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ON THE EVALUATION OF THE ELLIPTIC TRAN
SCENDENTS TJ2 AND 772'. 

BY PROFESSOR HARRIS HANCOCK. 

WITH Halphen* write 

ƒ (s) = 4s3 - g2s - gz = 4(s - ex)(s - £2)(s - ez) = S, 

where e2 is a real quantity and ei, e3 are conjugate imaginaries 
such that #1 — #3 is a positive pure imaginary. The dis
criminant A = g£ — 27#3

2 is here negative. The elliptic dif
ferential equation in this notation is ds2/du2 = 4s3 — g2s — gz, 
whose integral is 

If the lower limit of this integral be considered as a function 
of the integral, that is of u, we may write $ = fu. 

As is well known, the quantity u2 is defined by 

r ds , 
(1) w2 = - 7 = ; pco2 = e2, r o>2 = 0. 

Je, V/(s) 
If further we write 

fx(s) = 4s3 - g2s + 03 = 4(^ + e{)(s + e2)(s + ed), 

the quantity œ2 is defined through' the relations 
/ox œ* C" ds , , , . 
(2) "T = ~/T7T * *w* = **> *<»* = 0 . 

Note that oo2 is a pure imaginary. 
It may be shown that the three half-periods 

<*>1 = i(<<>2 - " w 2 ' ) > ^ 2 , CO3 = | ( C 0 2 + C02')> 

correspond to the quantities ei, e2, e% above, the relations being 
the same as are those for co, œ" = œ + co', co' in the usual 
notation where all three of the roots eu e2, e% are real. 

Write 

* Fonctions Elliptiques, vol. 1, chap. 6. 



1919. ] THE ELLIPTIC TRANSCENDENTS 7/2 AND YjJ. 151 

note that f ( — u) = — Çu and that the quantities rji and rj$ 
are defined through the relations fcoi = rji and fcos = rjz* 
Further write 

rçi = 2O72 - m'), m = IO72 + ^2'). 

In practically all the text books on this subject it is shown 
that the two half-periods o?i and o?2 play with respect to the 
function Çu the same rôle, when the discriminant is negative, 
as is played by the half-periods co and co' when the discrimi
nant is positive; and the constants rji and rjs which correspond 
to these half-periods are connected with rç2 and 772' by the 
same relations which connect coi, C03 with C02, CO2 • The values 
of rj2 and T/2' may be derived as follows: 

In my monograph on Elliptic Integrals, page 51, formulas 
(39) and (40), it is shown that 

f dx 

(3) 

where 

and 

(4) 

where 

V(a;- a)[(x - p)2 + cr2] 

_ J _ _,[M-(x-a) "I 

ƒ" 

1 l a — p 

da: 

i ! = 2 ^ Y ' J f 2 = ( p - a ) 2 + c r 2 ; 

V(a - a;) [(a; - p)2 + ff2] 
1 _ , [ " .¥ - («-a ; ) 

,&' ]. 
i ' 2 4 + J V ; *2+*'2=l, 2W--§. 

These two formulas may be made the foundation of the 
whole so-called Weierstrassian theory, with negative dis
criminant. 

To save the reader the trouble of deriving them and simply 
as a verification, write 

u = en * 
ÏM- (x- a)~\ 
lM+(x-a)j 
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or 
M - (x - a) 

cnw= YF~]—7 \ — cos <p, where <p is put = amw. 
M + (x •— a) * 

It follows at once that 
.1 — cos #> . sin <pdx 

x— a= MT , , dx = 2M 

Or-p)2+<r2 = 

1 + cos <p' (1 + cos ç>)2' 

2M2(1 + cosV) + 2(a - p)ilf sinV 
(1 + COS <p)2 

These values substituted in (3) cause that integral to become 

dx H 1 l a - p 
where Ar = 7: — 7 VMJo V l - f c 2 s i n 2 ^ ' 2 2 M ' 

The indicated transformation reduces the integral (4) to the 
corresponding Legendre normal form. 

Note that when x = a, then <p = §7r. Prom (3) and (4) 
it follows at once that 

K , iK' 
(5) co2 = ^ , « . - ^ , 
where 

" " da; „. r '2 dx' 
K = r" ^ K,= c 

Jo Vl — Ze2 sin2 <p' Jo 
Vl - &2 sin2 <p' A ^ 1 - &'2 sin2 <p 

k2 and &'2 having the values already indicated. 
If one wished to evaluate an elliptic integral of the second 

kind in which there appeared a denominator, as in the integrals 
(3) and (4), similar reductions would transform it into the 
corresponding Legendre normal form and its value could be 
taken at once from the Legendre tables. 

If however the Weierstrassian formulas are introduced, we 
may proceed as follows: From the definition above 

fu = — J fudu; 

or, since Vu = s and 
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we may write* 

J W — g2s - #3 

with suitable choice of the constant in the lower limit. 
If we put 0i = p + i<r, ez = p — icr, it is seen that 

o-*0" *<b 

p+i<r: 2 V(* — e2)0 — £i)0? — 03) 

U<cr 2 V ( ^ - 0 2 ) [ ( ^ - p ) 2 + ( r 2 ] # 

Observe that the left-hand integral is 

In the right-hand integral put s = p — it and it follows that 

(p — &)i<ft 
(6) 

2^(Zp-it){t+ a)(a-t) 

To evaluate this integral write with Lucien Lévyf (see page 
95) 

1 , •„ 
V3p -it 

We have at once 

or 

a2 + /32 = 

9 p 2 + < 2 > - « M 9 p 2 + ^2, 

1 
9p2 + *2# 

As the sign of a is arbitrary, we shall take it positive; while 
the sign of /3, from the second of the formulas just written, is 
the same as the sign of t. This may be indicated by the nota
tion €t. 

*See for example Schwarz, Formeln, etc., p. 87. 
t Précis élémentaire de la Théorie des Fonctions Elliptiques, published 

by Gauthier-Villars, Paris, 1898. 
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It follows at once that 

1 V 3 p + V V ^ f f 
a = 

e 

V2 V9p2 + i2 

V V9p2 + *» - 3p, 
*' V9p2 + t% 

Write (p — if)i(a + i/3) in the form at — /3p + i (ap + /ft) 
and pu t t]z = A - \ - iB. P rom formula (6) it is seen t ha t 

•»(=+«• dt 
I—, 2V2 V9p2+i2V(T2-<2 

X [tfV3p + V v T P - P«*A/A/9P2 + < 2 - 3 P ] , 

/—+» df 1 
2 V2 V9p2 + <2 V«r2 - *2 

X [PA/3P + A / V T P + e,VV9p2 + *2-3p]. 

If we write A in the form 

J—a- Jo 

and in either of these integrals make the substitutions t = — r , 
i t is seen t h a t the one is the negative of the other, so t h a t 
-4 = 0. This was evident à priori, since 772' = tW) is a pure 
imaginary, f being an odd function and C02' a pure imaginary. 

I t also follows t h a t 

£ = ̂ = - p* _ dt i 

i i=o V2A/9P2 + <2 V<r2-*2 

X [PA/3P + VS^+l 1 + *V V9p2 + 22 - 3p]. 

In this expression put 9p2 + t2 = #2, and it becomes, if 
* > 0 , 

(7) 
rj2' rxs=M (x - 2p)dx 
?•--ƒ * J**, V2(a; - 3p)(M2 - x2) ' 
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where 
M2 = 9p2 + er2. 

To evaluate the integral (7), write x = — t + p> and we have 

- 9 i ' ./a r = p ^ « + P ) « 
Jt=z-2p 

where 

h = p + M, U = - 2p, U= p- M; h + h + h = 0. 

Write 
r0 <ft 

so that 2 = #>M, an elliptic function with half-periods, say, 
co, co', co" = co + co'. 

The above transformations, although somewhat compli
cated, are instructive and are due to Levy, loc. cit., pages 96 
and 97. In the next substitution, however, he makes a rather 
curious mistake: For du he writes the value just given and 
associated with it he writes t = f{u + <o")« This of course 
vitiates his results, which are repeated under the heading 
"Principal Formulas/' page 221. The formula (8) becomes* 

ù «/to" 
(<pu + p)du 

= V2[- fco' + fco" + pco' - pco"] = V2(rç - pco). 

The values of rj and rj' expressed in the Legendre normal forms 
are given in most text-books; see for example Schwarz, loc. 
cit., page 34. Schwarz fails, however, to give the correspond
ing values of 172 and 172'. 

It is seen that 

* Here again we must be careful regarding the sign of dt/du = + V . 
See, for example, Appell et Lacour, Fonctions Elliptiques, p. 72. 
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The integral in formula (8) may be again calculated as fol
lows: Write* 

. 2 M - x 

so that 
M - x= (M - 3p)sinV, 

x - 3p = (M - 3p) cos2 *>, M + x = 22f[1 - &'2 sinVl, 

where 

k' = g — or? > ^ = (3p — ^Q2 sin <p cos <p d<p. 

The integral in question becomes 

" ,/1(3p - M)sinV + M-2p l r» 
VMJO VÜfJo Vl - &'2sinV 

2Jf f */s 1 - &'2sinV 

d<p 

23f p 
Vl - fc'2sinV 

2M f"* d<p . M - 2P _, 2M r 

•4MJ Vl - ifc'2sinV VM 

= 2 VMS' - ^-~^-K', as above. 
Vlf 

Note that e% = — 2p. It is seen at once from formulas (1) 
and (2) above that t\% is had from ij2 by changing the sign of 
e2 and multiplying the value of 172 by — i and putting k' for k. 
We thus have 

772= V M [ 2 J E - ( I - ^ ) X ^ , 2 p = - e 2 , M2=9p2+<r2, 

IJ*«J' - i72'co2 = i[2EX' + 2E'K - 2KK] = i2r. 

The relation to the right is, of course, Legendre's celebrated 
formula. 

* See formula (17), page 45, of my monograph mentioned above. 
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One can judge from the present paper the little value of 
the Weierstrassian formulas when the applications of the gen
eral theory are involved or whenever any kind of numerical 
computation is desired. One sees also how easy it is to intro
duce errors in the calculation. The book of Levy already 
mentioned is in most respects an excellent work, certainly 
from the standpoint of applied mathematics, much of the 
material being new; but when a substitution involving an 
elliptic function in the Weierstrassian form is introduced, the 
book is not free from errors. For example, not to mention 
many inaccuracies, besides the mistake already cited, it is 
seen that on page 82 of Levy's book e% + #2 + e$ + 0. The 
same error is found on page 156, while in the calculation of 
tu, the functions introduced on page 104 are incorrectly given. 
At the end of my larger work, volume 1, the Weierstrassian 
functions are put in juxtaposition with those of the older 
theory and it is seen that thereby nothing new is added. 

UNIVERSITY OF CINCINNATI, 
June 14, 1918. 

ON PLANE ALGEBRAIC CURVES WITH A GIVEN 
SYSTEM OF FOCI. 

BY PROFESSOR ARNOLD EMCH. 

(Read before the American Mathematical Society, April 27, 1918.) 

1. Let 
(1) <j>(u, v, w) = 0 

be a curve of class n, and 

(2) u% + V7] + wÇ = 0 

a line with the coordinates u, v, w, and x' = £/f, yf = rj/Ç 
current cartesian coordinates. Then 

(3) - 1 - € - t - i ? + ( « + i y ) f = 0 

is a line which passes through the point (x, y) and the circular 
point I with the slope i. The coordinates of (3) are u = — 1, 


