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A QUADRATIC ALGEBRA AND ITS APPLICATION 
TO A PROBLEM IN DIOPHANTINE ANALYSIS* 

BY G. E. WAHLIN 

1. Introduction. Dickson f has studied the problem of the 
application of algebras in the determination of the solutions 
of certain Diophantine equations. In the following pages I 
shall define a system which is a generalization of those defined 
by Clifford J and Lipschitz.§ 

The algebra as here defined is sufficient for the application 
which I wish to make. By further restrictions on the basal 
elements we can define an algebra which is intimately con
nected with the theory of quadratic forms. This I hope to 
show in a later paper. 

2. Quadratic Extensions of a Field. We shall assume a 
certain fundamental field K on which we shall construct an 
algebra by the adjunction of certain new elements. Let us 
first consider a quadratic equation 

(1) x2 —• ax + b — 0, 

whose coefficients are numbers of K. We shall denote by r a 
root of this equation. This root r is so defined that r2 — ar+b=0 
but it does not satisfy a linear equation with coefficients in K, 
even in the case when the equation (1) is reducible in this field. 
If 6 = 0, a simple linear transformation will transform (1) into 
an equation in which the last term is not zero and we shall 
therefore assume that all the quadratic equations with which 
we are concerned are such that the term which does not involve 
x is different from zero. 

* Presented to the Society, April 10, 1925. 
f Algebras and their Arithmetics, University of Chicago Press. 
J American Journal, voL 1, p. 350. 
§ Comptes Rendus, vol. 91. pp. 619-660. 

Bulletin de la Société de France, (2), vol. 11, p . 115. 
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The multiplication of r by any number of K shall be com
mutative and in any product of r and numbers of K multi
plication shall be associative. We shall also assume the 
distributive law. 

By a quadratic extension of K we mean the set of all elements 
of the form mr+n where m and n are numbers of K. 

Since r2 = ar — b any power of r is equal to a linear function 
of r and hence it is easily seen that the sum, difference or pro
duct of any two elements of the quadratic extension of K 
belong to the same. Moreover, since r does not satisfy a linear 
equation in K, mr+n is zero when and only when m and n are 
both zero. 

In the case when the equation (1) is irreducible the quad
ratic extension of K is closed also with respect to division and 
is a field which is isomorphic with the ordinary algebraic num
ber field defined by the equation. We shall call this a quadratic 
extension of the first type. 

When the equation (1) is reducible in K we may write 
x2 — ax+b — (x —pi)(x—p2). Due to the assumption of the 
commutative and distributive laws we see that this equality 
is true when we replace xby r and hence 

(r — pi)(r — p2) = f2 — o,r + b = 0. 

But r•—PIT^O and r—p2=^0 since r does not satisfy an equation 
of the first degree. Hence r—pi and r—p2 are proper divisors 
of zero and a unique and universal division process is not 
possible. We shall call this a quadratic extension of the second 
type. 

I t is easily seen that in either of the two types of quadratic 
extensions the multiplication is associative and commutative. 

The element r as above defined cannot satisfy more than one 
quadratic equation in K, for if we have f2 — ar + b = 0, and 
also r2 — a'r+b' = Q, we find (af — a)r — (bf — b) =0 , which is 
impossible unless a! — a and b' = b. 

3. Conjugate Roots. Let us next consider the element a — r 
and substitute it for x in (1). This gives 
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(a — r)2 — a(a — r) + b = a2 — 2ar + f2 — #2 + ar + b 

= r2 — ar + b = 0. 

Hence a — r is also a solution of (1). We shall write r' = a — r 
and speak of r and r' as a pair of conjugate roots of (1). 

From the definition of r' it follows that r+rf = a and 
rr' = r'r = (a — r)r = ar — r2 = b. The sum S ( r ) = r + r ' is called 
the trace of r, and the product rr' = N(r) is called the norm of r. 

4. ^4n Algebra of Order Four, Let us consider a ternary 
quadratic form 

<2U,:yi>:y2) = x2 + fri^i2 + &2̂ 2
2 + aisyi + #2^2 + cyxy2, 

and let us suppose that r\ and r2 are a pair of elements such 
that with another, associated, pair of elements r{ and r{ and 
a properly defined multiplication 

'Q(x,yi,y2) = U + fiyi + r2y2)(x + r{yx + r2' y 2) 

= x2 + rif 1 ̂ i2 + f2r2 ^22 + 01 + r 1 ) *? 1 

. + (r2+ri)xy2 + (nri + r2r()yxy2. 

Then 

(3) fi + r{ = ai , f2 + f27 = 02, fir/ = 61, r2ri = 62, 

f if 2' + r2r{ = c. 

We shall assume that the coefficients au a2, &i, b2l c belong 
to the field K and that each of the elements n and r2 has a 
multiplication with the elements of K subject to the assump
tions of the preceding sections. 

From (2) we have 

Q(x, — 1,0) = x2 — a\X + b\ = (x — r\)(x — r{) 

and hence n and r{ are a pair of conjugate roots of the equa
tion <2(x, — 1 , 0) = 0 . In the same way, r2 and r{ are a pair 
of conjugate roots of Q(x, 0, —1) = 0 , and r±+r2 and r[ +r2 
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a pair of conjugate roots of Q(x, —-1, —-1)=0. Hence we 
have the following relations: 

(4) fx2 = aifi — bu 

(5) r£ = a2r2 — b2, 

(6) (fi + r2)2 = (ai + a2)(r1 + r2) - bx - c - b2, 

and (6) can be written in the form 

r? + rir2 + r2ri + r2
2 = ain + a2rx 

— a\r2 + a2r2 — bi — c — b2, 

which by (4) and (5) reduces to 

(7) rxr2 + r2ri = a2rx + air2 — c. 

Let us now consider two elements Uo-\-Uiri+u2r2 and 
UQ+UITI +u2r2 . Their sum is 2uo+Uiai+u2a2 and their pro
duct is Q(UQ, uh u2) and hence the u0, ui, u2 being numbers of 
K we see that the sum and product are numbers of K and hence 
the two elements as given are a pair of conjugate roots of a 
quadratic equation in K. 

We shall now form a new extension of K by the adjunction 
of the two elements t\ and r2 subject to the above specified 
conditions and further assume that r\r2 and r2r\ are also roots 
of quadratic equations. We also suppose that 

(8) 5(nr« + nn) = S(nr2) + 5(rSfi). 

Let q(x) = 0 be the quadratic equation of which r\Y2 is a 
root. Using the associative law, which we shall also assume, we 
have 

1 
— 0 v 2 > i = r2fi, 
ri 

1 1 1 
—(rir2)Vi = — (fira)ri—(fir2)fi = (r2rx){r2ri) = (f2^i)2 ; 

and hence 
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1 
— q(rir2)ri = q(r2fi). 
f i 

S i n c e q(YiY2) = 0, i t fo l lows t h a t <z(f2f i )=0 a n d fif2 a n d f2fi 

a r e r o o t s of t h e s a m e e q u a t i o n , a n d S(rif2) = S(Y2YI). A s 

a b o v e , w e h e r e a s s u m e t h a t b\ a n d b2 a r e n o t z e r o . I t w o u l d 

suffice t o m a k e t h i s a s s u m p t i o n r e g a r d i n g o n l y o n e of 

t h e m . U s i n g (7 ) , a n d (8 ) , w e t h e n h a v e 

5 ( r i f« ) + 5 ( r 2 r 1) = 2 5 ( r i r 2 ) = a*S(f 1) + 0 iS(f 2 ) - 2c 

— 2a\a2 — 2c. 

T h u s 

(9) 5 ( r i f 2 ) = 0102 - £ = 012, 

w h e r e for t h e p r e s e n t w e u s e a1 2 t o d e n o t e t h e t r a c e of Y\Y2. 

T h e c o n j u g a t e r o o t ( f i f 2 ) ' of Y\Y2 is t h e n a12 — YIY2. 

If w e n o w u s e t h e e q u a t i o n s ( 3 ) , w e h a v e 

012 = 0102 -"• rlr2 *~ ^2^1 = 0102 — f l(02 — ^2) — (02 — f 2 ' W 

= 0102 — 02O1 + r{) + rxr2 + r2r{ 

= 0i02 — 0102 + f if 2 + f2 r[ . 

T h e r e f o r e r 2 ' f i = 012 — f if 2, a n d w e c o n c l u d e t h a t f2'f/ is 

t h e c o n j u g a t e of fif2. W e s h a l l d e n o t e YiY2 b y f 12 a n d Y2Y{ 

b y f i 2 ' . W e n o w h a v e t h e f o l l o w i n g r e l a t i o n s : 

(10) f if 12 = YiYiY2 = fi2f2 = 0 if if 2 — biT2 = 0lfl2 — biY2, 

(11) fl2f2 = flf2f2 = flf22 = 02flf2 ~ b2YX = 02fl2 ~ b2Yi, 

(12) f i 2 f l = fl(f2fl) = f l (02fl + 0lf2 - C - fif2) 

= 0 2 (0 l f l — bi) + 0if 12 ~ CYi — 0Xf 12 + biY2 

= — 02&i + 0 i 2 f l + biY2, 

(13) f2fl2 = (f2fl)f2 = (02fl + 0lf2 — C — YXY2)Y2 

= 02f 12 H~ 0102f2 ""**" 01^2 — CY2 — 02fl2 + &2fl 

— — 01&2 + ^2fl + 012f2-
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The equations (4), (5), (10), (11), (12), (13) can be summed 
up in the following multiplication table. 

1 

n 

ri 

ri2 

1 

1 

f\ 

n 

ru 

n 

f\ 

axri - h 

- C + CiTXl + «1^2 — fi2 

- a2fa + dun + far2 

r2 

r2 

r\2 

a2r2 — b2 

— b2rx + a2r12 

ru 

ru 

- bxr2 + airi2 

- aifa + V l + «12̂ 2 

«12^12 — &1&2 

Let us now consider the extension of K consisting of all 

elements of the form x0+Wi+#2r2+Xi2ri2, where 
#0> #1> *^2> 

and #12 are numbers of K. We have seen that rir2 and r2 r{ 
are a pair of conjugate roots of a quadratic equation. Let us 
next consider nru and Y\lr[. Their product is b?b2, a number 
of K. From the multiplication table 

r if i2 = — bir2 + a i f i2 , 

^12^1 = (012 — ri 2 ) ( f l l — fl) = 01012 ~ 012^1 

— aifi2 + ruri 

= 01012 ~ 012fl — fllf 12 — 02^1 + 012^1 + bift 

— 01012 ~" 02&1 + ^1^2 ~ 01^12, 

whence 
riir{ = — bir{ + aifii , 

and 
f 1̂ 12 + f-Ari = 01012 — 02^1, 

a number of K. Hence as before n/i2 and t\{r[ are a pair of 
conjugate roots of a quadratic equation with coefficients in K, 
and *S(fifi2) =aiai2 —Ö2&L In the same way we can show that 
5(ri2ri) = 01012 — aj)i and S(r2rn) = S(ri2r2) = a2au — b2ax and in 
all cases the conjugate of the product is the product of the 
conjugates in reversed order. Hence 

/4 A. - 02&i = S(ri2ri) - 5(ri)5(fi2), 
(14) 

— 01̂ 2 = S(r«f 2) ~ S(r2)S(ri2). 
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From the multiplication table 

(15) riri2 + r nfi = — a2bi + auri + axri2) 

(16) r2r12 + rur2 = ~ axb2 + aX2r2 + a2r12. 

By (14) and the equation — c = ai2 — aia2y we can then write 
a common form for (7), (15), (16) as follows: 

(17) tin + tfi «= SM - S(n)S(r,) + Sbùn + S(u)rh 

From this we get 

(18) nrj + rpl = fi{aj — ry) + r,{(ii — rx) 

= S(rj)u + S(fi)rj — ufi — rfi 

= S(ri)S(ri) - S(r<r,), 

which is a number of K. Let us now consider two elements 

£ = XQ + acifi + #2̂ 2 + «12̂ 12, 

£' = xo + #]/ƒ + #2̂ 2' + #12̂ 12' . 

Then %+%' = 2xQ+aiXi+a2x2-\-ai2Xi2 a member of K. Also 

(19) ££' = XQ2 + bi%? + b2x2
2 + bib2Xi2

2 + ai#o#i + a2xQX2 

+ ai2x0xi2 + (nrj + r2r()xix2 

+ (xixil + r12r( ) XiXi2 + (r2ri{ + rX2r2)x2Xi2, 

and it may be shown that ££' = £'£. By (18) and (19) we see 
that ££' is also a number of K and hence £ and £' are a pair of 
conjugate roots of a quadratic equation with coefficients in K. 

Consider next the two elements 

a = «0 + #ifi + ^2^2 + ^12^12, 0 = flo + fliTi + ^ 2 + v\2ri2. 

Then 

a: ± ft = Wo ± flo + («1 ± Vi)ri + (u2 ± v2)r2 + (uX2 ± Vi2)ri2 

and by the multiplication table we can also express the pro
duct in the same form. Hence the set of elements is closed 
with respect to addition, subtraction, and multiplication. 

Since the product r^j is a linear function of n, r2l rx2 and 
its conjugate rfrl is the same linear function of r{, r2 , ru we 
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see that a/3 and fi'a' are the same linear function of n, r2, n2 

and rl, rl, ril, respectively. Hence afi+p'a' is a number of 
K and a/3 • ]3'a' = N(a)N(J3) is also a number of X". Therefore, 
in general for all products the conjugate of a product is the 
product of the conjugates in the reversed order. 

If we let r0 = ró = 1, we may write 

aft = X «*•»;*»*ƒ> 

whence we have 

a/3 + /3a = ] £ «»v,-(f»r,- + r,r») 

4 . 2 

+ X w*S(r») X viri + X) ̂ 0 ?) X) uiri 
i i j » 

= S(afi - S(a)£(/3) + S(a)0 + S(/3)a. 

This shows that the equation (17) is true for any pair of ele
ments a and /3 of the algebra. 

5. Extension of the Algebra. Let us next consider a general 
quadratic form in n + 1 variables 

\y \XQ j X\ , X2 j * * * j "'w/ / ^ Uf%jX%X j 

i . j 

having aoo^l and a» ƒ=.#ƒ*• From this we shall form n equa
tions, each one being obtained by setting x for x0 and one of 
the remaining variables equal to —1 and the rest equal to 
zero. The n equations are then 

x2 — aoiX + an = 0, (i = 1,2,3, • • • ,») . 

The conjugate roots of these equations we shall denote by r% 
and r( (i= 1, 2, • • • , n). We shall also assume that ri+rj and 
rl + r / are a pair of conjugate roots of the equation obtained 
from the equation 

Q(x0,Xi,X2, ' ' ' ,Xn) = 0 
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by putting Xi = x3- = — 1, and all the remaining Xk, except x0, 
equal to zero. We shall further assume that for any pair 
rif Tj all the conditions of the preceding sections are fulfilled 
so that 1, Ti, r3-t Tifj constitute the basal elements of an algebra 
such as we have already discussed. The product r^j we shall 
denote by r»,-. 

All polynomials in ru r2, • • • , rn having coefficients in K 
constitute an algebra over K. In a later paper I expect to 
show some consequences of further restrictions on products 
involving three or more of the elements n, r2} • • • , rn. For 
the present the algebra as defined is sufficient. 

6. A Linear Set* Having thus defined the algebra let us 
consider all elements of the form ^o+^i^i+^2^2+ • • • + xnrn. 
We shall write 

a = u0 + Uiri + • • • + unrn, 

a! = u0 + Uir{ + • • • + unrr! . 
Then 

S (a) = a + a' — 2UQ + aoiUi + #02̂ 2 + * * * + aonUn, 
n n 

N(a) = cm' = Uo2 + ]C aaui2 + S aoiUoUi 

+ S ifiTi + r^DuiUj. 

But according to our assumptions regarding the n, r%, • • • , rn, 
by equations (18) and (9), we have 

nrj + fj-r- = S(ri)S(rj) - S(r{ry) = a*/. 

We note that a»,- has a different meaning here from what 
it had in the preceding section where ai2 = S(rir2). Here a^ 
has taken the place of the c. 

Hence we see that S(a) and N(a) are both numbers of K, 
and any element a of the linear set is a root of a quadratic 
equation with coefficients in K. We also note that 

N(a) = Q(u0)Ui,u2, - - - ,« n ) . 

It is not difficult to show that a a' = a' a . 

* Dickson, loc. cit. 
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If a is some particular element of the linear set, the set also 
contains ma+n and hence with uo+Uin+ • • • + also 
found in the set W i + • • • + unrn and all its elements are ob
tained by the addition of a number of K to an element of the 
last form. But ^^1+^2^2+ • • • + unrn is a root of 

Q(x, — «1, — «2, • • • , — un) = 0. 

We therefore see that we may consider the linear set as the 
totality of all quadratic extensions to K formed by the ad
junction of the roots of all equations obtained from the 
equation Q(x,xi,X2, • • • ,xn) = 0 by assigning to the Xi, 

all possible combinations of values from K. 

7. Application to a Diophantine Equation. We shall next 
consider the equation 

n 

(20) ]T) dxjXiXj = V1V2 • • • vk, (an = an)> 
<, 7=0 

in which the coefficients an and 2aa are rational integers. The 
application of the foregoing algebra will give a method for 
finding all rational, integral solutions of the equation. The 
unknowns are the Xo, xi, • • • , xn, vi, V2f • • • , Vk» The field 
K used in the preceding pages is, from now on, the field of 
rational numbers. If we multiply both members of (20) by 
a0o and put #oo#o = ^0 we can write the left hand member of the 
equation as a quadratic form in yQi xu #2, • • • , %n* This form 
we shall denote by Q(yo, Xi, #2, • • • , xn), and the equation (20) 
is equivalent to 

(21) Q(yO,Xl,X2, • • • ,Xn) = 0 0 0 ^ 2 ' * * Vk. 

The quadratic form Q(yo, Xi, • • • , xn) has rational integral 
coefficients with that of y$ equal to 1 and hence is of the form 
considered in the preceding sections. The left hand member of 
(21) is therefore the norm of the general element of a linear 
set in an algebra such as has been defined above. It is there
fore possible to write the equation (20) in a new form 

(22) 7V(a0o#o + f\Xi + r2x2 + • • • + rnxn) = #00^2 •••«>*. 
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For each set of rational values of x\, x2} • • • , xn a root d(x) 
of the equation 

(23) Q(x,xi,x2, • - - ,xn) = 0 

is a generator of a quadratic extension of K. This may be 
either of the first or second kind. 

Let us consider first the case when (23) is irreducible so that 
the quadratic extension is of the first kind. Then 6 generates a 
quadratic number field and 1, d is a base of a ring in this field 
and (a0o, 6) is the base of an ideal in the ring. The problem of 
obtaining the solutions of 

(24) N(a00Xo + Ot) = a00viv2 • • -vk 

has been solved by the author,* and from this we see that for 
those rational integral values of X\) X2f j Xfi which cause 
(23) to be irreducible we can obtain the solutions of (22) by 
writing it in the form 

(25) N(a0oXo + r\X\t + r2x2t + • • • + rnxnt) = #00^2 ' ' • Vk 

and assigning values to and solving for xQ and 
/ by the method for solving (24). 

In the case when the values Xi, x2} • • • , xn cause (23) to be 
reducible the left-hand member of (25) is the product of two 
linear factors which are homogeneous in x0 and t. Then ele
mentary methods suffice for the determination of x0 and t, 
and the vi. 

It is easily seen that in assigning the values to Xi, x2, • • • , xn 

only such as are relatively prime need be used as all others 
will be included among the ones so found. 

Hence to obtain all solutions of (20) replace X\) *^2j , Xfi 
by X\t, x2t, • • • , xnt\ assign to Xi, x2, • • • , xn arbitrary rational 
integral values thus reducing the left hand member of (20) 
to a binary form and hence solve by means of known methods. 
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* This Bulletin, vol. 31, p . 430. 


