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(14) — = Ai. 
da 

This system, together with the initial conditions, is satisfied by 
Pi = 0, ( i = l , • • • , k). Hence, on account of the uniqueness of 
the solution of (14) with given initial values, we conclude that 
P*=0, and the proof is complete. 
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1. Introduction. A function q(x) with domain in a linear space 
E and range in the set R of real numbers is called a functional, 
and q(x) is called linear, if 

(1) q(ax + by) = aq(x) + bq(y), X,ytE; a,bzR. 

We call a functional r(x) an r-function (over E) if there exists a 
linear functional ƒ(x) with 

(2) f(x) ^ r(x), xeE. 

Using a notation of Banachf we call a functional ƒ>(#) a p-func
tion if 

(3) ƒ>(/*) = *ƒ>(*), * è O, xtE, 

(4) £(# + y) ^ ƒ>(*) + ƒ>(?), x,ytE. 

A fundamental theorem of Banach (loc. cit., p. 29) can be 
stated as follows: 

THEOREM (Banach). Each p-f unction is an r-function. 

In some problems % involving existence of linear functionals 
fi(x) having prescribed properties, there appears a functional 
q(x) with the following significance: There exists a linear func
tional f\ having the requisite properties if and only if there exists 

* Presented to the Society, September 8, 1937. 
t S. Banach, Théorie des Operations Linéaires, Warsaw, 1932, p. 28. 
% The author intends to discuss these problems at some future time. 
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a linear functional ƒ with f(x) ^q(x), that is, if and only if q(x) 
is an r-f unction. If q(x) can be shown to be a ^-function, the 
problem is solved by Banach's theorem; if q(x) is not a ^-func
tion or one is unable to decide whether q{x) is a ^-function, 
Banach's theorem cannot be applied. These considerations, and 
the fact that it is easy to give examples of r-functions which are 
not g-functions, lead one to desire an analytic characterization 
of r-functions. In §2 we give such a characterization, and in 
§3 we give some closely related theorems. 

2. Characterization of r-functions. We prove now the theorem : 

THEOREM 1. In order that a functional r(x) defined over E 
may be an r-function, it is necessary and sufficient that 

(5) g.i.b. £ ^ U o . 
rc,*fc>0;2z&=0 k=l tk 

In (5), E x & stands for the sum x j+ • • • +xn of elements 
xkzE. To prove necessity, let r(x) be an r-function and let 
f(x) be a linear functional with f(x) ^r(x) for all xzE. Then if 
n, h, h, - - - , tn>0 andX^fc=0, we have 

(6) f(xk) = f(tkXk)/tk S r(tkxk)/tk, 

so that 

(7) 0 = /(0) = ƒ ( £ xk) = E ƒ(**) ^ E r(tkxk)/h, 

and (5) follows. 
To prove sufficiency, let (5) hold and define the functional 

p( r) (x) by the formula 

JL r(tkXk) 
(8) p<r)(x) = g . l .b . E ~ ~> **E-

n,tk>0;'2xk=x k=l tk 

To show that p(r) (x) exists (is finite) for each xzE, we observe 
that if n} h, • • • , tn>0 and E * * —*> then X\+ • • • +xn 

+ ( — x) = 0 and it follows from (5) that 

A KhXk) r(— x) 

E - — - + - — - è o, 
and hence 
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r(tkXk) 
r(- x) ̂  E 

h 

which implies that — r( — x) tkp{r) (x). If in the sum in the right 
member of (8) we put n = 1, ft. = 1, #i = x, we obtain £( r) (#) S r(x). 
Therefore 

(9) — r(— x) £ p(r)(x) ^ r(a), xeE. 

We prove next that p(r) (x) is a ^-function. If XtE and / > 0 , 
then 

p"(tx) = g.i.b. E - — -

» r[(«»)(*»/0] 
= < g.i.b. 2- — 

n,ttk>Q;'2(xie/t)=x k=l ttk 

- , g.i.b. Z ^ - W w , 

so that p^(tx)=tp(r)(x) for *>0. Substitution of / = 2, x = 0 
in this formula gives p(r) (0) = 0 . Therefore 

(10) pM(tx) = tp^(x), t ^ 0; *e£. 

To prove that 

(11) p^(x + y) g £<r)(a0 + £ ( r )()0, x,yzE, 

let x,yeE be fixed and let e = 0. Choose w, ft, • • • , tm>0 and 
ffi, • • • , #m£-£ such that]Txj = # and 

m 

2>(M/)/'y < p^r){x) + €; 

and choose n, u\, • • • , ww>0 and 3>i, • • • , 3>n£-£ such that 
J^yk=y and 

n 

2 r(ukyk)/uk < p{r){y) + €. 
A Î — 1 

Since w+w, /,, uk>0 and #j + • • • +xm+yi+ • • • +^n = ^ + ^ , 
it follows from the definition of p{-r){x+y) that 
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JUL ritjxi) JL r(ukyk) 
P™{* + y)sT, -^-1 + E jL-LL < P{r)(x) + P{r)(y) + 2e. 

The arbitrariness of e > 0 gives (11). Thus p(r) (x) is a ^-function 
and it follows from Banach's theorem that there exists a linear 
functional fix) with f(x)Sp(r) (x). Using (9), we obtain 
f(x)^r(x)\ thus r{x) is an r-iunction and Theorem 1 is proved. 

3. Significance of p(r)(x). From Theorem 1 and its proof, 
we obtain the first part of our next theorem. 

THEOREM 2. If r(x) is an t'-function, then the functional 
p(r) (x) defined by 

JL r(tkXh) 
(12) pM(x) = g . l .b . £ L' x*E> 

n,tk>Q\Vxh=x fc=l tk 

is a p-function with 

(13) - r ( - x) S - p(r)(x) g pM(x) ^ r(x), xtE; 

moreover if p(x) is a p-function with p(x) ^r(x) for all xtE, then 

(14) - £<')(- x) ^ _ ƒ , ( - x) g p(x) ^ i>(r)(tf), xeE. 

In establishing (13), we use (9) and the fact that, for any 
^-function, 0=^(0) =p(x — x) Sp{x)+p{—x) and hence —p( — x) 
Spix) for all xtE. If p(x)Sr(x); n, h, • • • , tn>0; and 
^2xk = x; then 

n n n 

P(x) ^ 23 #(**) = ^LP(tkXk)/tk ^ S r(tkXk)/tk 

and p(x) ^p^r) (x) follows. The remaining inequalities in (14) 
follow easily, and Theorem 2 is proved. The gist of Theorem 2 
is that p(r)(x) is the "greatest" ^-function p(x) with 
p(x)ûr(x). In particular, if r(x) is a ^-function, then p{r) (x) 
= r(x). 

Since each linear functional f(x) is a ^-function, Theorem 2 
implies the following theorem: 

THEOREM 3. /ƒ r(x) is an r-function and f{x) is a linear func
tional with f{x) Srix), then 

(15) - r ( - x) ^ - #<r>(- s) g ƒ(*) ^ ^ } ( # ) g r (s) , #eE. 
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It thus appears that the class of linear functional fix) for 
which fix) ^ p(r) (x) is identical with the class of linear func
t iona l f{x) for which fix) ^ rix). 

4. Conclusion, The functional qix) mentioned in the intro
duction often have the property qitx) =tqix) for / ^ 0 , and xtE. 
Hence it is of interest to note that if 

(16) r(tx) = tri%), U O , xe£, 

then the criterion (5) that rix) be an r-function reduces to 

(17) g . l .b . ! > ( * * ) £ 0, 

and that formula (12) for p^r) (x) reduces to 

n 

(18) pM(x) = g . l .b . £ f ( * 4 ) , xtE. 
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