1nclud1ng
the p self-conjugate operators (3). Hence H is of order = p°
Now [a]” equals [e]’, where e,=rays,j) =+ (4,1), while
€, =ra, + 1/2r(r — )o. Consider the product of [a]”
(11). According as a, == 0 or a, =0, a, = 0, we obtam,
after a simplification of the notations, the groups

1 0 0 0 1 000
r 1 0 0 01 0
H 110,3)3 H y K ;3 H .
a 0 1 0 sr 0 0
bri—ta tr 1 b e r 1
Finally, if H contains an operator of the set -, ,,, we find

immediately that it contains one of the commutative groups:
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1 0 0 O J 1 0 0 O
01 0 O 01 0 O

.:ﬂ ) pr‘ : )
r 0 1 O 0 01 0
b rt 0 1 b » 0 1

where b,7 =0, 1, ..+, p — 1 in each, while ¢ is any fixed integer.

The next step consists in determining all the distinet groups
generated by two or more of the preceding. The product of
the general operator of HZ:® by that, written in capitals, of
H ;% is of the form (a,) with

oy = RT + rt, 0= R+ r, a,= RS +rs.
Eliminating R and r, we get

(8 —=8)a, — (t — Ta, + (¢S — sT)a,, = 0.
According as s — S & 0 or s — S=0, t — T 4 0, we obtain

1 0 0 O 1 0 0 O
vg+wp 1 0 O e 1 0 O
Hz%,w ) H;5 H .
a p 1 0 a p 1 0
b c g 1 b ¢ sp 1

The product of the general operator of H by that, written
in capital letters, of H; 7 is of the form (a,) with

oy=R+r, a,=A4+a,a,=RL+rl—TA— ta,
a43=RT+ 7t.

The determinant of the coefficients of R, r, 4, a equals (t — T')%.
According as t — ' O or t — I'= 0, l — L & 0, we get

10 0 O 1 0 0 0
1 0 0 1 0 0

G P , Gy P .
la 0 1 0 ? a 0 1 O
b e 1 1 b ¢ tp 1
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For s & 1, (K3, K}s) and (K3, K1) give, respectively,

P

100 0 100 0

0100 010 0
Lutl 01 0 e 01 0l

b ¢ p 1 b ¢ 0 1

We obtain immediately the further results

(K:m Gzﬂ) = Gps) (H.;'st’ Gpﬁ) =@

o

-1 -1,

(Hy* Hy'Y=H}, (Hp®, Hy )= H """,
LT LT Tt — (T
(Hz% K= Gy,  (Hpi", Kp) = Gy,

(Hpt, Kj) = Hy',  (H3et, L) = Hy',
(Ht’° 0) = H:¢ (Hz,e, Gg; = HIZ;—IJ—T"",

pty Mpt 5
(HY, L= G (HS, G = GuT+ 1)
(H3's Gp) = Ly, (K Kp) = Ly,

(K Gs) = Lysy (K @) = G

For the remaining pairs, either one group is a subgroup of
the other, or else one is of order p® and the two generate G
itself.

THEOREM. The only self-conjugate subgroups of G, other
than itself and identity are p* + p + 1 groups Hy", Hi, G of
order p° ; p* + p + 1 groups HA®, Gy, Ly, of order p*; p* +p +1
groups Hui, K G of order p*; p + 1 groups Kby, G of
order p*; and a single group C, of order p, formed of the self-
conjugate operators (3).

11. To determine all quaternary transformations (a,;) which
transform H%" into itself, let ¢ denote an arbitrary one of its
operators and T' (its elements denoted by capital letters) one to
be determined so that (@, )7 = {(«;;). For v and w not both
zero, the conditions are

a,=0o,=0a

12 13 = Oy = 0y =y, =0, Gag=ga,,, Ro,=pay,

Coy, + Gog, = pay, + cay,, Aoy, + Ra, = (vg + wp)ay, + aoy,
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Bay, 4+ Coyy + Gag, = (vg + wp)a,, + aa, + ba,,,
(”G + WR)an = (vg =+ wp)azz'

Hence G, R, C, A, B are uniquely determined. The final con-
dition gives

-1 _ -1 _
VO Oy Ky == VOhyyy WOy OggOlyy == Whyye

For v=0, w = 0, HY" is trangformed into itself by respec-
tively

(12) (p=1%, (p=1%, (p—1)p"/d

trans formations of GLH(4, p), SLH(4, p), LF(4, p). For
v 0, w=0, and for v & 0, w & 0, the numbers are respectively

— 1Y% a _1262 —1)%%;
(p—=1%% a(p—1)P" 5(p—1)p <a=2,ifp>2)
a a=1,i p=2)
(p = 1% a(p—1)p% 7(p—1)p"

. 0 .

For H,;°, the conditions on (a;;) are that a,y, a,,, 6y, oy, oy,
all vanish. For HY;, the conditions are that a,,, o, a,,, @, @,,
all vanish ; for H3;, s &= 0, the additional conditions are a,, = 0,
a2, = a,a,,. For G, the conditions are that a,,, a

5 13! a147 a24)
a,, all vanish.

127

Each of the groups HY°, HY, G, is trangformed into itself
by evactly (p* — 1) (p — 1)*p® transformations of GLH(4, p),
by (p* —1)(p — 1)p° of SLH(4, p), by 1/d(p* —1)(p — 1)’p°
of LF(4, p). For Hi, s 0, the corresponding numbers are
given by (12).

THE UNIVERSITY OF CHICAGO,

February 6, 1904.



