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T H E N E W CALCULUS O F VAKIATIONS. 

T H E title above will indicate the intention of the writer to 
allow himself more freedom of comment in the present paper 
than is usual in a review. In attempting to form a just esti­
mate of Kneser's Lehrbuch* and in perusing Bolza's Lectures f 
as well as in the preparation of another paper J dealing with 
the calculus of variations, the several books and memoirs which 
I shall mention have necessarily come to my attention, even 
though some of them have not been used extensively. I t ap­
pears to me that a short paper which shall give an idea of the 
various books now before the public would serve two purposes : 
the valuable one of giving a comparative view of all, and the 
convenient one of condensing into one a number of separate re­
views which might eventually weary the reader. 

Of the old calculus of variations the mathematical public 
knows well. A book which will undoubtedly stand for all time 
as the last exposition of that theory in what was its best form 
is Pascal's Calcolo delle variazioni,§ which was published in 
German translation by Teubner in 1899.|| That this transla­
tion — which is the edition to which we shall constantly refer 
— was thought worthy of publication and was actually the best 
extant treatise in 1899 is a curious commentary upon the sud­
denness with which the modern theory leaped into the public 
arena and upon the secrecy in which the previous developments 
of that theory had been veiled, especially when we note that 
the very next year is the date of Kneser's now famous Lehr­
buch. To be sure Zermelo had in his thesis given the essence 
of the Weierstrass theory, and the papers by Zermelo and Kneser 
seem to have been familiar at least to the translator (see page 
65 and footnote, page 65). But if evidence were needed that 
Weierstrass's theory was not generally known or that the 
papers mentioned had failed to make a noticeable impression 
upon the general mathematical public, one need not go beyond 
the present book in search of it, for the influence of the Weier-

* Lehrbuch der Variationsrechnung, by A. Kneser, Braunschweig, Vieweg, 
1900, 8vo, 306 pp. 

f Lectures on the Calculus of Variations, by O. Bolza. See BULLETIN, 
vol. 12, No. 2 (November, 1905) pp. 80-90. 

t Article on the Calculus of Variations, Encyclopedia Americana, 1905. 
j Calcolo delle variazioni, by E. Pascal, Milan, Hoepli, 1897. 
|| Variationsrechnung, by E. Pascal, translated into German by A. Schepp, 

Leipzig, Teubner, 1899, 8vo, 146 pp. 
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strass theory upon this work is at most meagre. Pascal in­
tended to make his book largely historical and he succeeded. 
This success now saves it from the oblivion which is the fate 
of many another book of scientifically the same class. The 
fourteen pages of historical matter at the beginning give only a 
partial idea of the amount of useful information of that nature 
in the book, for every chapter contains thorough references and 
some of the chapters are little else than abstracts of the theory 
and historical comment. 

I shall not enter upon a detailed discussion of the contents, 
since the problems treated and the methods used are generally 
well known. Suffice it to say that nearly every problem of the 
old theory is mentioned in its general form : the simplest 
problem, the extensions to cases where higher derivatives enter 
the integrand, where multiple integrals occur, where auxiliary 
conditions are imposed, and so on. Thus most of the formal 
results are presented here in compact and convenient form. 
But the critical spirit is not so marked as it must be hence­
forth. As a single example may be mentioned the absence of 
exact statements concerning the very definition of a minimizing 
curve. Indeed the author points out (pages 16 and 17) that 
" certain categories of curves " are arbitrarily excluded as com­
parison curves on account of the fact that the nature of the 
" variations " allowed restricts the comparison curve so that 
" all the derivatives approach the derivatives of like order for 
the supposed solution." But this remark goes no further than 
did the almost identical remark made by Legendre (see § 30, 
page 109). Surely Zermelo's dissertation should have been 
mentioned in this connection, especially in the discussion of 
Newton's problem (§ 30),* and the failure to take account of 
Zermelo's exposition of Weierstrass's theory results, both here 
and elsewhere, in the well-known misstatements common to all 
the older works. 

Finally, one feature which remains valuable should be 
mentioned. Practically the whole of the last thirty pages — 
nearly one-fourth of the book — is devoted to special problems 
and applications, including most of the famous problems and 
such general theories as those of minimum surfaces, geodetic 
lines, etc. While the treatments given do suffer from the lack 
of precision noted above, it should be kept in mind that the 

* Compare Kneser, Enoyklopâdie d. Math. Wiss., II A 8, p. 609. 



174 THE NEW CALCULUS OF VARIATIONS. [Jan. , 

solutions obtained must include the rigorous solutions at any 
rate, and that the curves which are declared to be minimizing 
curves would in general at least render the integral a " weak " 
minimum. In seeking a rigorous solution, therefore, these 
results are still by no means to be despised. 

A very useful bibliography of the subject, which practically 
exhausts the literature up to 1890 at least, forms a fitting 
sequel to a book which Pascal has made curiously important 
from a historical standpoint. 

In striking contrast to the spirit as well as to the contents of 
Pascal's book, there appeared in 1900 a new treatise by Kneser.* 
I have elsewhere f claimed that this book opened the doors of 
modern research in the subject to the general mathematical 
public, and its importance really merits a much more extended 
and probably a more favorable review than I shall be able to 
make at this time. The book would undoubtedly have been 
reviewed in these pages ere now, had the task seemed entirely 
easy and attractive to any one of several Americans who wrere 
otherwise interested in its appearance and its contents. 

I t is especially easy to draw broad comparisons between 
Kneser and Pascal. The latter's treatment is very clear, it 
gives a good general view of the subject as Pascal knew it ; its 
theorems and other statements are well outlined and set in 
prominent types, it leans heavily toward historical comment ; but 
it is lacking in rigor from the modern standpoint. Kneser's 
work, by contrast, is not lucid, its arrangement gives only a 
clouded view of the author's own conceptions and of the subject 
itself, the theorems and other similar statements are hidden amid 
a mass of discussion as if with conscious and consummate cun­
ning, it shows an apparent tendency to conceal historical de­
velopment, but it is a vast advance over any former work in its 
exactness. 

Kneser published at the same time an article in the Ency-
klopadie,J which has been sent out only this year, but which 
was written and set up along with the Lehrbuch, and which 
should be considered at the same time. I shall refer to this 
second treatment as Kneser's article. 

*See first footnote, p. 172. 
fSee BULLETIN, loo. cit. 
t Enoyklopàdie der Math. Wiss., II A 8., pp. 571-625. Article entitled 

Variationsrechnung. 
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In considering these two treatments by Kneser it should be 
noted that both of them formally appear in print under the 
date 1900, though the article has not been given to the public 
until very recently. I t follows that we shall not expect to find 
in either of them any of that fundamental work which Hubert 
has been doing since 1900. I t will be very useful in this con­
nection to refer to Bolza's Lectures on the calculus of varia­
tions, which has been reviewed in the BULLETIN,* for Bolza in 
his chapters numbered V and V I follows Kneser rather closely. 
On account of the greater clearness of style, and on account of 
the development of the theory in the interval between the two 
dates of publication, Bolza's presentation is an enlightening 
commentary upon Kneser's work — an almost indispensable aid 
in deciphering much that is obscure in Kneser's own point of 
view. Surely a review of Kneser's Lehrbuch is immensely 
simplified through the existence of Bolza's book. 

The first striking characteristic of Kneser's Lehrbuch is his 
exclusive use of the parameter representation of Weierstrass. 
The standpoint assumed by Bolza in his Lectures f will appeal 
to most teachers on account of its pedagogical correctness. 
Thus Bolza apparently appreciates the parameter representation 
quite as fully as does Kneser, but he sees and utilizes the pos­
sibility of giving the main essentials of the theory in the sim­
pler asymmetric form first, and then passing to the more 
involved parameter representation later, by means of generali­
zations which are often trivially simple when the main facts are 
already established. This advantage in style Kneser missed : 
in consequence his work suffers in clearness, though it might be 
possible to write a very readable book based on the parameter 
representation alone. Aside from this, however, I am inclined 
to believe with Bolza (Lectures, page 115) that it is unjustifi­
able to discard the asymmetrical forms entirely in favor of the 
parameter representation. 

Let us pass in review briefly the various chapters. The first 
chapter contains a statement of the problem in parameter form 
and the formal transformation of the first variation. The the­
orems of Weierstrass concerning integrals which are indepen­
dent of the choice of parameter, and the corresponding methods 
of transforming the first variation were previously known only 
through the meagre publications of Weierstrass's students, and 

* Vol. 12, No. 2 (November, 1905), pp. 80-90. 
f See second footnote, p. 172. 
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form a necessary and important part of the introduction. The 
assumption on page 10 that the second derivatives exist for the 
solution is now known to be unnecessary, through the DuBois-
Rey mond -Hubert proof, but such an assumption does not 
vitally injure the work and might even be defended as justi­
fiable by one who was conscious of its superfluity.* The non-
parameter form is explained in § 5 as a special or dependent 
case. Kneser's article in the Encyklopadie shows a striking 
contrast to the treatment of the Lehrbuch in that the parameter 
representation is mentioned in the article only in the briefest 
possible manner. The difference may be due to the great lim­
itation which the author imposes upon himself in the use of work 
due to Weierstrass in the article (see Encyklopadie, I I , A, 8, page 
608, footnote 121a). In the Lehrbuch, though Kneser limits 
himself to work actually published by others, he does at least 
permit himself enough freedom to use Weierstrass's essential 
methods as presented by Zermelo and others. Again, the arti­
cle is historical to a large extent, so that Weierstrass's results 
consume relatively little space, and the impossibility of giving 
an account of earlier investigations in parameter form may well 
account for the extreme difference between the Lehrbuch and 
the article. 

The second chapter of the Lehrbuch (pages 10-43) is de­
voted to the derivation of necessary conditions. The proof of 
Euler's (or Lagrange's) condition follows easily from the trans­
formed first variation by means of DuBois-Reymond's lemma 
(§8). In this connection, Kneser dwells upon the now famil­
iar idea, which is due to Kneser himself, of the extremals, i. e., 
the solutions of Euler's equation. After giving a list of ex­
amples, Kneser proceeds in § 10 to what is perhaps the key 
note of his whole theory :f the consideration of integrals in 
which the end points are variable. As a matter of fact, 
these problems lead naturally to a generalization of the theo­
rems concerning geodetic lines on a surface, especially after the 
introduction of the important idea of transversal curves. The 
whole problem of variable end points may also be thought of 
as an analogon of the boundary value problems of the theory 
of differential equations ; it is perhaps even more interesting 
from this point of view than from the analogy to geodetics, but 
both points of view should be kept in mind and both might 

* Compare, for example, the results in § 17, p. 58. 
f See Bolza, Lectures, Chapter V. 


