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CERTAIN SURFACES ADMITTING O F CONTIN
UOUS DEFORMATION W I T H PRESERVA

TION O F CONJUGATE LINES. 

BY DR. BURKE SMITH. 

( Read before the American Mathematical Society, December 30, 1904. ) 

RIANCHI has shown* that surfaces which admit of continu
ous deformation with preservation of conjugate lines are the 
associates of surfaces whose curvature in terms of the param
eters of the asymptotic lines is of the form K= —- \_<j>(u) + 
X(v)1 ~2> wh e r e $ a n ( i X a r e arbitrary. Stâckel f has considered 
those surfaces on which the two families of lines of curvature 
fall together into a single family which are also at the same 
time minimal lines and asymptotic lines. The curvature of 
such surfaces may be written in the form K= e~2m(v) and con
sequently it is of rhe above type. We proceed to find the co
ordinates x0, yQf z0 of certain of these surfaces. 

The fundamental magnitudes of the Gauss sphere which 
corresponds to such a surface may be written 

w ' J [<KM) + ^ 0 0 ] <f>(u) + yfr(v) v J' 

where the primes denote derivatives and <f>, yjr, m and n are 
arbitrary. We consider only the case where <\> = u and y{r=v. 
Upon substituting in the fundamental equations for the second 
derivatives of X and the first derivatives of x with regard to 
u and v we have 

(2) 
d2X - 2 dX 
du2 u + v du' 

d2X -m'dX 
(3) dudv~ 2 du +(u+vfX' 

//1N &X (2$)'dX A , 4 IdX T 2m' "1 

* Bianchi-Lukat : Vorlesungen über Differenfcial-Geometrie, p. 337. 
f LeipzigerBer., vol. 48, p. 479. 
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f dxa 

(5) 

dX 
du du ' 

dxa u+v rn , , s ., dX dX 
5„ 2 L l T T J du 

v. 

with similar equations for Y9 Z, yQ} zQ, where 

i2
x
2Y= \{2{u + t>)(ro"- m'2) + m'[6 + (u + t>)2n] 

— (it + v) [(u + v)n'+ 4w]). 

The general integral of (2) is 

(6) 

Now (3) has equal invariants, and by the substitution 0=X\/iem 

d20 20 
becomes ^ ^ = -,—:—^, of which the general integral is dudv (u + vf 

0 = 
u+v u'i-r» 

Ux and V1 being arbitrary functions of u and v respectively. 
Comparing with (6), we must have Ux = 0 and X can be writ
ten in the form 

x-*Z-r-%v. 
u + v 2 

Since also (4) must be satisfied, we have to determine F the 
equation 

_ „ . / „ m' \ __, /m '" m"m' n \ ^ ^ 
(7) rm + ^m"-T + njV'+^ ^ + T2)V=0, 

where the primes denote derivatives. To every solution of (7) 
we have a value for X, and similar equations hold for Y and 
Z. When n = m,2/4 - m" + 1, (7) takes the form V"'+ F ' = 0 
and consequently, F = a cos v + 6 sin w + c. If the constants 
a, by c, are so chosen that X2 + Y2 + Z2 = 1 then (5) will 
give by quadrature the coordinates xQ) y0, zQ. Take, for ex
ample, ay by c, so that 
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/ 2 m ' \ . / 2 m ' \ 
Jt = I ; ~- J S i n V — COS V, Z = I I ; 77- J. 

Then from (5) we have 

2em cos v 
u + 

— 2em sin v 
(«) 

œ = 

2/o = 
w + 

ïos v , r f/m' m"\ m' . 1 7 

~ + J e
 I(T - T) COS ° - "2sm v\dv 

m v , C mX(^ m"\ . , m' " 1 , h I ^ I sm ti + -^cos v \av 
» J L\4 2 ; ^ 2 J 

> 
12 = h m _ + 1 )dv, 

/2 

Ï " 2 

where m = m('ü) may be chosen arbitrarily. 
In another place the writer has shown that the equations of 

the surfaces S(x, y} z) which are associate to a given surface 
S0(x0, y0, z0) may be written in the form 

(9) 

e d \ d0dxo d0dx^ 
x = p-i(eq — f2)-i (i -

^ v y J } \ dudv du dv dv du J' 

where — l//>2 is the curvature of 80 and 6 is a solution of the 
equation 

V 4 du dv J ) dudv 

This equation becomes, in the case of the surfaces denned by 

(8), 
20 d*6 

dudv (u + vf 
, of which the general solution is 

0 = 
2iE±D. 

U + V 
U- V' 
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On substituting in (9), we have 

II / 771 771 \ I 

x = e-m/2(w + vf \ I A I -j- — -y- \ + Bm' + D cos v 

-\An^ +JBj sin v^, 

y ^ e-™/2(M + vy J \ A I _ \ + Qm> + f)\ s i n v 

+ (A~+ C\OOBV\, 

I ( 7ÏL 771 \ 1 

_ iz = e-m/\u + vf \A I -£- - - y + 1 ) + Cm' + D \, 

A-X1±J A ~ {u + vf 

„ U'-V' 

77 77" 
'u + v + 2 , 

77" 

5 ^ - F ' r / 

C ^ - 7 - — ^ ö - — - , D = 

(l6 + ^ ) 2 16+ l?' 

cr + F" 
(w + vf u + v? (i6 + -y)2 

These equations, depending on three arbitrary functions, U} V 
and m, are therefore the equations of a group of surfaces which 
admit of continuous deformation with preservation of conjugate 
lines. 

In the special case where m = 0, equations (8) reduce to 

, . — 2 cos v — 2 sin v . 2 
( 1 0 ) xn == • , w n = — , fl3(l = — ; v, 

which are the equations of a ruled surface whose generatrices 
are straight lines of zero length. The equations of the corre
sponding associated surfaces are 

( i i ) 

x = (77" + V") cos v - ( 7 7 ' - V' + (« + -Ü)77"), 

2/ = (77" + V") sin « + (CT - F ' - (w + v)77"), 

AA J - « V 
- & = 77" + V" + 77+ V- (u + v) 77' + K~~- 77". 
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The following relations exist between the symbols of Chris-
toffel formed for any surface S0 and its associate surface S and 
the Gauss sphere, provided 80 is referred to its asymptotic lines 
and S is referred to conjugate lines : * 

D" D 
{ r } f i b = — { 1 } =s~]r)~ { 2 }s> \2 . U o = " ~ " { 2 } = Jy'^1 }$> 

(12) 
D" D 

ƒ 2 2 ) _ _ T2 2 1 ' | 1 2 | f i l l ƒ ! 1 1 ' _ _ J12"» 

1 i /$>— \ i } — j) \ 2 is* 12 j ^ 0 " ~ u j - ^ l i l ^ 
If we exclude developable surfaces, the second fundamental 
magnitudes D and D" of S cannot be identically zero. Now 
by (1) the fundamental magnitudes of the sphere which cor
responds to (10) and (11) are, 

— 2 
6 = 0 , f =7 ; To, Ç = 1. 

9 J (u + vf' * 
Hence in this case, {V}' = {V}' = {V}' = 0. Thus taking 
account of (1) and (12), we have for (11), {V} = 0 and 
E 4= 0. Hence the lines v = const, on (11) are geodesies. 
Also {V} = 0 and G = 0 and hence the lines u = const, are 
minimal lines. Thus the surfaces (11) play a rôle between 
that of the minimal surfaces, on which the invariant conjugate 
system consists of two families of minimal lines, and the sur
faces of Voss, on which the invariant conjugate system consists 
of two families of geodesies. 

If the general solution 6 of an equation of the form 
d20/dudv = MO is known, where i f is an arbitrary func
tion of u and v, and one can find three particular solutions, 
| , y, Ç", linearly independent of 0, the equations of a surface 
S0(x0, y0, z0) referred to its asymptotic lines can be found by 
six quadratures from the formulas f 

— * — ? ? ! ! - . -> — ° - ^ _ _ > - ^ ? 
du~~Çdu Vdu' dv~~Vdv Çdv' 

(13) 

* Bianchi-Lu 
t Bianohi Lu 

du du du' 

du du Ç du' 

kat, I c, pp. 127, 135. 
kat, L c, p 132 ff. 

dv dv dv' 

Bs = tôn_ri
dl 

dv dv dv' 
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where K= —- \\p2 is the curvature of 80 and f = */pX, rj = 
x/^Y, Ç = s/pZ. If £, 77, ? are chosen such that f + rf + 
+ £2== [<£(w) + x ( y ) ] 2 , t n e associate of such a surface will admit 
of continuous deformation with preservation of conjugate lines. 

As an example, consider the equation d26jd%idv = 0, of which 
the general solution is 6 = U+ V. As three particular solu
tions, assume £ = v> TJ = ^-(v), f = u, where ^r(v) is arbritrary. 
Then %* + v

2 + Ç2 = u2 + v2 + f2. Formulas (13) give for S0 

the right conoid, 

(14) XQ = vty, y0 = UV, ZQ = f (f - tf^r')<fo. 

Then for the group of associated surfaces we have from (9), 

y>'(uU'—U)+^V—1r'r 
(15) x = yp* — vijr' 

uU'-U+vV- V 
V = i n > z = U , 

where the primes denote partial derivatives. These surfaces 
were first investigated by Mlodzieowski.* 

For the fundamental magnitudes we find 

E = 
Ü"2 

W-v+y W1 + ̂  + W ~ ̂  ' 

F= {V^f-'^y' [V"(+-v+')++"(uU'- U+vV- F ) ] , 

G = (+-v+ytv"(+ ~ *V0 + V{«V' -U+vV- V)], 

p= , u , zr-o, 

_ V'Xf - *¥) + f "O U'-U+vV-V) 
(1/r — <yv^')l/V -{- v2 + yfr2 

See Goursat. ^Biey. Jour, of Math., vol. 14, pp. 1-8. 
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If in (14) we choose f = l w e have the paraboloid, and from 
(15) as its associated surfaces 

x= V\ y = uZT- U+vV- V, z= U', 

which are the equations of surfaces of translation whose gener
ating lines are plane and lie in perpendicular planes. 

Putting i/r = \/\ — v2 and changing v to sin v'y we have from 
(14), omitting the primes, the helicoid 

x0 = u cos v, y0 = u sin v, z0 = v 

and, for its associated surfaces, the moulure surfaces 

x = — (?/ U'— U) — V' cos v + F sin v, 

y = uU' — U— F 'shi 'y— Fcos v, 

z= U'. 

Finally,putting 17= c i / l + u\ V= 0, f = - 1/bV'c2 - a V , 
where a, 6, c, are constants, and changing u to cot u, we have 
from (14), omitting the primes, 

x0 = — c/b cot u cos v} y0 = c/a cot i(, sin v, z0 = — e2v/ab 

and for the associated surfaces, the quadrics 

x = a sin u sin v, y = b sin u cos 'y, 2; = 0 cos M. 

If 8 is any surface which admits of continuous deformation 
with preservation of a conjugate system, the different forms 
which 8 assumes during the deformation may be regarded as 
distinct surfaces, so that the deformation leads to a continuous 
system of applicable surfaces. To find the individual surfaces 
of such a system, let E, F, G, D, 0, D" be the first and second 
fundamental magnitudes of 8 referred to a conjugate system of 
lines : then the corresponding magnitudes of any other surface 
of the system are E, Fy 6?, XD, 0, D " / \ , where X satisfies the 
equation * 

c«) g - t w - n s-tvi'(i-x). 
* Bianchi-Lukat, 1. c , p. 336. 
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I f the surface 80 to which 8 is associated is referred to asymp
totic lines, S and 80 must have the same spherical representa
tion and the symbols {Vj 'and {V}' will be the same functions 
of u, v whether calculated from the equations of 8 or from 
those of 80. Using 80, Codazzi's equations may be written in 
the form 

(17) { - } ' = - ^ ( l o g , ) , {V}'=-| |(logrt, 
where 

i 

<f> («) + x(v)-
S-K« 

From (17) we have for (16), 

d 
da [*(T=r>?)\--lL<tep)> 

â u [ l o g ( l - V ) ] = ë - ( l o g , ) . 

Solving these equations for X we find 

= fc + xOO 
\ c - d>(uY 4>(Uy 

where c is a constant. Then by Bonnet's theorem, to every 
value of c there corresponds a surface whose fundamental mag
nitudes are E, F, G, XD, 0, Dn j \ and the determination of 
whose cartesian coordinates depends upon the integration of an 
equation of Biccati. In the case of the surfaces defined by 
(16) we have, 

\c + v2 + y}r2 

-1 
P U K D U E U N I V E R S I T Y , 

November, 1905. 


