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ON T H E REMAINDER IN T H E APPROXIMATE 
EVALUATION OF T H E PROBABILITY IN 

T H E SYMMETRICAL CASE OF JAMES 
BERNOULLI'S THEOREM* 

BY C. D. OLDS 

1. Introduction. In this paper we consider the symmetrical 
case of James Bernoulli's theorem in the theory of probability. 
We let m represent the number of successes of an event in a 
series of n independent trials with constant probability p = 
1 — g = 1/2 for the success of each trial. Then we seek the prob
ability P of the inequality 

(i) 
n 

m 
2 

where e is a given arbitrary positive number. The probability P 
is usually given by an approximate formula without mention of 
the error term or remainder involved, f In 1926, D. MirimanoffJ 
discussed this error term and gave results which are similar, but 
not as free from restrictions as those obtained here by entirely 
different methods. § 

2. The Exact Expression f or P. Let Tm represent the probabil
ity of m successes in the n trials and consider its generating 
function 

n 

where t is an arbitrary variable. It has been shown || that 

* Presented to the Society, April 3, 1937. 
t See, for example, I. Todhunter, A History of the Mathematical Theory of 

Probability, 1865, pp. 548-553. 
X D. Mirimanoff, Le jeu de pile ou face et les formules de Laplace et de J. 

Eggenberger, Commentarii Mathematici Helvetici, vol. 2 (1926), pp. 133-168. 
§ The author wishes to acknowledge the assistance rendered him by Pro

fessor J. V. Uspensky. 
|| For this and similar results see A. A. Markoff, Wahrscheinlichkeits-

rechnung, 1912, pp. 18-44. 
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ƒ« = £,Tmtm= (*)"(*+1)». 
ra=0 

In this last expression we set t = ei(t>, multiply through by e-*™*, 
and then integrate between the limits — x and 7r; we find 

1 rr 

T™ = — I f(ei(*>)e-im*d<l>, 
2irJ_T 

since 

CO, m 9^ ny 

m = n. 

Cr (0, 

J-, UTT, 

Now let €= — i + (^/4)1/2f and express the inequality (1) in the 
form 

h ^ m ^ l2, 

where h and h are integers. Then the probability P has the exact 
expression 

P = E ^ = Z — f (è)n(^ + l)ne~imU<i> 

l f V </>v A 

= — I ( c o s — J ein<f,f22^ e-im<t>d(j>. 

Using the known identity 
V^ e-im<t> — {g-*(l,+l/2)0 _ e-t(Z1-l/2)*J ̂  

2 sin — 
2 

and substituting the values of h and Z2, we find that 

(2) f.ifL*y"«""*y, 
7T •/ o \ 2 / <£ 

sin — 
2 

3. Three Lemmas. Let X be an arbitrary number such that 
0<X<7T. We use the expansion* 

* L. L. Smail, Elements of the Theory of Infinite Processes, 1923, p. 245. 
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2 1 23 

- log cos x = (22 - 1) — Bxx
2 H (24 - 1) — £2x4 

2! 2 4! 
1 25 

+ —(2«- 1) — 5 8 ^ + ••• , 
ö o! 

where Bi, B2, Ba, - - - are the Bernoullian numbers. Conse
quently all the coefficients in this expansion are positive. Hence, 
we can deduce 

(3) - l o g c o s - = - - + M 0 4 , 
1 o 
ó <2>2 <2>4 

(4) - log cos — = — + + N<j>\ 
W * 2 8 192 ' 
where 

0 < M S X~4(logsec J = a, 

/ X X2 X 4 \ 
0 < N < X-6(logsec ) = b, 

\ 6 2 8 192/ 
provided O < 0 ^ X . 

Likewise, from the expansion* 

_ - (2" -2) / * y * 
<t> Ci (2*)! 

2 sin — 
2 

where again all the coefficients are positive, we find that 

1 2 0 
(5) _ _ . _ + _ + W l 

sin — 
2 

where 

/ X 2 X\ 
0 < L ^ X-Mcsc ) = c, 

\ 2 X 12/ 
provided 0<</>^X. 

* K. Knopp, Theory and Application of Infinite Series^ 1928, p. 204. 
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Using (3) we can easily show that 

(6) (COS —J - <r(»*2)/8 < ^a0V-(n*2)/8? 0 < 0 ^ X. 

From (4) we find that 

(cos —J - e~^2)'s(l - — J = ( - nNcl>« + Un2M2<t>*)e~(n*vis, 

where 0 < £ < 1, and consequently 

( c o s — ) - e-^i*ll - — ) 
(7) IV 2 / V 192/1 

< {nb^ + ^ 2 aV)e~ ( n 0 2 ) / 8 , 0 < <j> g X. 

4. Application of (5), (6), awd (7) to (2). Applying (5) to the 
integral on the right of (2), we have 

2 C V ^ V s in (if»1/2*) 

(8) 

1 fx / 0 \ » 
H I ( cos—) .0-sin (Unli24>)d<t> 

12TTJ o \ 2 / 

+ — f (cos —J -L-03-sin (ef»1 / 20)# 

i//(4y 0 \ » sin (if»1/»*) 
H I I cos — ) d<t>. 

s i n — 
2 

For brevity, we shall let the integrals in (8) be denoted by Ii, J2, 
73, and 74 respectively. 

The inequality (7) shows that 

2 fx / #<£4\ sin (èf^1/24>) 

TT Jo V 192/ <j> 

where 

10246 + 12288a2 . 2 f00/ w2a2 \ A a> I < — I ( nHh H <t>ne-(n*2)l*d<l) = 
TM< 
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The integral in (9) splits into two integrals, the first of which 
gives 

— I <r(»*2)/8 — —d(j> 

(io) wJo * 

2 f x _,_o w o sin (J^1/24>) 

where 

2 r x., ., 
= — I ér(^2)/8 - d4> + A(2) , 

7T •/ o 0 

2 f00 d<t> „ 
1 / „ . . s . o f . - , -ASn/8 

2 f" <*0 
|A( , , | < - *-<»*•>/«—<-

since 

e-u2_< f X > 0 . 
u 2x2 J. 

The integral in the right member of (10) is 

2 f00 sin dr»1 '2^) 2 r 
7T */ 0 <£ 7T •/ o 

/ 2 \ l / 2 /•{• 

0 0 7T •/ o V 

2 \ i / 2 / . j -

We replace the second integral from (9) by 

In 

Î92^r^o 

where 

— I e-<n**^V sin (U^ll2<l>)d<t> + A<8), 
27Tt/ o 

, 2^ f00 1 / ^X2\ 
A(3) < <ri«w*4>*d4> = — ( 1 + ) e-(nX2)/8. 

1 192TTJX 3 T T A 8 / x 

We have 

— ^ ( - * ' ) / V sin ( i f « i ' V ) ^ = 7-77-77; ^ ( f 2 ) / 2 . 
1 9 2 7 T J 0 6 W ( 2 7 T ) 1 / 2 

as is clear if we differentiate three times with respect to a the 
integral 
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(11) I e-«u2 cos (fiu)du = —( — J e-f>IUa), a > 0, 

and make obvious substitutions. 

5. The Integral 1\. If we apply the inequality (6) to h we get 

J » x 

o 

where 

128a 

1 rx 

ƒ, = éT<»*»)/fy sin ( J r » 1 ' 2 * ) ^ + A(4), 
127Tt/ 0 

, na C 
A(4) | < e-<

n+%)**<!>*-do 
UTTJQ Sirn2 

Also, 

iX 

r»*«)/80 s i n {^nli2^>)d<t> 
12 

1 fx 

27T«/ 0 

1 r 0 0 

= «r<»*«)/80 sin (Un1/2<t>)d<t> + A ( 5 ) , 
127T J n 127T J o 

where 

1 f00 1 
A(5) | < — I e-w>*4>d4> = -— er^*»* 

\2TT J \ 12ir J x 37TW 

Using (11) again we find that 

i r°° IK 

UwJo 6n(2wy" 

6. The Integrals Is and 74. For the integral Is we have 

32c 
\h\ £— f (cos — ) <t>*'L-d4> < — f <ri»w*4>*d4> 

IT J 0 \ 2 / T J 0 TM2 

Likewise for J4 we have 

\i<\* 
1 ç Y $ \» <ty /• y 0 \» ^ 
— I I cos—I s I I cos—1 —> 
T J x \ 2 / . <t> Jx\ 2/ <t> 

since, for <^>^ir, 

sin-
2 
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C( < A n d<t> Ç™ d<j) 4 
I (cos—) — < I e-<n+*»*—< e"^X2>/8, 

J\ \ 2 / <t> Jx 0 rcX2 

which shows that 

h < - (nX2)/8 

n\2 

7. 77^ Remainder A. Conclusion. Combining the above re
sults we find that the probability P of the inequality 

n 
m 

2 

1 /n\l 

r 3 _ 

-éf-«"a"2 + A , 

is given by 

VTT/ J O 6W(2TT)1/2 

where for the remainder or error term A we have 

i . T 8 4 1 "1 co 
A | < h + (2 + î X2) <r^'* + , 

L^X27T #X2 Znir J n2T 
with 

128 
co = a + 12288a2 + 10246 + 32c. 

3 
We now let X take on numerical values between 1 and 2, and 

seek, corresponding to each, the smallest value of n such that 
|A| <(n~2)/2. It is found that, by taking X = 1.8, we have the 
inequality 

, , 1 
A < 

1 ' 2n2 

for n^ 17. 
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