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1. THEOREM. A4 necessary condition that
M fE@) = a4,

shall be irreducible in the GF [ p™], p > 2, is that its discrimi-
nant * be a square or a not-square according as m is odd or even.

If f(x) =0 is irreducible its roots are M"(i=0, 1,.-.,
m — 1), Its discriminant is therefore the square of P, where

4, 5=0,1,...,m—1 '
P= 11 (W — ) = 1/, 5
i<y
For j<<m —1, we havefgj’;. = fir1, jt1° But /2,1 =—/f i

Hence
PP = (—1)"'P,

so that P equals a mark of the GF[p"], p > 2, if and only if m
is odd.

Remark. The condition is also sufficient if m = 2.

2. LEMMA. The necessary and sufficient condition that a
cubic shall have one and but one root in the GF[p"], p>2, is
that. its discriminant be a not-square.

* Asin the theory of algebraic equations, it is here convenient to designate
as the discriminant the product of the squares of the differences of the roots.
Most writers on cognate subjects insert the factor (— 1)*™™—), and some in-
sert also the factor 1/m™.
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The condition is necessary. For, if the cubic has a linear
and an irreducible quadratic factor, its roots are

=Y Yy Y =YY (yg% =)

Then its discriminant A equals 7%, where

= (¥, — ¥)(¥, — )Y — L), = —m.

Since 7 is not in the GF[ p*], p > 2, Ais a not-square.

The condition is sufficient. For, if A is a not-square, the
cubic is reducible (§ 1). But not all three roots lie in the
GI'[p~], since A would then be a square in the field.

3. THEOREM.* [The necessary and sufficient conditions that
(2) 2+ Br+b=0
be irreducible in the GF[p*], p > 8, are the following two :
(8) R=—4B—270"=a square 0 in GF[p"], say R=814%;
(4) 3(=b4+p V' =3)=a not-cube in the field (GF[p"], V' =3).

We suppose that the necessary condition (3) is satisfied. In
(2) set =y — B/3y. Then

() (2y° + b)Y = — R[27 = — 3.

Now — 3 is a square or a not-square in the GF[p"], p >3,
according as (@® — 1)/(x — 1) =0 is or is not solvable, i. e.,
according as p” — 1 is or is not divisible by 3.

First, let p™ be of the form 3( + 1, so that — 3 is the square
of a mark 7in the GF[p*]. Then (5) gives y* = $( — b + wur).
If the second member were a cube in the field, (2) would have
a root in the field. Hence (4) is a necessary condition for
irreducibility. Further, it is a sufficient condition. For, if
3(—b + w7)is a not-cube », ® = v is irreducible in the GF[ p"].
The same is true of (2). Indeed, if it had a root 2 in the field,
then y would satisfy the quadratic 2 = y — By*/3v, in contradic-
tion to the irreducibility of 3* = ».

* From 44 2, 3, we deduce complete criteria for the nature of the roots of
a cubic.
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Next, let p" be of the form 3! 4 2, so that 7 = — 3 defines
the GF[p*]. If

3(— b+ p1)=(r + s7)’, rand sin the GF[p"],
then
L(—b— pr)=(r—s7)

The product of the left members equals — 8°/27. Hence
y=r—+st, —B/3y=r—st, x=2r,

so that (2) would be reducible. To show that (4) is also a
sufficient condition, let $(— & + pu7) be a not-cube » in the
GF[p*™]. Then if (2) had a root « in the GF[ p*], y would
satisfy two equations with coefficients in this field, z=y—By*/3v,
y® = v, whereas the latter is irreducible.

4. When p" = 3[4 2, there are (p** — 1) not-cubes * » in
the GF[p™]. For a given », marks b and 8 of the G.F[p"]

are uniquely determined by the condition }(— b 4 1/ —3) =,
viz.
’ —b=v4 ", — 32T =,

By the latter, 8 = — 3f¥**!, where f*= 1. Then 8 =g if
and only if

fy%(p2"—1)= 1, = — Jy—¥er—2(en+1),

The values of b and B are unaltered by the replacement of » by
either » or »**, but at least one is altered by any new replace-
ment. When p" = 3l + 2, there exist exactly %(p™ — 1) irre-
ducible cubics (2) in the GF[p"] ; these are given by

(6) a®—3ay— i +D—y—p" =0 (v a not-cube in GF[p™]).

5. When p" = 3l + 1, (4) requires that

H=b+uV=8) = Ib+rV=8)=p20
(v a not-cube),
since the product of the first members is £°/27. Hence
b=@[2Tv—v, u V—38= B[2Tv + v.

* The powers of a primitive root with exponents prime to 3.
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For these values, (3) is satisfied. Now & is unaltered by the
replacement of » by either » or — 3%/27, but is altered by any
new replacement. Separating the cases 8 & 0, 8 = 0, we ob-
tain

3= (p"— 1 +3(pr— 1) =3p"—1)

sets v, B8 giving distinct sets b, 8. When p" = 3l + 1, there
exist exactly §(p™ — 1) irreducible cubics (2) in the GF[p"];
these are given by

(7 2@+Be+B)2Tv—v=0 (B arbitrary, v not-cube).

6. We may otherwise determine the number of irreducible
cubics in the GF[p*]. We enumerate the reducible cubics (2).
First, let there be three linear factors a — f, where f| + f,
+ ./, = 0. Consider in turn the cases: (i) every f; = 0; (i) a
single /, = 0; (4ii) each f] & 0, two equal; (iv) each f; = O,
all distinct. For the first three cases, the number of cubics is

L+3(pr—D+(pr—1)ifp>2;14 (p"—1)+0ifp=2.

For case (iv) it suffices to take as f; any mark = 0, for f, any
mark distinet from 0, £}, — f,, — 2/, — 1/}, the last three not
occurring if p = 2, and the last two being superfluous if p = 3.
‘The number of cubics for case (i) is thus

§(p" =D =5)ifp>3, (" —1)(p"—3)ilp=3,
"= 1)(p"—2) if p=2.

The number of cubics for cases (¢)—(i) is therefore
L+3(p" = D"+ 9)ifp+3, 1+3(p"—1)(p" +6)ifp=3.

Finally, let the function be (x — /)@ + fx + ¢), where the
last factor is irreducible. The number of these functions is
$p"(p" — 1), since, of the reducible quadratics, p* have equal
roots and % p"(p™ — 1) have distinct roots.

Hence the total number of reducible cubics (2) is

1@2p™ + 1)ifp = 3; 3(2p™+p")ifp=3.

But the total number of cubics (2)is p**. Hence the number of
irreducible functions a® + B + b in the GF[p] is ¥(p™ — 1)
if p % 3, and (3" —3") if p = 3.
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7. It remains to exhibit the %(3?" — 3") irreducible cubics
(2) in the GF[3"]. It is known* that

(8) P — x [N — BN\
is irreducible in the G'F[p"] if, and only if,
(9) B 4 Bt B B O,

Now if M¥-1=ap-!, B/W = B AP, then A, =er, B, =¢p,

17710

where e='=1. But if B satisfies condition (9), then also ¢3
does. Hence the number of distinet irreducible functions (8)

is
(=1 (p"=p )+ (p—1)=p™' —p
Hence for p = 3 every irreducible cubic (2)is given by (8), (9).
8. Consider next the quartic
(10) ! + aw® + b 4+ cxe 4+ d = 0.
Its diseriminant equals that of the resolvent cubic
(11) y® — by? + (ac — 4d)y + 4bd — a’d — * = 0.

When (10) is irreducible in the GF[ p"], its discriminant is a
not-square (§1), so that (11) is reducible.  To verify this result,
let

PV VO VR Ve (V" =)

be the roots of (10). Then (11) has the roots
Y, = AP+ + )\pfmﬂm, Yy = AL+ + Noanﬂﬂ", Yy = ALe+1 + pV iy L

Hence Y=Y Y= Y YT = Yy But y, + y,. Hence
when (10) is irr educible in'the GF [ p"], its resolvent cubic has a
single root in the field.

Now (11) may be written in the form

(1) (e — d)e — 4b + 4) = (Jay — o)
But a® — 4b + 4y, = ¢*, where

P= A4 MW" — NP NP P = —
Hence ¢ is not in the GF[p"], p > 2, unless ¢ = 0.

* Dickson, Linear Groups, p. 29.
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9. We first dispose of the special case ¢ = 0. Then, by (11'),
@’ —4b + 4y, =0, }ay,=ec.
Eliminating y,, we get
(12) ¢ = }ab — }a.
Then the quartic (10) may be written in the form
(13) (2 + }aw + b — 3a?) =k, k= (3b— }a®) — d.

Then % must be a not-square ; otherwise, the quartic would
have two quadratic factors with coefficients in the G'F[ p"].

Suppose that this condition on % is satisfied. In view of
(13), the quartic has no root in the GF[p*]. It remains to
find the further conditions in order that (10) shall not be the
product of two quadratic factors in the field. Such factors,
when existing, must be of the form

@+ (3a+ 1y 43, 4+ (3a—r)e 4 ds7,
where
(14) s+ ds '+ 4a> —r*=0b, s((a—r)+ds'(3a+r)=c.

Multiplying the first by 4a and subtracting the result from
the second, we obtain, in view of (12),

(15) r(ds™' — s + }ar) = 0.

If r =0, (14,) becomes (2s + }a* — b)* = 4k. Hence r % 0.
If a = 0, then s =d. 1Ifd is a square, (14)) is satisfied when
72 equals == 21/d —b; but one of these values is a square,
since their product equals the not-square 4k. The result for
this case is stated in the corollary below. Let next a & 0.
If we eliminate » between (15) and (14,), we obtain after
simple modifications

2 d a |2 5 , )
{5(8““‘)“1}:’”’ w = gy ot — b+ 16d/a%

There exist solutions s in the GF[ p*] if and only if wis a
square. In fact, when w is a square, s lies in the field if

(3@ £ yawt)® — 4d
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is a square. But the product of these two expressions is seen
to equal the not-square }a‘k, so that one is a square.
THEOREM. If the coefficients of the quartic (10) satisfy (12),
it is irreducible in the GF[ p*], p > 2, if and only if (36 — %a®)?
—d and Fza* — a’b + 16d are not-squares.
Corollary. In the GF[p*], p > 2, «* 4+ ba* + d is irredu-
cible if and only if b* — 4d and d are not-squares.

10. TEEOREM. The mnecessary and swficient conditions that
a quartic (10), not satisfying (12), be irreducible in the GF[p*],
p > 2, are that the resolvent cubic shall have* one and but one
root y, in the GF[p"] and that o® — 4b + 4y, shall be a not-
square.

These conditions are necessary by § 8 since now ¢ == 0.

It remains to prove that these conditions are sufficient.
Since there are three ways of separating the four roots into

pairs, there are exactly three sets of two quadratic factors of
(10), viz.,

a® + ]2-((1 -+ %ti)w + %yi =+ (%ayi - c)/ti =0 (tf = yi)'

Note that under the assumptions each ¢, &= 0. If a pair of fac-
tors have as coefficients marks of the GF[p"], then y, and ¢,
belong to the field. But y,, ¥, and ¢, are not in the G F[p"].
Hence there is no decomposition into quadratic factors in the
field. Finally, we show that there is no linear factor. The
quartic may be written in the form

X2 = (a® —4b + 4y)7% X = o + fax + Ly,

fay, —c
— 2 1
Y=idot+ a4 + 4y,

If the quartic has a root x in the field, then X = Z = 0.
To prove that this is impossible it suffices to set a = 0, as may
be accomplished by a transformation of the quartic. Then

@' + 3y, =0, %x—C/(4yl—4b)=0
require that
(16) y3 — 2by? + by, + 3¢ = 0.

* We may replace this condition by the condition that A shall be a not-
square (4 2).
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On eliminating first %3 and then ¢* between (16) and (11), and
in the latter case removing the factor y, — b == 0, we get

(17) by; — b, —4dy, + 4bd — $6*=0, 3yi— 2by, —4d=0.

But the Sylvester eliminant of these is found to equal — $A,
where A is the discriminant of (11) for @ = 0. Hence the case
p % 3 is excluded. For p=3, by,=d = 0; but for this
value of y, (11) becomes A = 0. Hence in every case the con-
ditions are sufficient to make the quartic irreducible.

UNIVERSITY OF CHICAGO,
June, 1906.

ON THE THEORY OF EQUATIONS IN A
MODULAR FIELD.

BY PROFESSOR L. E. DICKSON.
(Read before the American Mathematical Society, September 3, 1906.)

1. The object of this note is to point out that the Galois
theory of algebraic equations may be extended to equations in
a field F having a modulus p. For a finite field the theory is
so obvious that this case furnishes a simple, but characteristic,
example of the Galois theory.

2. Let the domain of rationality be the G'F[ p*]. Consider
an equation f{x) = 0 with coefficients in this field and having
distinct roots «,- - -, @,. By a Galois resolvent of f{z) = 0 will
be meant an equation ¢(V’) =0, irreducible in the GF[p"],
with a root ¥ which is a rational function of =z, --., «,, and
such that each x, is a rational function of V" with coefficients in
the field. Let m , m,, ... be the distinct degrees of the irre-
ducible factors of f(x)in the GF[p"], and let I be the least
common multiple of m;, m, ---. Then the smallest field
which contains all the roots x; of f{w) =0 is the GF[p™].
Any primitive root of the latter may be taken as the desired
function V. In fact the power (p™ — 1)/(p" — 1) of Visa
primitive root p, of the G'F'[ p*™], so that the a’s are powers
of p,, p,, -+ - and hence of V. Further, V'is a rational function
of the p’s and hence of the #’s. Indeed, if m, and m, have the
greatest common divisor ¢ and the least common multiple A, an



