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to whether the book should be destined for the beginner or whether its purpose 
should rather be a survey of a field for experts and fellow-contributors. A little 
contrast can be doubtless observed between the broad treatment of some com­
paratively elementary situations and the preference of special and individual 
topics to some others of importance. But at all events the book will be useful 
from both points of view and it is a significant enrichment of the series of the 
Colloquium Lectures. 

GABRIEL SZEGÖ 

MORSE ON CALCULUS OF VARIATIONS 

The Calculus of Variations in the Large. By Marston Morse. Colloquium Pub­
lications of the American Mathematical Society, vol. 18. New York, 1934. 
ix+368 pp. 

The background for the theory elaborated in this volume lies in two rather 
distinct fields of mathematics. We have on the one hand the theory of critical 
points of functions of n real variables, largely created and developed by the 
author and his students; on the other hand, the classical calculus of variations 
and its modern t reatment as a part of the functional calculus, to which Hada-
mard and Tonelli have made the fundamental contributions. The origin of the 
theory of critical points is perhaps to be found in the minimax principle intro­
duced by Birkhoff in his paper on Dynamical systems with two degrees of free­
dom (see Transactions of this Society, vol. 18 (1917), p. 240). While at this early 
stage the connection of the theory with the calculus of variations was made 
clear, later developments have made the relations between the two fields much 
more intimate. 

The calculus of variations in the large derives its interest not only from 
its use of functional calculus methods. More significant is the fact tha t it 
undertakes a study of the configurations to which a calculus of variations prob­
lem gives rise, namely, the extremals, with respect to important properties 
apart from the question whether or not they furnish extreme values for a defi­
nite integral. In the classical calculus of variations, only such extremal arcs AB 
were considered which contained no point A ' conjugate to A, The theory with 
which this book is concerned, and also the earlier investigations of Birkhoff, 
reveal the importance of extremal arcs AB upon which there may be one or 
more points conjugate to A ; not only arcs in the small, restricted by the exclu­
sion of conjugate points, but also arcs in the large have to be considered for a 
full understanding of this theory. 

A critical point X{° of /(xi , • • • , xm) is a point at which all the first order 
partial derivatives of ƒ vanish. Each critical point has a type number equal 
to the number of negative terms in the quadratic form which represents the 
second order terms of ƒ(#<) — /(#*°), when reduced, to a sum of squares. The 
author 's earlier papers establish a beautifully simple set of relations between 
the numbers of critical points of various types of f(xi, • • • , xm) and the con­
nectivity numbers of the domain R over which the function ranges. Thus the 
topological character of the domain of the independent variable is linked up 
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with the critical values of the function. In the present volume these relations 
are extended to a functional domain. Instead of a function/(xi, • • • , xm)f we 
consider now a functional J=ff(x, yi, yi')dx, depending upon a curve yi(x), 
ii — 1, - ' - , m, aSx^b), tha t is, upon a point in a function space. In place of 
the w-dimensional region R of euclidean space we have a domain in function 
space. The critical points are now the extremals of the functional, that is, the 
solutions of class C" of the Euler equations connected with this functional. It 
becomes necessary to set up for domains in function space topological invari­
ants in terms of which their connectivities can be defined. We shall now pass 
on to a more detailed consideration of the separate chapters. 

Chapter 1 (pp. 1-17) first develops the classical theory of the integral 
ff(x, yi, yi )dx, for fixed endpoints, not including the theory of the second varia­
tion. The conjugate point theory is developed in considerable detail in accord­
ance with the important role it plays in later parts of the book. Necessary 
conditions for a weak minimum are derived, and sufficient conditions for 
a strong minimum. A neat proof of DuBois-Reymond's lemma appears on 
page 3, 

Chapter 2 (pp. 18-36) takes up the problem with variable endpoints in the 
form used in several of the author 's papers: to minimize 

/

x2(a) 

fix, yi, yi')dx. 

xHa) 

The discussion of the second variation introduces us to the author 's methods. 
The "accessory boundary problem" associated with the second variation leads 
to the characteristic roots, to the index of an extremal, and to the formulation 
of sufficient conditions in terms of characteristic roots. 

In Chapter 3 (pp. 37-79) we come to the study of extremal arcs which are 
not restricted to be free from conjugate points. The connection between con­
jugate points and characteristic roots is developed further and linked up with 
the important concept of the index form. This is accomplished by means of the 
method of broken extremals. A set of points Ai, • • • , Ap is taken on the ex­
tremal g, determined by yi — y%(x); through each point Ai of this set a mani­
fold is constructed, on which a point Pi is then taken. If the points P» are 
sufficiently near the points Ai, two successive ones can be joined by extre­
mal arcs of the functional 

J
x2(a) 

[fix, yi, yi') - (x/2) Ziyi- M*)Y]dx. 

The value of this functional taken along the "broken extremal," that is ob­
tained in this way, gives rise to a function of the coordinates of the points Pi. 
The second order terms in the expansion of this function yield a quadratic 
form with coefficients depending on X, called the index form of g. Its properties 
play an important part in later work. Necessary conditions and sufficient 
conditions for a minimum are given in terms of the index form for the problems 
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with one and with two variable endpoints, and for periodic extremals. The in­
dex of a periodic extremal is evaluated in terms of conjugate points and of a 
numerical invariant, called the "order of concavity"; a necessary condition 
that a periodic extremal give a strong minimum is that the order of concavity 
be zero. 

The work of the preceding chapters has shown the importance of self-
adjoint boundary problems for the calculus of variations; Chapter 4 (pp. 80-
106) is devoted to a systematic exposition of their theory. First comes an in­
variant formulation of self-adjoint boundary conditions for self-adjoint sys­
tems of differential equations of the second order in n variables. Then follows 
a discussion of boundary problems which involve a parameter, characteristic 
roots and solutions, the comparison of two problems which differ only in the 
boundary conditions, a general oscillation theorem, comparison of boundary 
problems involving distinct differential forms, and related topics. The chapter 
contains a large number of interesting and important theorems. 

Chapter 5 (pp. 107-141) brings a study in tensor form of the parametric 
problem on a Riemannian manifold whose points and neighborhoods are 1-1 
images of an m-dimensional simplicial circuit, a neighborhood of each point 
being "homeomorphic with a neighborhood of a point (x) in a euclidean m-
space of coordinates" x1, • • • , xm. For each neighborhood there is "at least 
one such representation" in which there is defined a positive definite form 
such as gij(x)dxi dx3', "defining a metric for the neighborhood". In a preliminary 
section there is a proof of the theorem on "normal coordinates" which justifies 
the representation of a "simple regular arc of class C4" and a neighborhood of 
such an arc by a segment of a straight line in a euclidean space and a neighbor­
hood of this segment. The theory, as developed in the earlier chapters for the 
non-parametric case, is here presented in an elegant and concise manner for 
the parametric problem J=ff(x, Xi)dt. The theory of the index form and its 
connection with conjugate points and focal points is carried over to this prob­
lem by the use of the "normal coordinates". 

The chapters whose contents have been briefly sketched thus far have in­
troduced us to the new concepts which are more fully developed in the remain­
ing chapters. Chapter 6 (pp. 142-192) deals with the theory of critical points 
of a function ƒ on a Riemannian manifold R of the character introduced in the 
preceding chapter, so that in every neighborhood it can be represented as a 
function x of class G of local coordinates xh • • • , xn. A point at which the first 
partial derivatives of x vanish is a critical point ; the critical point is degenerate 
or non-degenerate according as the Hessian of xdoes or does not vanish there. 
If all the critical points are non-degenerate, they are isolated and hence finite 
in number; the function ƒ is then called non-degenerate. In various papers the 
author has established the fundamental relations 

k k 

'Z(-iy+kMi^Z(-iy+kRi, (&=o, 1, • • •, n-i), 
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which hold between the numbers Mi of critical points of type i of a non-
degenerate function ƒ and the connectivities R{ of R. The essentially new 
problem of the present chapter is tha t of the extension of these relations to 
the case in which degenerate critical points occur. It requires a study of critical 
sets <r, tha t is, sets of critical points at which ƒ takes on a fixed value c. Corre 
sponding to each such set, a set of type numbers ra& is introduced in terms of 
"new ^-cycles" and of "newly-bounding ^-cycles" and the critical set <r is said 
to be "equivalent" to mu non-degenerate critical points of type k, for 
k—0f • • • , n. The numbers mu are completely determined by the definition 
o f / in an arbitrarily small neighborhood of the set a. The equivalence definition 
maintains the fundamental relations in the case of degenerate critical points. 
If ƒ is analytic and is continued by a function <ï> of the form F(x, fx) in the local 
coordinates on R and a parameter (M), analytic and non-degenerate, reducing 
to ƒ for (ju) = (0), then <£ will have at least nth non-degenerate critical points 
of type k, near the critical set <r, provided (ju) is sufficiently near (0). It is with 
the proofs of these various statements tha t the chapter is chiefly concerned. 
They involve detailed topological considerations not amenable to a condensed 
form of statement. The chapter ends with applications of the theory to theo­
rems on the number of normals from a point 0 to a manifold R in euclidean 
space and on the number of chords of R which are normal to R a t both ends. 

The methods developed in Chapter 6 are carried over in the next chapter 
(pp. 193-249) to the functionals of the calculus of variations discussed in 
Chapter 5. The independent variable now ranges over the domain 12 of curves 
T, which are continuous images on R of the segment 0 ^ / ^ 1, are of class D' 
on R, and have endpoints belonging to a terminal domain Z. The various 
topological concepts of the preceding chapter are defined in 12. Between two 
points A1 and A2 of R, a set of points P1, • • • , Pp is taken such tha t any two 
successive points of the set A1, P1 , • • • , Pp, A2, denoted by 7r, can be joined by 
an "elementary extremal," that is, an extremal segment for which the integral / 
is less than a prescribed amount. The value J(TT) of the integral / taken along 
the broken extremal g(w) constructed in this way is "a function 0 of the param­
eters (a) locally representing its vertices A1, A2 and of the successive sets of 
coordinates (x) locally representing its vertices P3'". The critical points and 
critical sets of <f> form the basis of the discussion and the connecting link be­
tween the earlier theory of critical points and the calculus of variations. A 
necessary and sufficient condition tha t a set (x), of which no two consecutive 
vertices coincide, be a critical point is tha t g(ir) be a "critical extremal". The 
topology of the critical extremals is investigated, resulting in theorems concern­
ing the connectivities of 0 and of its subdomains determined by inequalities 
of the form J(TT) <b. Deformations on 12 and a /-distance between two curves 
of class D' play an important part in these investigations. The details are too 
numerous to make a brief account feasible. They are concerned with isolated 
critical extremals and with critical sets of extremals. For a critical set, type 
numbers ntk are defined and it is shown tha t the sums Nk of the &th type num­
bers of all critical sets and the connectivities Pk of the domain 12 are connected 
by the inequalities Nk^ Pk. If iV» (i==0,1, • • - , r), are finite, the inequalities of 
Chapter 6 are shown to hold for k = 0 , 1, • • • , r. For a non-degenerate critical 
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extremal of index k, all the type numbers vanish except the &th, which is 
equal to 1. I t follows that in the non-degenerate case "the number Nk of dis­
tinct extremals of index k" and the connectivities P& of 12 satisfy the relations 
Nkz^Pk. After a further analysis of the non-degenerate problem, the problem 
with fixed endpoints and tha t with one variable endpoint are taken up. Appli­
cation of the general theorems leads to conclusions concerning the number of 
conjugate points on extremals joining two points (Theorem 13.3, p. 239) and 
to certain corresponding results for focal points (Theorem 14.4, p. 244). The 
chapter closes with a discussion of the connectivities of the functional domain 
Q (A1, A2) determined by the fixed-points A1 and A2 on an w-sphere. From the 
known character of the geodesies on a sphere it is easy to derive, by use of 
general theorems established in this chapter, the fact that the connectivities Pk 
of this domain are all 0 except those for which k=p{m—V), (p—0, 1, • • • ); 
for these values of k, Pk — 1. 

A new topological approach is required for the problem of closed extremals 
treated in Chapter 7 (pp. 250-306). The closed broken extremal with arbi­
trarily many vertices, taken in circular order, is the basal element; the set of 
all spaces representing such sets of vertices is the domain Ü whose connectivi­
ties are to be used. The central problem consists in the definition of chains, 
cycles, homologies, and connectivities in this space. This is done in first instance 
by means of a metric dependent on "elementary extremals". Then, by means of 
an abstract formulation of a "metric Mo with elementary arcs" it is shown that 
the connectivities as defined for the space Q are independent of the particular 
metric used. In addition to the usual postulates for a metric space S consti­
tuted by points P, Q, R, • • • , two further postulates are used. After the uni­
form continuity of the distance PQ on S has been established and a continuous 
map of one such space on another has been defined, the term "simple arc 7" on 
6* is introduced to designate the homeomorph of the segment O^t^l. The ad­
ditional postulates are to the effect tha t for every space S there shall exist a 
positive constant p, so tha t for every pair of points P and R for which 0 <PR ^ p 
there shall exist one simple arc [PR] of such nature tha t for Q on [PR], and 
between P and R, PR — PQ+QR, while for any point Q not on R, the inequality 
PR<PQ+QR shall hold. The topological machinery tha t is obtained in this 
way is adequate to the needs of the problem. The connectivities in this space 
of sets of points in circular order are called circular connectivities. Theorems 
analogous to those obtained in the previous chapter are now proved, thus 
establishing for closed extremals fundamental relations between the circular 
connectivities of Q and the index numbers of the extremals. 

The final chapter (pp. 307-358) is concerned with a generalization of Poin-
caré's theorem concerning the existence of closed geodesies on a convex sur­
face belonging to a family Sa of surfaces, containing an ellipsoid of unequal 
axes for a = 0 and depending analytically on a. The author asks for "numerical 
characteristics of sets of closed geodesies on R • • • sufficient to guarantee the 
existence of a corresponding set" of closed geodesies on any other admissible 
Riemannian manifold homeomorphic with R. He proves that these sets of 
geodesies vary analytically with respect to any parameter with respect to 
which the manifolds vary analytically. The determination of these character-
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istics for geodesies on the w-sphere furnishes criteria for the existence of closed 
extremals corresponding to a large class of functionals defined on manifolds 
homeomorphic to a sphere. The method used here is contrasted with Birk-
hoff's method of fixed points of transformations. The circular connectivities 
introduced in the preceding chapter are now determined for the m-sphere by 
means of an analysis of the closed geodesies on ellipsoids. The analysis is full 
of interesting details, it utilizes the topological concepts defined in earlier 
parts of the book, and leads to the following simple result. The kih circular 
connectivity of the w-sphere is the number of distinct integral solutions, i, j , r 
of the diophantine equation k=m-\-i-\-j—4+2(r — l)(m— 1) under the re­
strictions ra + l ^ > j > 0 , r > 0 . This result leads to existence theorems for 
closed extremals, of w^hich the following is an example (Theorem 9.2, page 
352): "Let R be a Riemannian manifold homeomorphic with an m-ellipsoid 
Em(a) for which ai> • • • >am+i. If the constants (a) are sufficiently near 
unity, there exists a set G of closed extremals which is topologically related on 
R to the principal ellipses on Em(a), and which has a &th type number sum at 
least as great as the number of principal ellipses of Em(a) of index k." At the 
end of the chapter come two continuation theorems on geodesies the first of 
which may roughly be stated as follows: If Ra is a 1-parameter family of Rie­
mannian manifolds and K a critical set of closed geodesies on Ra0, then, if 
I a—«o| is sufficiently small and not zero, the manifold Ra contains a finite en­
semble Ka of critical sets of closed extremals which "tends to" a subset of K as 
a tends to a0 and for which the sum of the kih type numbers is not less than 
îorK. 

The account which has been given of the contents of this book is of neces­
sity very sketchy, particularly as far as the last two chapters are concerned; 
and no mention has been made of work which has appeared since the publica­
tion of this volume. This inadequacy is not wholly due to limitations of space, 
but it is to a large extent the result of the reviewer's limitations; the book makes 
considerable demands upon the reader. But it is a fascinating and stimulating 
book. I t is to be expected tha t its reading will lead many mathematicians to 
engage in the study of the problems which are suggested; the extensive bibliog­
raphy will be helpful in initiating him in the literature. 

The book represents a signal contribution to mathematics. The author is 
to be heartily congratulated on its completion and the American Mathematical 
Society deserves our thanks for having made its publication possible. 

Very few misprints have come to the reviewer's notice, none of serious char­
acter. One desideratum has to be mentioned: the use of the book would be 
greatly facilitated by an index of the large number of special terms which 
are used and which are of such character as not to be readily retained by a 
reader who is not himself working in the field. It is to be hoped and expected 
tha t a second edition of the book will soon furnish the opportunity for supply­
ing this need. 

ARNOLD DRESDEN 


