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A/(A—1). Hence
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Here the six functions of A are the six elements of the cross-
ratio group, and each differs from 0 and 1. Hence equalities
arise only when A = — 1, 2, or §, or when A — A 4+ 1 = 0.

When w,, x,, x, are distinct, qu, + w, is sie valued only in the
Jollowing cases: (i) one of the a’s is an arithmetical mean be-
tween the other two, with g 40,1, —1, 2, }; (4) Za} = Zwwx,,
with g == 0, 1, A, 1/\ (where N* — X + 1 = 0); (i) neither of
the relations on the x’s holding, with q not equal to one of the
eight distinct values (1).

It may now be readily shown that there exist six valued
linear functions of the roots @, of a cubic in the G.F[p"] when
p">8; when p" = T7; and when p" =5 or 8, with the x, not
all in the GF[p"].

5. In conclusion it may be remarked that the Galois theory
as presented in Weber’s Algebra may readily be extended to
apply to modular fields, provided his argument on page 500 (of
volume 1 of the second edition) be replaced by that in § 2 above.

THE UNIVERSITY OF CHICAGO,
July, 1906.

NOTE ON THE VARIATION OF THE DEFINITE
INTEGRAL.

BY MR. N. J. LENNES.

(Read before the Chicago Section of the American Mathematical Society.
April 14, 1906.)

A function is said to be of limited variation on an interval
ab if the set of sums

|E 1) —rtaun]

is bounded for the set of all partitions of ab. The points
=2, X, %, x,_,x, =0 of each partition are ordered on
the interval according to the subscripts. The least upper
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bound of this set of sums is denoted by V! f(x) and is called
the variation of f(x) on ab. We consider the variation of

[ r@aa

on an interval ab, where
jf@m

is a function of the upper limit of integration. Denote this
variation by

wﬁv@m.

TrEOREM I. If f(1) does not change sign on ab then

v [ ree
exists on ab and ’
&7 b
v [ reis= [ 1@ de.
Proof: The theorem is obvious since for every partition of
ab consisting of n + 1 points
n—1

>

=0

) e

oy

= [0 1z

For convenience of reference a definition of the definite integral
is inserted. Let ab be an interval upon which a function
f(x) is defined, single valued and bounded. Let 7, stand for
any partition of ab consisting of the points ¢y = a, x,, .-+, 2, _,,
x,=0b such that Ao =2 —a Ap=w,—x, .-, Ax
=b —a,_, each interval being numerically less than or equal
to 8. Let £, &, ---, £ be any points of the intervals »,x,,
X, %, - -, @, , x, respectively and let

S = fEAS +AEWA + -+ 8D = S AEN 2

If the many valued function S; of & approaches a single limit-
ing value as & approaches zero, then
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b
L5, = f (@) da.
823 represents the sum Sy over the interval ab.
LemmA 1. The function Sy in the definition of the definite

integral approaches its limit uniformly with respect to @, 1. e., for
every € there exists a 8, such that

f fe)dar — 829,

Jor every 828, and for every pair of points x, and x, on ab.
Proof: Since by hypothesis

1,52 = [ fee

here exists for a given ¢ a §, , such that

) [ eyt — 525,

for every 8%8,,. Then for any pair of points w,, , on ab
@ | [ Aeyn— 8285+ [ fe)ie — 83,
' b
+ [ Syt — 823,

Since f(x) is integrable on aw, and w,b, it follows that there
exists a &, for ax, and a &, for @,b such that

1 b
[Craas— spvn + [ Fayim— s,
Then from (2) and (3)

[ oyis — 523,

<€

€
<3

€

3) < €/2.

<e.

Hence 8, is the 8, required by the lemma.*

Definition : The difference between the least upper and the
greatest lower bound of a function on an interval is the oscil-
lation of the function on that interval.

*If O, 2 is 80 chosen that dez=0Je/2 and ez = 0./, the argument is a
little more obvious, though this restriction is not necessary.
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LeuMma II. If the oscillation of a jfunction on an interval ab
is less than €2 then for any two partitions m and 7" of ab

3 188l 1AE) — | 55 AAE))

when n and n' are the numbers of intervals on the partitions m
and 7' respectively.
Proof: Let B be any value of fx) on ab. Then for any

interval xa;,, of the partition o

e 18z~ 18] |8z < g Ag.

< €|b—a]

Hence

M | Zlael e~ 18] b—al | <5lb—al.

Similarly for any interval x; , of the partition =’

’ ’ ! e ’
|f&) A — B Aw| <§IAiwl'

Hence )

TAEWNE —B-(b—a) <g|b—al
and j
@ 1Ll - 18 b —al|<glb-al

From (1) and (2) we have

b T
Treorey IL.  If f Fw)de exists, then V° f Flayde evists

and
V. f xf(w)dw= f ’ | f ()| dee.

Proof: Sincefor any two values of #, «, and x, on ab

) ‘ f :2f(m)dw ‘[ = f lle f)|de
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and since by a well-known theorem

OIS

exists if
?f(m)dw

exists, it follows from (1) and Theorem I that

Ve j; ’ JS(x)dae

exists and that
@) v [ f@ae=v [ 7w de.

It remains to show that the sign <<in (2) is impossible.
Since f(x) is integrable on ab it follows by a well known
theorem that for any pair of positive numbers ¢ and A there
exists a partition 7 such that the sum of the intervals on which
the oscillation of f(x) is greater than o is less than A.

For a preassigned e let A = ¢/M, where M is the difference
between the least upper and the greatest lower bound of f'(x)
on ab. Let o =¢/4|b—a|. Denote by I the set of intervals
on ab on which the oscillation is less than ¢ and by I’ the
complementary set of intervals. Let n be the number of inter-
vals in I. By Lemma I there exists a 8 such that

®)

for every pair of points x, and @, on ab and for every Sz,
Let @, 2, be the extremities of a segment of the set 1. By
Lemma II

(2

Syl — 828
@1

€
~9n

@ {1928 = o= ml LAB | < g I — i

Denoting the integrals on the segments of the set I by

j; S(a)de,
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the lengths of the segments by A, and the sums S; on the
segments of I by S+, we have from (4)

j=2m—1

> s - A,

where 2n — 1 is the number of extremities of the segments of
I and where j takes only odd values.
Then from (3)

Siszal— X [y <5

since if
| Sy — 58 <5
then
[ eyaa] — 18281 <5
Hence "
;\ f Ae)dee| | < e
Since

LY A& = f | )| de

8=0j=1

and since € is arbitrary it is evident that the least upper bound
of

f f@)de

for the set of all partitions of I cannot be less than

3 [1/@)

fj fia)da

denotes the integral on an interval formed by partitioning an
interval of I.)

J=L1

(where
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Since the sum of the lengths of the interval on which the
oscillation is greater than o is less than A = ¢/ and since by
a known theorem

n’

> I f@)de <A M=e

i=1 Jj

(where

ﬁﬂ@m

denotes the integral on a segment of I") it follows from the
arbitrary character of e that the least upper bound of

[Z1) e
=0
for the set of all partitions of @b cannot be less than

[1r@las,

which proves the theorem.

Definition : The length of a curve represented by the equa-
tion ¥ = f() on an interval ab is the least upper bound of the
set of sums

L+l

. J(x)da

i

[g Vi, — ) + (Y — ym)z]

for the set of all partitions a =, @,, --+, @,_,, %, =0b of the
interval ab, where y; corresponds to ; by the functional corre-
spondence y = f{x).

THEOREM I1I.  If on the interval ab and on every subinterval
of ab the functions f(x) and f,(x) are of equal variation then the
curves represented by y = f,(x), and y = f,(x) are of equal length
on the interval ab.

Proof: Consider any partition 7 of ab consisting of the points
(i =0,--+n). Then

> V@~ o + U@) — @)

is one sum of the set of sums whose least upper bound is the
length of the curve y = f{x) on ab.



1906.] VARIATION OF THE DEFINITE INTEGRAL. 17

By hypothesis f,(x) and fy(x) are of the same variation on any
interval o2, of . Obviously the variation of f,(x) on x, w,,,
is equal to or greater than |f(x,) — f(%,,,)|- Let e be any
preassigned positive number and let ¢ = e/n where n is the
number of interval in the partition 7. Then there is a partition
m; of @, w,,, consisting of the points w) =a, @, .-, a, -,
= a,,, such that

M) AE) —A@e)| - Z i) — Ay )] < €.

By means of a broken line whose segments are equal in
length to the lengths of the segments connecting the points

(%, /() and (2.,, fy(,.,)) connect the point (x,, f,(,)) with
a point (x,,,, ¥,) on the line x =« in such manner that the
slopes of these segments are, say, all positive. Then by (1)

(2) |A@) =) | = ) — 9, | <€
Hence obviously

(3) ]/(w’ - wﬂ""l)z + [fl(aﬁ) "‘fl(wiﬂ)]z
- jn;s 1/(%: — )+ [fale) = f(@a)] <€ -

Let 7", consisting of the points &, =a, x,, ---, 2, -+, 2, = b,
be the partition of ab containing all the points of the parti-
tions 7r; of the intervals ;2. , and let n” be the number of in-
tervals in this partition. Then from (3)

&) SVE—a T e T

- /§J I/(wk - m70+1)2+ [-f;(wk) —fz(,wk+1)]2<€/n =€ 0.

By a well known theorem the lengths on ab of the curves
y =fi(x) and y = fy(x) both exist, since the functions are of
limited variation. Moreover, it follows from (4) that the
length of the curve y = f(x) cannot be less than that of y = £, (),
¢ being arbitrary. In the same manner it is shown that the
length of the curve y = f,(x) cannot be less than the length of
the curve y = fj(x). Hence the curves are of equal length and
the theorem is proved.
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Theorems II and III yield the following interesting
CoroLLARY. If flx) is such that

[ 7@yin = pim) — Al

on ab then the length on ab of the curve y = f(x) can be found
by finding the length of the curve

y= [ @)
on this interval.

Proof : By Theorem II the curves

Y= f J'(@)de = fle) — fla) and y= j‘: m] S ()| dae

have the same variation on ab and on every subinterval of ab,
whence by theorem III their lengths are equal.

This corollary reduces the problem of finding the length of
a curve of the class specified in the corollary to the finding of
the length of a non-oscillating curve.

‘We now use theorem II to give a fresh proof of a theorem
on improper definite integrals.

Definition : A function is integrable at a point wx, if there
exists an interval containing «; as an interior point on which
f(@) is properly integrable. (A function is properly integrable
on an interval only in case it is bounded on that interval.)

Consider a function f{x) which is integrable at every point
of the interval ab except at a set of points [P] which is of
content zero.*

Let [1] be any finite set of non-overlapping intervals on
ab such that no point of [P] lies on an interval of [I]. Then
the integral of f{x) exists properly on every interval of [I].
Denote by

ij(oc)dw

the sum of the integrals of f{x) on the intervals of [I].

* A set of points [ P] is of content zero if for every positive number ¢ there
exists a finite set of intervals [I”] such that every point of [ P] lies on at
least one interval of [I”] and further such that the sum of the lengths of the
intervals of [I’] is less than e.
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Denote by m[I] the sum of the lengths of these intervals and
let D =|a — b|.
If the limit

L [ Awde

m[I]=D Jal

exists and is finite, this limit is said to be the improper definite
integral of f{x) on ab.

THROREM IV. The improper definite integral regarded as a
JSunction of the upper limit of integration is of limited variation
on any interval ab.

Proof : Since by hypothesis the improper definite integral of
Sx) exists on ab it follows that there exists an M such that for
every set of interval [1]

fa j e

If the theorem fails to hold, i. e., if for every M’ there is a
partition 7 of ab such that

£ i Sae)da

2

(1) < M.

n

@) >

=0

> M,

then for a certain subset @, 2, , of the set of interval », a,,,

f " Ra)da

(The integrals in (3) are improper definite integrals.) Since
the improper definite integral exists on each of the intervals
w, ®;,, there exists a set of segments [I'] such that

n’ m
3) > >
J=0

) IRCZEES

If M’ = 2M then (4) contradicts (1). Hence the theorem is
proved.

TrEOREM V. If the improper definite integral of f(x) ewists
on the interval ab then the improper definite integral of | fx)|
exists on ab.
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Proof: By theorem IV

fa " fle)de

is of limited variation on ab. Hence there exists a number
M such that for every set of intervals [I ]

184 ff(w)dw < M.
But by Theorem IT, Z

v rs= [ @l <

which proves the theorem.*

CHICAGO,
July 17, 1906.

A NOTE ON TRANSITIVE GROUPS.
BY DR. W. A. MANNING.
(Read before the American Mathematical Society, September 3, 1906.)

THREE unconnected topics in the theory of transitive sub-
stitution groups are touched on in this note.

1.

TaeoOREM 1.  The largest subgroup of a transitive group G
of degree m, in which a subgroup H leaving fixzed m (0 < m < n)
letters is tnvariant, has as many transitive constituents in these m
letters as there are different conjugate sets in G, (a subgroup of G,
that leaves one of the m letters fixed) which, under the substitutions
of G, enter into the complete set of conjugates to which H belongs.
Moreover, the degree of each of these constituents is proportional

* For a general discussion of the improper definite integral see E. H.
Moore, ‘‘Concerning Harnack’s theory of improper definite integrals.”
Transactions Amer. Math. Society, volume 2, pp. 296-330, and pp 459-475
same volume. See also references given in this paper by Professor Moore.
For a proof of Theorem V. of the present note see Jordan, Cours d’analyse,
ed. 2, vol. 2 (1894), pp. 46 ff.



