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applied to the example discussed in these lines, is unknown. In
fact it is not clear that there exist sets E for which H(E) is not
vacuous. But it is obvious that H(E) is always contained in
K(E), where K is the set-function (assumed additive) in terms
of which H is defined.

In the example in question it is true that an “accessible” to-
pology can be defined in terms of neighborhoods in such a way
that the function Lx, defined in terms of these neighborhoods
is identical with the original function L, and so that the set of
all continuous functions is dense on the whole space.

INSTITUTE FOR ADVANCED STUDY

ON (2, 2) PLANAR CORRESPONDENCES
BY L. H. CHAMBERS

1. Introduction. Most of the existing literature dealing with
(2, 2) planar transformation is of the type given by the product
of two harmonic homologies. By this I mean that the pairs of
points of the plane 7w (or 7’’) are in harmonic homology. Papers
of this type were given by E. Amson,* T. Kubota,f and P.
Visalli.f Barraco§ defined an involutorial (2, 2) transformation
of the plane by means of an involution between the tangents
to a conic from points of the plane.

In this paper I shall consider only periodic (2, 2) transforma-
tions of period two. The treatment in each case, except those
involving the Bertini involution, will be analytic. A synthetic
treatment of some of the cases has been given by Sharpe and
Snyder.|| I shall use the following theorems proved in their
paper.

A necessary and sufficient condition that the two images of
a point P describe distinct loci as P moves on a curve C is that
C touches the branch curve at every non-fundamental point
they have in common.

* Erlangen Dissertations, vol. 130 (1903-04).

t Science Reports, Téhoku, vol. 6 (1918), and vol. 14 (1925).

1 Circolo Matematico di Palermo, Rendiconti, vol. 3 (1889), pp. 165.
§ Giornale di Matematiche, vols. 53-54 (1915-16).

|| Transactions of this Society, vol. 18 (1918), pp. 409.
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A necessary and sufficient condition that a (2, 2) transfor-
mation be the product of a (2, 1) transformation and a (1, 2)
transformation is that the defining curves of the one plane (and
hence of the other) define a net.

Bertini proved that every rational involution of the plane was
one of four types,namely, harmonic homology, Geiser, Jonquiére,
or Bertini.* Castelnuovo showed{ that these four involutions
could be mapped on a double plane and that planar involutions
of any order are always rational.

I shall define the (2, 2) transformations of this paper as fol-
lows. Consider any of the transformations (H), (G), (J), (B)
as existing in the planes m and 7'/, and mapped doubly upon a
plane 7’ in such a manner that the two points in involution
correspond to a single point of the plane 7’. Associating points
of w’ with pairs of points in involution of the planes = and 7'’
will define a (2, 2) transformation.

The (2, 2) transformation, as defined, is periodic and of period
two. A point P; of the plane 7 has for its image in 7’ a point
P/, and P{ has for its image in 7'’ two points P{’, Py’, which
are in involution. By the inverse transformation the points
P{’, P{', have for image the point P{ of w’. The image of P/
in 7 is the point P1, and a point P,, associated with P; in the
involution of the plane .

By this method of generating (2, 2) transformations, there are
sixteen types. Of these, only ten are distinct. Various cases of
each type arise due to the mapping used in the plane 7’. Super-
position of fundamental elements of the plane 7’ cause a reduc-
tion in the order of the transformations.

Zeuthen’s theorem] will not apply in the Bertini types if the
image curve, in the plane of the Bertini, degenerates unless both
components of the curve are considered simultaneously. The
mapping of (H), (G),and (J) upon a double plane has been done
by Snyder§ and will not be repeated.

2. The Mapping of (B) Upon a Double Plane. This will be
done by a different method than previously employed. The (B)

* Annali di Matematica, (2), vol. 8 (1877), p. 244.

1 Rendiconti dei Lincei, (5), vol. 2 (1893), p. 205.

1 F. Severi, Trattato di Geometria Algebraico, vol. 1, part 1, pp. 209.
§ V. Snyder, this Bulletin, vol. 30, pp. 101-124 (1920).
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involution of w can be defined by the web of curves
1) ap® + boy + oy + df = 0,

where ¢ and ¢ are general cubic curves and f is a sextic having
double points at eight of the nine intersections of ¢ and y.*

Refer the points of 7 to those of a 3-way space by the equa-
tions

(2) E=9¢" n=ey, (=9y°, 1=/

The pairs of points in involution are mapped doubly upon the
cone I'=9?— £ =0 whose vertex arises from the ninth point of
intersection of ¢ and ¢ and whose generators correspond to
cubics of the pencil A=¢+Ny=0. By a stereographic projec-
tiont of I' upon 7/, (B) will be mapped doubly upon 7’.

The inverse transformation is obtained by solving the equa-
tions

—¢n =0,
3) YE — én

&= =0.
Since sixteen roots of this solution are known, the resulting
equation is quadratic. The coincidence curve is

a(¢’ ¢7 f)— - 0

4) Ky = =
! d(%x1, w2, x3)

We have K,:8Q3. A cubic of A meets K in three variable points,
hence K, is represented in the 3-way space as the intersection
of T' with a cubic surface and projects into L :(P{/ =P4)?
(that is, two consecutive 3-fold points). The tangent vy’ to L¢ at
P! =P{ is determined by the tangent plane to I' at the vertex
of projection.

A line I(x) is met by any cubic A in three points and is repre-
sented in 7’ by a C{:(P{ =PJ)3, 4P’2. 8Q,~8Cy :(P{ =Py)
with v’ as tangent. Points of v’ correspond to directions through
P,, P,, the images of the vertex of projection. The line I'(x’)
meets each fundamental conic in two points and has for image a
Cs:8Q2, Py, Py. Aline I’ (x'): (P{ =PJ) will determine two gen-
erators of I', one of which is fixed; hence (P{ =P4)~C; of A.

* V. Snyder, American Journal of Mathematics, vol. 33 (1910), p. 43.
1 Snyder and Sisam, Analytic Geometry of Space, p. 145.
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3. The Transformation (H)(H). Let the two transformations
(H), of the planes 7 and 7'/, be mapped independently upon the
plane 7’.

CasE 1. If the transformation (x’) into (&) is

the (2, 2) transformation is obtained by combining the two (2, 1)
transformations and this (1, 1) transformation. The F-points of
™ are (0, 1, 0) and (i (G11G31)1/2, G21, G31), which ~g31x1”2
+gaoxs ' x4’ +ga3xd’2 =0 and x4’ =0, respectively. L4 is a degen-
erate quartic composed of two conics. A similar F system and
branch curve exist in 7’/. The line I(x)~C{ : [(0,1,0) = (0, 1, 0) ]2.
The line I'/(x’’) has a similar image in .

CasE II. If the transformation existing between (x’) and (&’)
is x/ =&/, the (2, 2) transformation is rational. There are no
F-elements in either w or 7'/, and Li=x,=0, L{’ =x{’ =0. The
line I(x)~C3’ composed of two lines. The line /’/(x’’) has a simi-
lar image in 7.

4. The Transformation (G)(H). Combining the mapping of
(G) of m with the mapping of (H) of w'’, the resulting (2, 2)
transformation is of the type (G) (H). 7Q:~7Cs. P1, Py~x{' =0.
(0, 1, 0) of 7r”~x1C2—x2C3=0. LsE(x2C3~x3C2)(x1C2—x2C3) =0.
L{:[(0, 1, 0)=(0, 1, 0)]*. The line I(x)~Cs'':Py'", P§'?
[(0, 1, 0)=(0,1,0)]¢ 2P’2. The line 1"’ (x'"")~Cs:TQ2.

5. The Transformation (J)(H). By combining the mapping
of (H) of n’’ with the mapping of (J) of 7, the (2, 2) transforma-
tion (J) (H) is obtained.

Cask I. Let the transformation of the plane 7’ be

3
vl = 2 gii&;.

j=1
0, 0, 1) of T~Cim_1y:[(0, 1, 0)=(0, 1, 0)]=1, 2P"'m2,
P]_, P2~x3"=0. 4(m—1)Q,~4(m—1)C2":(0, 1, 0) P;;,
Py~xi’=0. (0, 1, 0) of 7#"'~Cpyi:(0, 0, 1)»1, P{' PJ
~My—asM;=0. Pi', P{’~awx1+a;=0. Lyms1y degenerates
into two parts of order (m-1), each part having an (m—1)-fold
point at (0, 0, 1). Li,:[(0, 1, 0)=(0, 1, 0)]2», 2P2m=1 2P2,
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The line 1(x)~Camyny: [(0, 1, 0)=(0, 1, 0) ]+, 2P™, The line
1" (x"")~Camin: (0, 0, 1)20n=1 4(m—1)Q2, P2, Py.

Cask II. Let the transformation of the plane 7’ be x! =/.
4(m—1)Qi~a(m—1)C{'. Py, Py~C{'. (0, 0, 1)~Ciiny
:[(0, 0, 1)=(0, 0, 1)]*2, [(0, 1, 0)=(0, 1, 0)]=L. Ps, P,
~xd' =0. (0,1,0) of 7'’ ~M,=0. (0,0,1) of 7' ~M1—azM;=0.
P{’, P{' ~ayx1+0a2x0=0. Lty =x1(a151+asxe) (M1 —as M) M.
Lin: [0, 1, 0)=(0, 1, 0)]*=, [(0, 0, 1)=(0, 0, 1) ]2V, The
line I(x) ~Catms1y: [ (0, 1, 0)=(0, 1, 0) ]*+1, [(0, 0, 1)=(0, 0, 1) |,
The line l”(x”)’\’02(m+1):4:(111"-1)@12, P2, P22, (0, 0, 1)2('"—1).

6. The Transformation (B) (H). Case I. Let (H) of '’ be
mapped upon 7' and (B) of m be mapped upon 7’, so that
P{ =P, is a general point (a’, b’, ¢’). Eight points Q;~8C/{’
1[0, 1, 00=(0, 1, 0)]2. Py, Ps~C{':(0, 1, 0). P3P,~xi’' =0.
0, 1, 0) of 7|-”~C6:8Qi2' P,, P,. L122€6'Ee, each of the net (1).
Li:2(P{"=P{")2, [0, 1, 0)=(0, 1, 0)]5. The line I(x)~Ci;
:[(0, 1, 0)=(0, 1, 0)]¢, 8P''2, 2(P{’ =P4’)3. The line I'’(x'’)
N012:8Qi4, P12, Pg2.

Cask II. Let (B) be mapped on 7’ so that P{ =Py =(0, 1, 0),
v'#x!{ =0, v =#x{ =0. 8Q;~8C{':(0, 1, 0)5. P P,~Cj'.
PyPy~x{’' =0. (0,1,0) of #"'~Cs of A. Ls:2Cs of A. Lij has
9 branches through (0, 1, 0) by threes in three directions,
p''=10. The line I(x)~Cy:8P’’? and the singularities of Lis.
The line I"/(x"")~C12: 802, P2, Ps.

Case III. Let (B) be mapped upon =’ so that P{ =Py
=(0, 1, 0), ¥'=xf{ =0. 8Q;~8C{':(0, 1, 0)3 with x5’/ =0 as
tangent. Py, Py~ux¢' =0. (0, 1, 0) of 7’’~Cs of A. Ls:2C; of A.
L3’ has 9 branches through (0, 1, 0) with x{’ =0 as tangent.
The line I(x)~Cy’:8P’’? and singularities of L{5. The line
l,’(x,/)NC12:SQi4, P12, P22.

7. The Transformation (G) (G). Combining two mappings of
(G) we obtain the transformation (G) (G). 7Q:~7C3{’'. Li:7Q4.
The line I(x)~C4’ : 702, 2P’’2. Similar results hold for the plane
'l

8. The Transformation (G) (J). Let the transformation (J)
of #' be mapped upon 7’. Combining this mapping with that of

(G), we obtain the transformation (G) (J). 7Qs~7Cms1: Pi’, P4’
4(m—1)Q,", (0, 0, 1)'"—1. Pl, PzNM1—0/3M2=0. P3, P4~a1x1"
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+axd’ =0. 4(”%—1)@{"\’4(7}1"-1)03:7@, P’ P2 ~C;s: 7Q,
0, 0, 1) of "' ~Cspmy:7Q:mt, 2Pm2, Ly, 2P2<m—1> 2P2,
702™.  Limyn:4(m—1)Qa"%, P/ P4'4, (0, 0, 1)4»~1, The line
1) ~Csimyry:4(m—1)Q3, P{’'3, P{’¢, (0,0, 1)¥==D 2P2 The
line l”(x")~Ca<m+1):7Q,~’"+1, 2pm,

9. The Transformation (B) (G). Let the transformation (G) of

"’ be mapped upon 7’. Combining this mapping with that of
§2, we have the transformation (B) (G). 8Q:~8C{ :7Q}'2.
Py, Po~CY':70! . 101 ~TCs:8Q2, P1, Py L2u:8Q:3, Pit, Pé.
Lig:2(P{’ =P")‘*l 708. The line I(x)~Ci3:8P’'? and singu-
larities of Ls. The line I''(x’")~Cys:2P2, 808, P3, P#.

10. The Transformation (J) (J). Suppose the equations for
the mapping of (J) of 7’/ upon =’ are

xixd — xdxi’ =0, x4 N{’ — oNJ' =0,

where N{’, N;' are curves of degree » having an (rn—2)-fold
point at (0, 1, 0) and v’ =Zfb.-xi’ . Combining this mapping with
that of (J) of #’, we have the transformation (D). 4(m—1)Q;
~4(m—1)Cy: 4(n 1)Q!’, P{', P{, (0, 1, O)~' P, P,
~Cila:(0, 1, 0)» 1, 4(n nHQ!, P{', P{'. (0, 0, 1) of
WNCZ”—I)("+1):4(7I'_ I)Qi”m_lv Pl,lm_ly P2” m—l’ (0) lv 0)(m~1)(n—1)’
2P"'m=2 20~N{" —byN3'. 2Q0~bix{ +bsx{’ =0. Similar images
exist in 7 for the F-system of 7''. Laymy1y:2P2~0, 2P2
4(m—1)Q2», Pgn, P, (0, 0, 1)ee=b_ L2 .1 is similar
to L2n(m+1) The line l(x)~C<m+1)(n+1):2P”"‘, 4(%-1)0{"’”’1,
P{/mt1 pYimt1 o (0, 1, Q)L+ A gimilar image exists for
lll(xll).

11. The Transformation (B) (J). Case I. Let (B), of m, be
mapped upon 7’ so that P/ =P/ =(a’, b’, ¢’). 8Qi~8Co(m+n
:P'2P{2 4(m—1)Q! 2, (0, 0, 1)2n=D, Py Py~Cmi: P, P,
4(m—1)Q; (0, 0, 1)1, 20~M{’ —a3 M. 20~awx!{" +axs’.
4(m—1)Q! ~4(m—1)Cs of (1). P{', P{'~Csof (1). (0,0, 1)
of "'~ Cs(m-ry:8Q:2m D, Pyl Pz"‘_l, ZP"‘—?‘- 2Q{' ~Cs of A
L12m:8Qi4m, P12m’ P22m’ 2P2 2P2(m—=1) Léim+1):(0y O, l)G(m—l),
Pls, Pi's, 4(m—1)Q! 8, 2(P"—P4”). Wx)~Célmsry:8P"'? and
the singularities of Lé(m+1) V' (x"")~Coimyry: 8Q2 D Pymtl
Pyntl 2 Pm,
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Case II. Map (B) upon w' so that P{=P; =(0, 0, 1).
8Qi~8mn:P{’, P{', 4m—1)Q! , (0, 0, 1)m. Py, Py~C{’
:(0, 0, 1). 2Q~awx!'+axd’. One C; of A~M{' —asMy’.
4(m—1)Q¢', P{’, Py’ ~(4m—3) Cs of A. (0,0, 1) of 7"'~Csn
:SQ,‘"‘. Lﬁ(m+1):8Q,;2(m+1), P12, sz, 2P2, L;’(m+2):P1, 3, 2”8,
4(m—1)Q!" , (0,0, 1)3» 2(PJ' =P{")3. 1(x)~Cimysz:8P''? and
the singularities of Lgtmya. 1"/ (x"")~Csmyay:8Q:"*2, Py, Ps. The
complete image must be used to apply Zeuthen's theorem.

12. The Transformation (B) (B). Cask I. Let the two map-
pings of (B) upon 7’ be such that no F-elements coincide.
8Q.,~8Cy' :804't, P{'2, P{'?. P, Py~C{':8Q:2, P{', P;'.
20~C¢’ of A''. L3:8Q:2, P, P, 2(P3=P,s>% A similar
F-system and branch curve exist in 7’’. I(x)~C3’':8P’'? and
the singularities of Lg;. 1’’(x'’) ~Css similar to Ci.

Casek II. Let the two mappings of (B) be such that (P{ =Py)
=(P{=P{), v =7'. 80:~8CJ':80!’8, P!’ P{'. P,Py~C{' of
A’.One Cyof A~C{' of A’'. Ly;:8Q?, P#, P#. A similar F-sys-
tem and branch curve exist in 7'’. I(x)~Cy/’' :8P''2, 8Q,°, P3,
P . The complete image must be used to apply Zeuthen'’s theo-
rem.

Casge III. Let the two mappings of (B) be such that (P{ =Py )
=(P{=P}), v'=7'. 8Q:~8C{' :80!'t, P!’", P{'. P, P,
~P{', P{'. L15:808 Li3:80!'6. A similar F-system exists
inw’. l(x)~Cig:80/'6, 8P2 ' (x"')~C13:8Q.8, 8P2.
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