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ON A THEOREM OF PLESSNER* 

BY NELSON DUNFORD 

If f(t) is a real-valued function of a real variable, periodic 
with period 2w and of bounded variation, then ƒ(/) is absolutely 
continuous provided v(u), the total variation of f{t-\-u) —f(t) on 
any interval of length 27T, tends to zero with u. This theorem, 
which is the converse of a well known theorem of Lebesgue, 
has been proved by Plessner, and by Wiener and Young, f 
Ursellî has given some interesting results concerning the total 
variation of f(t+u)—f(t) for measurable functions ƒ(t), which 
when combined with the above theorem show ( as he has pointed 
out) that that theorem holds for measurable functions. The 
papers referred to contain the essential ideas sufficient for a very 
short proof of the general theorem. In fact, with two additional 
lemmas which are given below, the proof as given by Plessner 
holds in the general case. 

By an admissible function will be meant one which is finite-
valued and periodic with period 2w. 

THEOREM 1. Iff(t) is admissible and limu==0 v(u) = 0, then v(u) 
is continuous. 

Let wi, Ui be any real numbers and 8i= (^_i, ti) be a partition 
of the interval ( — T, 7T). Then, if // =ti+ui, the intervals 
b' = (//_i, ti) form a partition of ( —7r+«i, T + UI) and§ 

ài{f(t + ux + u2) - ƒ(*)} = «<{ƒ(* + «0 - ƒ(*)} 

+ 0/{ƒ(* + ««) - ƒ ( / ) } , 

and so v(ui + u2) ^v(ui) +v(u2). This shows that v is finite every
where; for if v(u) <K on ( — a, a), then v(u) <2K on ( — 2a, 2a). 

* Presented to the Society, April 20, 1935. 
t Plessner, Eine Kennzeichnung der totalstetigen Funktionen, Journal für 

Mathematik, vol. 160 (1929), pp. 26-32. Wiener and Young, The total variation 
°f i(x+h)—g(x)t Transactions of this Society, vol. 35 (1933), pp. 327-340. 

X Ursell, On the total variation of f(t-\-r)—f(t), Proceedings of the London 
Mathematical Society, (2), vol. 37 (1934), pp. 402-415. 

§ If o» ( a , b), by 6f(t+u) is meant f(b+u)-f(a+u). 
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From the above inequality it follows that \v(u) — v(ui)\ 
Sv(u — Ui)-}-v(ui — u), which shows that v(u) is continuous. 

LEMMA 1. If the function f{t) is admissible and measurable and 
limw=o v{u) = 0, then fit) is uniformly continuous. 

If not, there exists a positive number y such that for every 
a > 0 there is an interval 5 = (t, t') in ( — x, w) with | / - - / ' | <ct 
and such that | df(t) \ >y. There is an on > 0 such that v(u) <y/S 
if \u\ ^ a i . Let j8 be a positive number < a i / 2 and < Y / 2 . Then 
by the theorem of Lusin \f(t) —fit') | <]3 for all t, t' in the inter
val / = ( — 27T, 27r) except those in a set E$ with measure less 
than j8, provided |/ —J'| is sufficiently small, say <ce2. Fix an 
interval 5 = (/, /') such that | / - / ' 
with this ô and any w such that | u 

<a2 and | ôf (t) \ >y. Then 
^ a i , we have 

7/3 > v(u) ^ | (${ƒ(* + u) - f(t)} | > 7 - | «ƒ(/ + u) | . 

If there exists a w with | u\ ^a\ such that t + u, t' + u are both 
in I — Ep, then the above inequality gives the contradiction 
y/3>y — (3>y/2. To see that such a w exists define a one-to-
one correspondence between the intervals A = (t — on, t-\-a\) and 
A' = {t' — ai, t' +« i ) by the equations x = t-{-u, x' = t' -\-u. If E is a 
set in A, E' will denote the corresponding set in A'. Now if no 
such u exists Ep DE^A + (A — E$A)' and so 

ai/2 > p > m(E0) ^ m[EpA + (A - E$A)'] 

^ [m(EfiA) + m(A - EpA)f]/2 = au 

which again is a contradiction. 

THEOREM 2. If f it) is admissible and measurable and if also 
limM==0 v(u) = 0, then f (t) is absolutely continuous. 

The proof is entirely analogous to that of Plessner. By Lemma 
1, f(t) is summable and if Sn (t) is the first arithmetic mean of 
its Fourier series, then 

*»' « ~ fit) = f * {f(t + u)~ f{t) )Fniu)du, 

where Fn(u) is Fejer's kernel; and thus the total variation 
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T k (0 - fit) ] ^ v(u)Fn(u)du -* 0 

by Fejér's theorem, since v(u) is continuous and z>(0)=0. For 
e > 0 there is an n0 and a S>0 such that 

T k : (/) - ƒ(*) ] < 6/2, E l to»,' W I < e/2 

for an arbitrary set {ôi} of non-overlapping intervals with 
E | S»| <S . Thus, for such a set of intervals,* 

EI w I ^ EI M/w - *»: (o} l + EI *<*.: w l < «. 
It might be pointed out that the theorem as stated is no less 

general than the corresponding theorem where fit) is finite and 
measurable on (a, b) and v(u) is the total variation of f{t-\-u) 
—fit) on ia,b — u). 

The following example which is similar to one given by Ursell 
is interesting in connection with Theorem 2. Let {xa} be a 
Hamel f base with Xi = w, so that every real number is expressi
ble uniquely as a finite linear combination of elements of {xa} 
with rational coefficients. If t = r±T+^2riXi and fit) = r i —//x, 
then fit) is admissible and additive, that is, fit+u) =fit)+fiu), 
and hence viu) is identically zero. Theorem 2 shows that fit) 
is not measurable and the example shows that the hypothesis 
of measurability is essential in Theorem 2 as well as in Lemma 1. 

BROWN UNIVERSITY 

* My attention is called, by Hans Lewy, to the fact that the use of Fourier 
series may be avoided by approximating to ƒ(/) by means of the absolutely 
continuous functions (l/h)f£f(t-{-u)du. 

f Hamel, Basis aller Zahlen una der unstetigen Lösungen der funktional 
Gleichungen F(xJry)==F(x)-\-F{y), Mathematische Annalen, vol .60 (1905), 
p . 459. 


