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A NOTE ON T H E RELATION BETWEEN INTEGRAL 
AND TCHEBYCHEFF APPROXIMATION BY 

POLYNOMIALS IN T H E COMPLEX 
DOMAIN* 

BY W. E . SEWELL 

1. Introduction. Let C be a rectifiable Jordan curve in the 
z-plane and let R be the limited simply connected region 
bounded by C. Let f(z) be analytic in R and continuous in 
i^+Css C, and let Pn(%) be a polynomial of degree n in z which 
minimizes the integral 

(1) fw(z)\f(z)-Pn(z)\P\dz\, 
Jc 

where p is a fixed positive number, and w{z) is a bounded non-
negative measurable function bounded from zero ; the existence 
of such a polynomial Pn(z) is well known, f Dunham Jackson J 
has given an evaluation for \f(z) —Pn(z)\, z in C, with various 
restrictions on C and on R. In this note we sharpen these re
sults for curves with corners, and extend them to more general 
smooth curves and to arbitrary rectifiable Jordan curves. 

We also consider the case p = 2 in particular and the develop
ment of f{z) of class L2 in normal and orthogonal polynomials. 
Our two principal results are the following theorems. 

THEOREM A. Let C be a rectifiable Jordan curve in the z-plane 
and letf{z) be analytic in C and continuous in C. Let pn(z) be an 
arbitrary polynomial of degree n such that \f(z) — pn(z)\ ^ «n, z in 
C. Then \f(z)—Pn(z)\ ^Mn2/*>en, p>0, z in C, where M is a 
constant independent of n and z, and Pn(z) is a polynomial of 
degree n which minimizes (1). 

* Presented to t he Society, December 31 , 1936. 
t See, for example, J . L. Walsh, Interpolation and Approximation, Col

loquium Publications of this Society, vol. 20, 1935, pp. 351-352. 
| On certain problems of approximation in the complex domain, this Bulletin, 

vol. 36 (1930), pp. 851-857 ; On the application of Markoff's theorem to problems 
of approximation in the complex domain, this Bulletin, vol. 37 (1931), pp. 8 8 3 -
890. These papers will be referred to hereafter as J I and J I I , respectively. 
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THEOREM B. Let C be a rectifiable Jordan curve in the z-plane 
and letf(z) belong to L2 on C. Let {Pn(z)} be the set of polynomials 
normal and orthogonal on C and let* 

ak = I f(z)Pk(z) I dz { f{z)Pk{z)\ 
Jc 

If 2X»o| aA k converges, the function fi(z) ^YA^auPk{z) is ana
lytic in C, continuous in C, and fi(z) =f(z) almost everywhere on C. 

The method is an application of recent results of the author f 
on the modulus of the derivative of a polynomial and is the 
same as that used by Jackson in J I and J I I . 

It should be noted here that in §3 (Theorem A) the region 
may be a multiply connected region bounded by a finite number 
of rectifiable Jordan curves, or made up of a finite number of 
separate regions of similar character. { 

2. Jordan Curves and Derivatives of Polynomials. § Let R, with 
boundary C, be a limited simply connected region in the 3-plane 
and let z=>p{w) map K, the complement (with respect to the 
extended plane) of C, on \w\ > 1 so that the points at <*> in the 
two planes correspond to each other. We will say that C is a 
curve of Type 5|| if 

yp(wi) — >p{w2) 
(2) 0 < N1 < 

W\ — W2 

< N2 < Qo , 

( | wil £ 1, | wi | ^ 1), 

where Ni and N2 are constants independent of w\ and w2. If C is a 
curve of Type S it is shown in SII that for Pn(z), an arbitrary 
polynomial of degree n, the inequality \Pn(z)\ ^My z on C, im-

* û denotes the conjugate of the complex number a. 
f On the modulus of the derivative of a polynomial, this Bulletin, vol. 42 

(1936), pp. 699-702; Generalized derivatives and approximation by polynomials, 
Transactions of this Society, vol. 41 (1937), pp. 84-123. These papers will be 
referred to hereafter as SI and SII, respectively. 

t See J I I , p. 885. 
§ The results given here are extensions of Bernstein's and Markoff's Theo

rems on the moduli of the derivatives of polynomials; see SII for references. 
|| For the geometric properties of Csee W. Seidel, Über die Randerzuordnung 

bei konformen Abbildungen, Mathematische Annalen, vol. 104 (1931), pp. 182-
243 ; especially pp. 217-221. 
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plies* \Pn (z) | SMMin, z on C; here, and below M and M\ are 
constants independent of n and z ; the constant Mi depends on C. 

For curves with corners we need the following definition (see 
SII) . 

DEFINITION. Let C be a Jordan curve composed of a finite num
ber of Jordan arcs meeting in corners Zi, z2, • • • , zr, of exterior 
openings JUI7T, IXXIT, • • • , ^rir, ( 2 > J U I ^ J U 2 ^ • • • ^Mr>0), and let 
the difference quotient of the mapping f unction [see (2) ] be bounded 
in modulus on each sub-arc not containing a corner. Let t=fjn if 
jui ^ 1, and t = \ if jui < 1. Then we shall say that C is a curve of 
Type t. 

If C is a curve of Type t, the inequality | Pn(z) | ^ M, z on C, im
plies \Pn(z)\ £MMiti*, z on C (see SII). 

If C is a rectifiable Jordan curve it is shown in SI that \ Pn(z) | 
£M,zon C, implies | Pn ' (z) | ^ M M in2, z on C. 

3. Integral and Tchebycheff Approximation. For approxima
tion in the sense of least pih powers we have the following theo
rem. 

THEOREM 1. Let C be a rectifiable Jordan curve in the z-plane 
and let f(z) be analytic in C and continuous in C. Let P»(s), 
(n = 1, 2, • • • ), be a polynomial of degree n which minimizes 

f w(z)\f(z)-Pn(z)\p\dz\, 
J c 

where w{z) is a bounded positive measurable function, with a posi
tive lower bound, and p is a fixed positive number. Let pn(z) be a 
polynomial of degree n such that \f(z) —pn(z)\ ^ e n , z in C. Then 
we have 

(3) | f(z) - Pn(z) | g Mn'l'en, (z in C), 

where M is a constant independent of n and z, and t = 1 if C is a 
curve of Type S, l^t<2 if C is a curve of Type t, and t — 2 if C 
is an arbitrary rectifiable Jordan curve. 

f'(z) denotes the first derivative of/(s). 
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We indicate the proof (see J I). Let rn(z) =f(z) — pn(z), and let 
Tn(z)=Pn(z) -pn{z) ; then rn(z) -ir„(*) =ƒ(*) — P»(s). Let 

7n = f W(z)\f(z) - Pn(z)\P\dz\ 
J c 

= I w(z) I rn(z) - 7rw(» |p | dz\. 
J c 

Let 17rn(z) | ^fJLn, z on C, and let | Tn(zo) | =/*», where z0 is a point 
of C. Then by the results of §2 we know that 17rn' (z) \ Hk^nMin1, 
z on C, and it follows that 

| Tn(z) - 7TwOo) | è UnMiU1 \ Z - Z0 | , 

2 on C. Let 5 be the arc or arcs of C consisting of the set of points 
$*: f on C, | r - * o | <l/(2Afi»«). On 5 we have |irn(f)-ir»(2o)| 
â/in/2. This means that on s, w/wse fotoZ length is not less than 
l/(Afi»')i w e n a v e k n ( D | ^Mn/2. Let F^ze>O)^z>>0, and we 
have for ju«^4e„ 

(4> -<-Hf)ih' 
and by the minimizing property of Pn(z), we know that 

(5) in^LVtf, 

where L is the length of C Combining inequalities (4) and (5) 
yields finûM2nt/p€n, where M% is a constant depending on C, p, 
and ze/(s), but independent of n and 0. Thus whether jLtw^€n or 
not we have 

| ƒ(*) - Pn(s) | = | rn(a) - Tn(z) | ^ J f » " * ^ , (0 in C), 

where Af is independent of n and z, and the proof is complete. 
Jackson (JI) establishes Theorem 1 with t = 1 for C satisfying 

the condition that there is a number r0>0 such that at every 
point of C a circle of radius r0 can be drawn tangent to C, and 
containing in its interior and on its boundary only points of C.* 
He also obtains (J 11) the result with t = 2 for the case where 
C is a curve such that its parametric representation satisfies a 

* For a discussion of such properties see Seidel, loc. cit. 
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Lipschitz condition* of order 1 and R is a region for which there 
is a positive number rQ such that from every point of its bound
ary a line segment of length 2r0 can be drawn belonging wholly 
to the closed region H. 

If C is an analytic Jordan curve and fu)(z)y ( j^O), satisfies f a 
Lipschitz condition of order ce, ( 0 < c e ^ l ) , on C, we know by 
a theorem of John CurtissJ that pn{z) exists such that 
£nSMi/n3'+a, where Mi is a constant independent of n and z. 
Consequently, in this case we have by inequality (3) 

, , M 
(6) ƒ(*) - Pn(z) ^ — — - > (z in C) ; 

and hence if j+ct>l/p, we have uniform convergence of the 
sequence Pn(z) to ƒ(z) in C. In fact (6) gives an upper bound 
on the degree of Tchebycheff approximation of Pn{z). 

In connection with (3) it is interesting to note that for each n 
we have§ 

lim Pn(z) = Tn(z), 

where Pn(z) is the polynomial of degree n of best approximation 
to the continuous function/(s) on C, a rectifiable Jordan curve, 
in the sense of least £th powers with a norm function,|| and 
Tn(z) is the polynomial of degree n of best approximation to 

f(z) on C in the sensed of Tchebycheff. 

* ƒ(z) satisfies a Lipschitz condition of order a on the set E if for arbi t rary 
points z\ and s2 on E we have |/(zi) — ƒ(22) | ^ L | 21 — z 2 | a , where L is a constant 
independent of z\ and 32. 

t/(0)(*W(*). 
% A note on the degree of polynomial approximation, this Bulletin, vol. 42 

(1936), pp . 873-878. 
§ G. Julia, Sur les polynômes de Tchebycheff, Comptes Rendus (Paris), vol. 

182 (1926), pp . 1201-1202; the corresponding result for C t he segment (0, 1) 
of t he axis of reals is due t o G. Pólya, Sur un algorithme toujours convergent 
pour obtenir les polynômes de meilleure approximation de Tchebycheff pour une 
fonction continue quelconque, ibid., vol. 153 (1915), pp. 840-843. 

Il See J. L. Walsh, Approximation by Polynomials in the Complex Domain, 
Mémorial des Sciences Mathématiques, vol. 73 (1935); especially p . 24. 

KTha t is, max [ | /(s) — jTn(s) |, z on C] is less than the corresponding ex
pression for any other polynomial of degree n. 
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4. The Case* p = 2. Approximation in the sense of least 
squares leads to a consideration of the set of polynomials 
{Pn(z)} normal and orthogonal on C, a rectifiable Jordan curve 
in the s-plane. The method used in proving Theorem 1 serves 
to establish the following result. 

THEOREM 2. Let C be a rectifiable Jordan curve in the z-plane 
and let fc\ Qn(z) \ p\ dz\ = ew, p>0, where Qn{z) is a polynomial of 
degree n. Then we have 

(7) | Qn(z) I g MntiPeVv, (z on C), 

where M is a constant independent of n and z, and / = 1 if C is 
a curve of Type 5, l^t<2 if Cis a curve of Type t, and t = 2 if C 
is an arbitrary rectifiable Jordan curve. 

For the set of polynomials {Pn(z)\ normal and orthogonal 
on C, we have en = 1 with p = 2 in Theorem 2. Thus (7) becomes 

| P»(*)| è Mn"*, ( zonC) . 

Now suppose ƒ(*) belongs to L2 on C; then 

ƒ(*) ~ a0P0(z) + aiPi(z) + • • • + okPk(z) + • • • , 

0* = I f(z)Pk(z) | dz |, 
J c 

where the sign ~ is used to denote formal correspondence. The 
polynomial of degree n of best approximation to f{z) on C in 
the sense of least squares is Sn(z) =]C*-o0*-P*(2)- Now suppose 
]CJM) I °>k | kt/2

y where the value of / is compatible with the char
acter of C, converges, then 

00 

/l(*) = Z) <*>kPk{z) 
k=0 

converges absolutely and uniformly on, and hence within, C and 
consequently /i(z) is analytic in C and continuous in C. More
over, since Sn(z) converges in the mean tof(z) on C, the function 
fi(z) =f(z) almost everywhere on C. Thus we have the following 
theorem. 

* See G. Szegö, Über orthogonale Polynôme, die zu einer gegébenen Kurve der 
komplexen Ebene gehören, Mathematische Zeitschrift, vol. 9 (1921), pp. 218-
270; J. L. Walsh, Interpolation and Approximation, Chap. VI. 
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THEOREM 3. Let C be a rectifiable Jordan curve in the z-plane 
and letf{z) belong to L2 on C. Let {Pn(z)} be the set of polynomials 
normal and orthogonal on C and let 

fx(z) = a0Po(z) + 01P1OO + • • ' + akPk(z) + • • • , 

a* = \ f{z)TkJz)\dz\. 
Jc 

Suppose ^2k^\ak\kt,2
f ( 2 ^ ^ 1 ) , converges . Then fi(z) is ana

lytic in C, continuous in C, and is equal to f(z) almost everywhere 
on C if either: (1) C is a curve of Type S and t = 1, or (2) C is curve 
of Type t and 2 >t^ 1, or (3) C is an arbitrary rectifiable Jordan 
curve and t = 2. 

Of course in the above theorem the function f(z) may be de
fined (or redefined) on a set of measure 0 on C and defined in C 
so as to coincide everywhere with f\(z). 

GEORGIA SCHOOL OF TECHNOLOGY 


