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A T H E O R E M ON H I G H E R CONGRUENCES* 

BY LEONARD CARLITZ 

1. Introduction. Let £) = 2)(#, pn) denote the totality of poly
nomials in an indeterminate x with coefficients in a Galois field 
GF(pn) of order pn. Consider the congruence 

(1) t*n-t = A (modP), 

where A and P are in 2), and P is irreducible of degree fe, say. 
The sum 

is congruent (mod P) to a quantity in GF(pn)\ we denote this 
residue by p(A). I t is easily seen that the congruence (1) is solva
ble in © if and only if p(A) = 0. A better condition is furnished 
by the following theorem. 

THEOREM. If we put 

P = xk + c1x
k~1 + • • • + * * , 

P ' = à**-1 + (* - l)cxx
k^ + • • • + <*-i, 

w&eT'tf e,- is in GF(pn), then the congruence (1) is solvable in 3) 
if and only if P'A is congruent (mod P) to a polynomial of degree 
<k — l. More generallyj if 

P'A = box*-1 + • • • + ô*_! (mod P), (6y m GP(/>W)), 

then p(A) = b0. 

In this note we give a new and direct proof of this theorem.f 

2. Proof of the Theorem. For arbitrary A (mod P) we con
struct the polynomial 

fit) = (t- A)(t- A*>n) • • • ( / - A^1*-») (mod P ) , 

* Presented to the Society, April 19, 1935, under a different title, 
t See L. Carlitz, On certain functions connected with polynomials in a Galois 

field, Duke Mathematical Journal, vol. 1 (1935), p. 164. 
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in which the coefficient of tk~l is evidently — p(A). For our pur
poses it will be convenient to make use of an alternative defini
tion of f(t). Let x denote a root of P = 0; then x defines the 
GF(pnk). Then A =A(x) is an element of the enlarged Galois 
field; f(t) is evidently the unique polynomial, with leading coeffi
cient = 1 , having the roots Apnl. Clearly all the coefficients of 
ƒ(/) lie in GF(pn), To calculate them we proceed as follows. Let 

(3) x*A = Yl an%1 (m°d -P)> 
3=0 

where aih ( i , i = 0, • • • , k — 1), are in GF(pn). But the equations 
(3) evidently imply the following representation of ƒ(i) as a de
terminant : 

ƒ(/) = ( - 1 ) * | * < / - M | , 

so that by the remark at the beginning of this section 

(4) p(A) = f; an. 

On the other hand, making use of (2) and (3), 

k 

P'A = X ick-iX^A, (co = 1), 
* - i 

k k-i 

= ]C ick-iH ai-i,2xl' (m°d P ) , 

so that the coefficient of xk~l is 

k 

(5) bo = z2 ick-\a<i-itk-i' 

Note next that (3) implies 

# m . 4 EE 2 0</*/+1 (mod P) 

k-2 k-\ 

= ]C aijXJ'+1 — X aitk-ick-jX
3', 

from which it follows that 
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( 6 ) # t + l , j — # i \ / - l ~~ (li,k-lCk-3' 

Put i=j—l, and (6) becomes 

a;-_i,,-_i — a,jj = aj-itk-iCk-j, (J = 1, • • • , k — 1 ) . 

Substituting into the right member of (5), we see that 

fc-i 

#o = 2 i( ay-i. /- i "~ a3i) + kc0ak-itk-i 
7 = 1 

If we compare with equation (4), we have at once p(A)=b0. 
This completes the proof of the generalized form of the theorem. 
In particular, if P'A is congruent (mod P) to a polynomial of 
degree <k — l, then &0 = 0, and the congruence (1) is solvable. 

3. Concluding Remark. The coefficients of ƒ(/) are, but for 
sign, the elementary symmetric functions of the quantities Apnl 

(mod P ) . As we have seen above, the coefficient of tk~l is inti
mately connected with the congruence (1). Similarly, the last 
coefficient 

is connected with the congruence 

l ^ s i (modP). 

Indeed, the method of §2 leads very naturally to F. K. Schmidt 's 
proof of the theorem of reciprocity : 

where P and Q are primary irreducible of degree k and I, re
spectively.* 

The question arises whether the remaining coefficients in f(t) 
are connected in any direct manner with criteria for the solva
bility of higher congruences. 
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* F . K. Schmidt, Sitzungsberichte der Physikalischmedizinischen Societât 
zu Erlangen, vol. 58-59 (1928), pp. 159-172. 


