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A P P L I C A T I O N O F T H E T H E O R Y O F CONTINUOUS 
GROUPS TO A CERTAIN D I F F E R E N T I A L 

EQUATION. 

BY MR. J . E. WRIGHT. 

(Read before the American Mathematical Society, December 29, 1904. ) 

T H E following question is propounded for solution in " Wol-
stenholme's Mathematical Problems" (No. 1964): 

" Along the normal to a curve at P is measured a fixed 
length PQ ; O is a fixed point, and the curve is such that the 
circle described about OPQ has a fixed tangent at 0. Find 
the differential equation, the general integral, and the singular 
solution." 

The main interest of the question lies in the fact that, 
although it was proposed without any reference to the theory 
of groups, it can be completely solved by straightforward appli
cation of that theory, and in addition it furnishes a good illustra
tion of the points of connection between difiPerential equations 
of the first order and that theory. 

Take 0 for origin, and the fixed tangent at 0 for axis of 
x. Since PQ is constant in length, it is clear that all lineal 
elements ab satisfying the differential equation in question, 
and having their points on the circle OPQ, meet that circle at 
a constant angle. 

Hence, if there exists a group whose path curves are 
(x2 + y2)/y = constant and which preserves angles, the differ
ential equation admits that group. 

Let £ dfjdx + 7] dfjdy be the symbol of the infinitesimal trans
formation of the group. We must have £ + irj = cj>(x + iy), 
since the transformation is conformai, and the differential 
equation of the path curves is %dy — rjdx = 0. 

The differential equation of the curves (x2 + y2)/y = constant 
is 

2xydx — (x2 — y2)dy = 0. 

Hence we must have %/(x2 — y2) = r)j2xy, and these are both 
equal to ( | + irj)j(x + iy)2. Therefore we take £ = x2 — y2 

and 7] = 2xy, and all the conditions are satisfied. 
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The finite equations of the group are given by integrating 

dx 
x2 — y2 2xy 

Of these equations we know the integral of the first, and 
therefore the remaining integral is given by a quadrature. This 
second integral is x/(x2 + y2) + t = constant. 

Pursuing the general method, we take (a?2 + y2)/y, x/(x2 + y2), 
as new variables F, X, respectively, and we know that the equa
tion will reduce to the form F(Yy Y') = 0. 

Let PQ = c, and let r be the radius of the circle OPQ. 
Also let p denote dy/dx. AN is obviously parallel to ab, and 
therefore 

tan 
y — r -1 = tan - 1 p + tan""1 

This gives as the differential equation 

c (y2 — x2) — 2pxy 

W¥)'~ ' p(y2 —x*) + %xy ' 

which reduces to the form 

Now 
x2 + 2xyp •— y2 = cy i / l + p2. 

d Y 2xy •+ p(y2 — x2) dX (y2 — x2) — 2p xy 
dx~~ y2 ' dx ~~ (x2 + y2)2 
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Hence our differential equation becomes 

c_ F 2 

T / F 2 - c 2 " " Y" 

the integral of which is 

- , / F 2 - c 2 

~ = X + constant. 

I f we substitute the old variables, this becomes 

(x2 + y2) (Jc2c2 - 1) + 2e2kx + c2 == 0, 

where h is an arbitrary constant, and this is the required general 
integral. 

Again, we know that if ƒ (x, y, p) = 0 admits the group 
l/x +yfy) f(x> Vi v/£) = 0 satisfies the equation, and contains 
as factor any singular solution of the equation. If there are 
any other factors, they are particular cases of the general inte
gral for certain values of the arbitrary constant. 

In our case f(x, y, rç/f) = 0 becomes 

[(x2 + y2)2-c2y2](x2+y2) = 0. 
Here x2 + y2 = 0 is the general integral when h = oo, and 

(x2 + y2)2 _ G2y2 = 0 

is the singular solution. 
BRYN MAWB, PA. , 
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ON T H E Q U I N T I C SCEOLL H A V I N G A TACNODAL 
OR OSCNODAL CONIC. 

BY PROFESSOR VIRGIL SNYDER. 

(Read before the American Mathematical Society, October 29, 1904.) 

BESIDES the quintic scrolls having three double conies which 
were discussed in the BULLETIN (volume 9, pages 236-242), 
other particular types exist. Two of the double conies may 
become consecutive, forming a tacnodal conic ; or all three may 
become consecutive, forming an oscnodal conic. The necessary 


