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THE DETERMINATION OF PLANE NETS CHARAC-
TERIZED BY CERTAIN PROPERTIES OF
THEIR LAPLACE TRANSFORMS*

BY C. T. SULLIVAN

In a previous number of this Bulletin,} Professor J. O.
Hassler discusses plane nets whose first and minus first
Laplace transforms each degenerate into a straight line, and
finds their canonical differential equations. The determina-
tion of these equations requires the solution of two partial
differential equations of the first order in two dependent and
two independent variables. Since two of Hassler’s conditions
are H=K =0, it follows from the well known theory of the
equation of Laplace that the second of equations (1) below
can be integrated by quadratures. It will be shown that the
entire system (1) can be integrated by quadratures, and a
fundamental set of integrals for the canonical system will be
obtained.

In order to avoid unnecessary repetition of explanations
and computations already contained in Hassler’s paper, or
in works to which he refers, we shall confine our attention
entirely to the integration of the differential equations of the
problem. These equations have the form

Y1 = a,(ll)y1 + b(ll)y2 + c(“)y,
W Y12 = aUDyy + b0y 4 0Dy,
Yoz = a@Dy; + hEVy, + Dy,

where y1=9y/9u, y.=09y/dv, etc., and where alin, plin (D
(z,7=1, 2), are functions of % and v, defined in the following
manner:

* Presented to the Society, December 27, 1928.
t This Bulletin, vol. 34 (1928), p. 591.
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a® + g@pAD =, pAD 4 gVHAD = Q,

1 2 .
a) = —(pD — 1), D =_9(1 + A 4 [pan]’)

3

— i(bl(u) + b0),
3
1
(2) { ga» = —(1 — g@), pUD = — gan,
1
12 = (25VHUD 4 g2 4 pav — 1)
9

2
heD = — gD (22 = _;(1 + a0 4 [a(zz)]z)

— i(alm) + as2) .
3

Thus all the functions a9, 5D (i) are expressible in terms
of the two a®, bV, and their derivatives, while these are
defined by the first two equations. The relations defining
a® b ghow that

by + a®Vdy = dy(u,v),
and

0 =y, BAD = ¢y, g = b = gy,
Hence we require the solution of
Y12 + Y2 = 0.
On integrating with respect to # and v, in turn, we find
eWr = A(v), ¥ = log (a(u) + B(v)),

where a(u), B(v) are arbitrary functions of their respective
arguments. The functions ¢®?, 5@V are therefore* given by

’ al
(3) e = ——, paAl = —

a8 a+B

the primes indicating differentiation.

* Hassler acknowledges his indebtedness to G. E. Raynor for these
solutions, but does not indicate the method by which they were obtained.
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The invariants of the second of equations (1) are

— H = ¢,02) — g(9p(2) — 12 = — L(g,2) 4 gOVpUD) =0,

— K = b1 — g®pan — c(12) = — L(p,) 4 gGVpAD) =,
We now transform equations (1) by means of the substitution

y=¢"Y,
where

V = — fb(lZ)du -+ a2y,

The system (1) becomes

Yll + Yl - b(u)(yl + I/2 + Y) = 0’
4) Vie=0,
Voo+ Ve — a®™®(¥V1+ Y2+ ¥) = 0.

From the second of (4) we find
Y =G(u) + H(v).

Eliminate Y1+ Y,+ Y between the first and third of equa-
tions (4), and take cognizance of (3); there results the
equation

al ﬂl

G//_'_G/—H//_*_H/.

Since # and v are independent variables, we infer that
(5) G'"+G =ka, H'+ H =kf,

where k is a constant. On integrating these equations by
the usual method, we find

G(u) = ke f etadu + le 4+ 1V,

H(v) = ke fe”de + me=? + m’,
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where I, m, I’, m’ are additional constants. Hence the most
general expression for Y is

YV = k[e"“f e*adu + e—”f e”de]

+let+me?+ U + m'.

In order that the first and third of equations (4) may be
satisfied by this value of Y, the constant /’+m’ must vanish.
The equations (4) have therefore the following three linearly
independent integrals:

Y = g~ f e*adu + e‘”fe”ﬂdv,
Y@ =¢gv, VO =¢v,

If we substitute for a®® and 592 in the expression for V, and
effect the resulting quadratures, we find

V=—3%u+1)+%log(a+h).

Consequently we have
e(u+1’) /3

=—7.
(a+p)h

Finally we have the integrals of the canonical differential
equations of the most general plane net possessing the
property that its first and minus first Laplace transforms each
degenerate to a straight line in the form

eu+1) 1/3
() [ frare o)
a

eu+v 1/3 6u,+v 1/3
y(2) = <— > e““’ y(3) = <— ) e .
a4+ a+p

Since o and B are arbitrary, it is possible to write these
equations in a form entirely free from quadratures.
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