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ON THE METRIZATION PROBLEM AND RELATED 
PROBLEMS IN T H E THEORY OF 

ABSTRACT SETS* 

BY E. W. CHITTENDEN 

1. Topological Space. In the theory of abstract sets we as­
sume that we are given an arbitrary aggregate P and a relation 
between subsets of P which corresponds to the relation be­
tween a set and its derived set in the classical theory of sets 
of points, f That is, the mathematical concept abstract set in 
its current sense includes the notion limit point or point of 
accumulation. The introduction of limit points permits the 
definition of continuous 1-1 correspondence or homeomorphy. 
The study of such correspondences, particularly of invariants 
under homeomorphic transformations, constitutes the science 
of topology or analysis situs.J I t seems proper therefore to 
speak of an abstract set as a topological space. § Throughout 
this paper, the term topological space or abstract set refers 
to any system of the form (P, K) composed of an aggregate 
P and a relation of the form EKE' between the subsets 
£ , E' of P which is subject to the condition, for every sub­
set E of the aggregate P there is a unique set E' in the relation 
K to E. That is, the relation K defines a single-valued set-
valued function on the class U of all subsets of the aggregate 

y 
* Presented to the Society by invitation of the program committee, at 

the Summer Meeting, Columbus, Ohio, September 8, 1926. 
f See M. Fréchet, Esquisse d'une théorie des ensembles abstraits, Sir 

Asutosh Mookerjee's Commemoration volumes, II, p. 360, The Baptist 
Mission Press, Calcutta, 1922; Sur les ensembles abstraits^ Annales de 
l'Ecole Normale, vol. 38 (1921), p. 341ff. 

| See H. Tietze, Beitrdge zur allgemeinen Topologie, L, Mathematische 
Annalen, vol. %% (1923), p. 290. 

§ This terminology is suggested by Fréchet. See Comptes Rendus, 
vol. 180 (1925), p. 419. 

|| These functions are studied in detail in an unpublished article by the 
writer. 
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2. The Metrization Problem. The problem is to state in 
terms of the concepts point, and point of accumulation the 
conditions that a topological space be metric. 

A metric space* is any topological space in which the points 
of accumulation are defined or definable in terms of a func­
tion (p, q) called the distance between the points p and q and 
satisfying the following conditions. 

(0) The distance (p, q) is a definite real number for every pair 
of points p, q. 

(1) Two points are coincident if and only if their distance is 
zero. 

(2) For any three points p, q, r, 

(P,q) è (P,r) + (q,r). 
I t follows readily from these conditions that the distance (p, q) 
is non-negative, and that it is symmetric in p and q, (p, q) 
= (q, p)."\ In a metric space a point p is a point of accumula­
tion of a set E provided its distance from a variable point of 
E which is distinct from p has the lower bound zero. 

The following illustrations convey some notion of the scope 
of the concept metric space. If the aggregate P denotes the 
linear continuum of all real numbers and (p, q) = | p — q |, the 
resulting space is metric. Similarly euclidean space is also 
metric. The Hubert J space of infinitely many dimensions in 
which the coordinates • of each point are 
subject to the condition that the sum of their squares be a 
convergent series is a metric space in which distance is defined 
by the formula 

(p,q) = [ O i - ^ i ) 2 + (X2~y2)2 + • • • 

+ (xn-yny + • •• J1/2; 
* F. Hausdorff, Grundzüge der Mengenlehre, Leipzig, 1914, p. 211. 

The definition of distance is due to Fréchet, Sur quelques points du calcul 
fonctionnel, Rendiconti di Palermo, vol. 22 (1906). 

t A. Lindenbaum, Vespace métrique, Fundamenta Mathematicae, vol. 
8 (1926), pp. 209-222. 

JD. Hubert, Göttinger Nachrichten, vol. 8 (1906). Hausdorff, loc. cit., 
p. 287. 
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in which the xn, yn are the coordinates of p and q, respectively. 
If we take for our aggregate P the class of all functions 

p~f(x), on an interval a^x^b, whose squares are summable, 
and define distance by the formula 

(PA) = [ƒ[ƒ(*) -*(*)]• i*] l / l , 

we obtain a metric space. It is necessary to make the con­
vention that two points coincide if the corresponding functions 
differ only at a set of points of measure zero. The relation 
p—Lpn corresponds to convergence in the mean for the se­
quence of functions pn=fn(x). 

3. Hausdorff Spaces. A remarkable and important class 
of topological spaces has been defined by F. Hausdorff.* In 
a Hausdorff space the points of accumulation are defined in 
terms of a family of neighborhoods U conditioned by the 
following four postulates. 

(A) To every point p there corresponds at least one neighbor­
hood U, and each neighborhood of p contains p. 

(B) There is a neighborhood of a point p common to every two 
neighborhoods of p. 

(C) If q is any element of a neighborhood U of a point p, then 
U contains all the points of a neighborhood of q. 

(D) If p and q are distinct points, there exist neighborhoods 
of p and q, respectively, which have no common elements. 

The topological spaces of Hausdorff are evidently included 
among the classes (V) of Fréchetf in which the postulated 
family of neighborhoods is subject only to the condition (A). 
In a class (V) a point p is a point of accumulation of a set E 
in case every neighborhood of p contains a point of E distinct 
from p. 

* Loc. cit., p. 212. 
t Esquisse, p. 346; Bulletin des Sciences Mathématiques, (2), vol. 42 

(1918), pp. 1-19. 
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I t is easy to show that every metric space is a Hausdorff 
space. Let S(p, a) denote the generalized sphere composed of 
all the points q of a metric space which satisfy the inequality 
(p, q) <a. The family of all such spheres of center p and radius 
a has the four properties of Hausdorff and evidently defines 
the same points of accumulation as the distance (p, q). 

The following set of properties form a necessary and suf­
ficient condition that a topological space be a Hausdorff space.* 

(I) (A+B)'-A'+B'. 

(II) A set containing but a finite number of points has no 
point of accumulation. 

(III) The derived set of every set is closed. 

(IV) If p and q are any two distinct points there exist open 
sets U and V which are disjoined and contain p and q respect­
ively. 

To complete the solution of the metrization problem we 
need only add the conditions that a Hausdorff space be metric. 

4. Existence of Non-Constant Continuous Functions. The 
metrization problem is included in another problem proposed 
by Fréchet in correspondence with Paul Urysohn and with me. 
I t is evident that the distance (p, q) of two points p and q is a 
continuous function of its arguments, and is not constant in a 
space of two or more points. Thus the metrization problem is 
related to the more general problem, under what conditions 
does a topological space admit the existence of a non-constant 
continuous function, f The topological conditions for the exist­
ence of such functions in a Hausdorff space have been dis-

* Esquisse, p. 367. 
t The definition of continuous function for general topological space is 

given by Fréchet in the following form : A point p of space is interior to a 
set I if it belongs to I and is not a point of accumulation of any subset of the 
of the complement of I, P—I. A function f — f (p) is continuous at a point p 
if the oscillation of the function ƒ on the sets I to which p is interior has the 
lower bound zero. Esquisse, p. 363. 
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covered by Urysohn.* I have recently succeeded in formulat­
ing these conditions for topological spaces in general. 

The following form of the question regarding the existence 
of non-constant continuous functions is of particular import­
ance in the present discussion. Characterize those spaces of 
Hausdorff in which it is possible to define for every two dis­
joined closed sets A and B a continuous function f(p) 'which 
is equal to zero on A, one on B, and satisfies the inequality 

0 é f(p) £ 1 

everywhere else, that is, on the set C=P —A—B. 
We shall show that it is both necessary and sufficient for 

the space to be normal. A space is normal provided every 
pair of closed disjoined sets A and B is separated by open sets, 
that is, that there exist open sets 17, F which are disjoined and 
include A and B respectively. 

Since the condition is evidently necessary we proceed to 
the proof of its sufficiency. Let P be a normal Hausdorff space 
and let A and B be any two disjoined subsets of P . From the 
hypothesis of normality there exist two open sets [7i, Vi such 
that 

A = Ui, £ « Vu UxVi « 0. 

The set P— Ui is closed and includes Vi. It follows that there 
exist disjoined open sets UQ, VQ such that 

A ^ *7o, P - Ux£ V0. 

Thereforef 

A g U0 £ U0° £ Ui, B ^ P - Ux. 

Since C70° and P—Ui are disjoined closed sets there is an open 
set U1/2 for which 

A g U0° £ Um S Uln S Uu 

* Über die Mâchtigkeit der zusammenh&ngenden Mengen, Mathematische 
Annalen, vol. 94 (1925), p. 290. 

•f C/o = u+U'. 
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It follows readily that there exists for any positive integer 
n a series of the form 

A £s UQ ^ Ui/2n ^ Z7i/2W tè ' * * = Urn/yn, ^ Z7m/2n 

£ • • ^ Z7i 

where B=P-Ui. 
If x = Lrn} where rn = mn/2

n, and 0 ^ r n ^ r n + i ^ x ^ l , we set 
00 

tf* = Z urn. 

By definition C/*^ Ux
f iî x<x'. Furthermore US S Ux>. For 

if n and m are chosen so that x <m/2n <(m + l)/2n <x', then 

£7* â Ĉ m/2W è t/(mfl)/2W ^ ?/*'. 

LetLo=U0;Ll==P--Ui;Lx=U2--Ux, 0 < x < l . Then the 
sets Lx(0^x^ 1) are closed, and if x?*x', LxLX' = 0. The func­
tion f{p) which is equal to x when p is a point of L* has the 
required properties. 

5. Perfectly Separable Spaces. Among the spaces which 
were considered by Hausdorff are those whose points of ac­
cumulation are definable in terms of an enumerable family of 
neighborhoods.* Such spaces are said to satisfy the second 
axiom of enumerability. Tychonoff and Vedenissof have 
called them separable spaces.! In a letter to me Fréchet calls 
attention to the fact that the word separable is already in use 
in a more general sense and suggests the term perfectly separ­
able. The following important and remarkable theorem was 
discovered by Urysohn.J 

THEOREM. A necessary and sufficient condition that a per­
fectly separable Hausdorff space be metric is that it be normal. 

I t is easy to show that every metric space is normal. § Let 
A and B be any two disjoined closed sets and let ap denote the 

* Loc. cit., p. 263. 
t Bulletin des Sciences Mathématiques, vol. 50 (1926), p. 17. 
t Mathematische Annalen, vol. 94 (1925), p. 309. 
§ Tietze, loc. cit., p. 311. 
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lower bound of the distance (p, g) as q varies over B. Let U 
be the sum of the spheres S(p, ap/3) obtained by considering 
all the points of A. Let V denote the corresponding open set 
enclosing B. Then [/"and F a r e disjoined. For if r is a point 
common to U and V there exist points p and q such that 
(P> i) <c/3, (q, r) <c/3, where c is the greater of api bq. Then 
we have 

(P,Q)£ (P,r) + (r,q) <2c/3, 
contrary to the befininition of ap bq. 

To show that the condition is sufficient let 

Uu Z7a, Z78> • • • , Uh- •• , Ui9 • • • 

represent an enumerable set of neighborhoods determining the 
points of accumulation of a normal Hausdorff space P . For 
each of the enumerable family of pairs of neighborhoods 
Uit Uj, such that UiQ ^ l/,-, there is a continuous function 

ƒ=ƒ(/>) which satisfies the conditions f(p) = 0 on Z7*0, f(p) = l 
on P— Uj, 0 ^ / ( £ ) ^ l on P . Let the set of all such functions 
be represented by the sequence 

Consider the function 

(*>, 2)= £[ƒ(/>)-/(2)]/2". 
n - 1 

This function is continuous because it is the sum of a uniformly 
convergent series of continuous functions. I t is furthermore 
evident that (p, p) =0 , and that {p, q)£(p9 r) + (q, r). 

It is necessary to show that if p9*q then (p, q) > 0 . Let Uj 
be a neighborhood of p which does not contain the point g. 
Since the sets A =p and B — P—Uj are closed and disjoined 
there is a neighborhood Ui such that Ui°= Uj. Let fn(p) be 
the continuous function corresponding to the two sets Ui, Uj. 
Since fn(p) = 0 and fn(q) = 1, we have (p, q) ̂  l /2 n , which was 
to be proved. 

I t remains to show that the neighborhoods U% and the dis­
tance (pt q) just defined determine the same space. This will 


