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From (7.15), (7.17), (7.18), we conclude that these oo* Vm~i contain 
axial points. Hence the theorem : 

THEOREM. The Vm in Sn of type (3) are either Vm in 5m + 2 or contain 
00 x Vm-i with axial points. 

If the rank of h^ (index n — 1) is greater than two, then the rank 
of "B^hafl (h of index n — 1) is greater than one. In this case, from 
Segre's theorem, the oox Vm-i lie in oo x Sm. If the rank of A\M (index 
n — 1) is two and its nonzero domain* does not contain the nonzero 
domain of h\» (index n), then the same result is valid; if it does con
tain the nonzero domain of this h\^ then B"phap (index n — 1) is of 
rank one. In this last case the oo1 Vm-i are oo l developable Sw_i. 

From §§6 and 7, we have the theorem: 

THEOREM. If the rank of any of the two second fundamental tensors is 
greater than two, then Vm in Sn with planar points are (1) Vm consisting 
of oo 1 Vm-i imbedded in oo 1 5m+i, or (2) Vm consisting of oo 1 Vm-i im
bedded in oo i Sm, or (3) Vm lying in 5w + 2 . 
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ON TRANSITIVE GROUPS THAT CONTAIN 
CERTAIN TRANSITIVE SUBGROUPSf 

W. A. MANNING 

If a simply transitive permutation group G of compound degree n 
contains a regular abelian subgroup H of order n, and if at least one 
Sylow subgroup of H is cyclic, G is imprimitive. The proof of this 
important theorem, due to Wielandt,$ is remarkable for its brevity. 
But familiarity with certain preliminary theorems of Schur's§ is as
sumed. Unfortunately these theorems, as presented by Schur, do not 
appear to be as elementary as they really are. I t seems, therefore, 
worth while to offer a complete proof of Wielandt's theorem that is 
elementary throughout, free from the theories of rings and represen
tations, and based on the fundamental concept of the double coset, 
introduced by Cauchy|| in 1846. Some generalizations, too, can 
readily be made. 

* Vol. 1, p. 19; German "Gebiet." 
t Presented to the Society, December 29,1938, under the title A note on transitive 

groups with regular subgroups of the same degree. 
î H. Wielandt, Mathematische Zeitschrift, vol. 40 (1935), p. 582. 
§ I. Schur, Sitzungsberichte der Preussischen Akademie der Wissenschaften, 1933, 

p. 598. 
|| A. L. Cauchy, Comptes Rendus, vol. 22 (1846), p. 630. 
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In §4 of this paper it will be shown how, when a transitive group 
is given, the set of all linear homogeneous substitutions on the same 
n variables which are commutative with every permutation of the 
group can be easily and directly obtained. 

1. Double cosets and primary subsets. The n letters permuted by 
the transitive group G of order ng are a, bi, • • • , and Ga is the sub
group of G that fixes the letter a. Ga is to be regarded as an intransi
tive group of degree n with r transitive constituents, counting those 
on one letter. If ng>n, and r = 2, G is doubly transitive. 

If s is a permutation of G, the double coset GasGa is a collection* 
of g2 elements, each occurring g/m times if m is the number of letters 
in the transitive constituent of G« to which the letter x belongs in case 
s replaces a by x. If s is the identical permutation e, GaeGa = GaGa, 
which can be written Ga

2 or gGa, a collection in which each element 
of the set Ga is repeated g times. The inverse double coset 
(GasGa)~1 = Gas~1Ga has the same number mg of distinct permuta
tions as GasGaj so that , if s = (yax •--)-•-, y is one of the letters 
of a transitive constituent of Ga, also of degree m. This is the "pair
ing" of transitive constituents discovered by Burnside.f The double 
coset GasGa is unchanged if s is replaced by any other permutation of 
GasGa-

Let the crosscut of two finite collections K and L be indicated by 
the symbol Kn L, and be defined by saying tha t if an element is re
peated k times in K and I times in L, it occurs (k+l— \k —1\)/2 times 
in K(\L. 

Let H be a transitive subgroup of degree n and order nh of the 
transitive group G. The subgroup of H that fixes a is Hai and is of 
order h. The crosscut H fl (GasGa) will, if s is a permutation of G, be 
called a primary subset of H with respect to Ga. The subset Ha of H 
is a primary subset of H with respect to Ga, even when h = l. If 
s = si= (abi • • • ) * • • > where b± is one of the m letters &i, &2, * • • , bm> 
of a transitive constituent of Ga, this crosscut consists of mh distinct 
permutations of H: 

K: si = (abi • • • ) • " • > * * = (ab* • • • ) ' • • > • • • , 

Sm = (abm . - . ) . . . ; • • • . 

If a collection consists of these mh permutations of a primary subset, 

* A collection becomes a set if we disregard the repetitions of an element. Cf. 
Kestleman, Theories of Integration, 1938. 

f W. Burnside, Proceedings of the London Mathematical Society, vol. 33 (1901), 
p. 162. 
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each repeated n± times, it is written n\K. A chief collection of H with 
respect to Ga is a collection of primary subsets of H with respect to Ga, 
and if K\, K2} • • • are the primary subsets involved in the chief col
lection K, we may use the notation 

K = niKx + n2K2 + • • • + nqKq9 

where nx, n2l • • • are natural numbers. A primary subset as here de
fined is, when H is regular, equivalent to the "primâren Komplex" of 
Schur, Wielandt and KochendÖrffer, but as there is confusion in the 
use of the word "Hauptkomplex," I prefer to avoid the word "com
plex" altogether. 

I t results immediately from the definition that H has exactly r 
primary subsets, with respect to Ga corresponding to the r transitive 
constituents of Ga, and any given permutation of H is in one and only 
one primary subset (with respect to Ga). If K is a primary subset of H 
with respect to Ga, it is a primary subset of H with respect to every 
subgroup Gx that fixes one letter x of G if K is invariant under H.* 
In particular, the phrase "with respect to Ga" can be omitted when H 
is abelian. Two collections K and L of permutations of G are said to 
be permutable if KL=LK, exact account being taken of the number 
of times a permutation recurs. With this convention as to the product 
of two collections we can state a well known theorem as follows : 

Two permutation groups U and V, of orders u and v respectively, with 
w permutations in common, generate a group of order uv/w if and only 
if UV~ VU. Then H and Ga are permutable groups. 

2. Criteria for primitivity. Throughout this section we shall retain 
the preceding notation : H is any transitive subgroup of degree n and 

* The necessary and sufficient condition that a primary subset K of H with re
spect to Ga be a primary subset of H with respect to every subgroup Gx is that all the 
transforms of K under H are also primary subsets of H with respect to Ga. 

This theorem can be proved as follows. Let X = i ï n GXAGZ for every letter x of G. 
Let t=(xa . . . ) • • ' be a permutation of H. Then rlKt^H^Gar

lAtGa, because 
t~xGxt — Ga. Note that for (xa . . . ) . . . we can use any one of the permutations tHai 

because the permutations of Ha transform every primary subset of H with respect to 
Ga into itself, and t~xKt is seen to be a primary subset of H with respect to Ga by defini
tion. Now if K — HCÏ GXAGX for every xt the permutations of a certain number of 
cosets tHa, • • • transform K into Ky thus forming a subgroup N of H, and the permu
tations hN, hN, • • • transform K into the primary subsets K\y 2C2, • • • with respect 
to Ga. Conversely, if all the transforms of K under H are primary subsets of H with 
respect to Ga we take n permutations t == (yax . . . ) . . . from if, y running through 
the n letters. Now t^Kt^HÏXG^AtG^HnGat^AtGa, the last because trlKt is a 
primary subset of H with respect to Ga, by hypothesis. Hence K~t(JTlKt)t~l 

= H(]GyAGy, for every letter y of G. June 20, 1939. 
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order nh of a transitive group G of degree n and order ng : Ha and Ga 

are the subgroups fixing one letter a of H and G respectively. Our 
fundamental theorem is the following: 

THEOREM 1. A collection K of permutations of H is a chief collection 
of H with respect to G if and only if HaK = hK and GaK = KGa. 

First, let K be a primary subset of H with respect to Ga composed 
of the mh permutations of HaS\, Has2l • • • , Hasm, where 

i i = (ciabi • • • ) . . . , 52 = (ab2 • • • ) • • • > • • • , 

sm = (abm . . . ) . . . . 

Evidently Ha£ = hK. The set of mg permutations in the m cosets 
GaSi, GaS2, - - - , Gasm consists of the distinct permutations of the 
double coset GasiGa\ therefore, exactly the same permutations occur 
in SiGay s2Ga, • • • , smGa. Thus GaK = KGa, when K is a primary sub
set. If K = Ha, HaK=-hK and GaK = KGa. I t follows that , if K is a 
chief collection of H with respect to Gai HaK — hK and the collections 
Ga and K are permutable. 

To prove the converse, let K be a collection of permutations 
of H which satisfies the two conditions of the theorem. Then 
GaGaK = GaKGa, and we expand this by putting for K each of its 
permutations (call them stl s2, • • • ), each as often as it occurs in K, 
so tha t 

gGaK = n^GaSxGa) + n2(GaS2Ga) + • • • . 

The only permutations of H in GaK are the permutations of HaK, 
which by hypothesis is hK; therefore 

ghK = »i(JBT nGaStGa) + n2{H nGas2Ga) + • • • , 

that is, g&i£ is a chief collection. Therefore K is a chief collection with 
respect to G. For, if K is not a chief collection, g&i£ is not one. 

THEOREM 2. If K and L are two chief collections of H with respect 
to Gaf KL is & chief collection with respect to Ga. 

For HKL = hKL and GaKL = KGaL = KLGa. 
A chief collection of H is said to be singular if its permutations 

generate a proper subgroup of H of order greater than h. 

THEOREM 3. The group G is imprimitive if and only if some chief 
collection of H is singular. 

Let G be imprimitive. Then Ga is a proper subgroup of a proper 
subgroup / of G. This J does not include Hy but it does contain at 
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least one permutation of the set H—Ha. Let s be a permutation of 
J — Ga. Since every element of GasGa is in / , H n GasGo is a subset 
oî H f\ J, which last is a proper subgroup of H different from Ha; 
hence H fl GasGa is a singular primary subset. 

Let K be a singular chief collection of H with respect to Ga. Its 
elements generate a proper subgroup C of H of order greater than fe. 
Since C is of finite order, there exists a natural number N such that 
every permutation of C is in the chief collection K+K2+ • • • +i£iNr; 
of course every element of this collection is in C, so that C is a chief 
collection of H with respect to Ga. By Theorem 1, Ha is a subgroup 
of C, and CGa = GaC, that is, C and Ga are permutable groups with Ha 

in common, and therefore CGa is a proper subgroup of G, which means 
that G is imprimitive. 

The following theorem is an extension of Wielandt's lemma: 

THEOREM 4. Let P be a proper subgroup of H but not a subgroup 
of Ha. If the elements of a set of left {or right) cosets of H with respect to P 
constitute a chief collection K of H with respect to Ga, and if KyéHyG is 
imprimitive. 

If P alone, or if P and certain cosets with respect to P , constitute 
a chief collection L of H {L^H), then K = H—L is a chief collection 
composed of cosets with respect to P. Hence it is sufficient to discuss 
the case in which K does not contain P . Then there are at least 
two primary subsets involving permutations of P (e is in one of them) 
and at least one in K, so that H has at least three primary subsets 
with respect to Ga> which means that Ga has at least three transitive 
constituents. Let HaS\, HaS2, • • • , HaSk, where Si = (ayi • • • ) ' • • > 
s2 = (ay2 • • • ) * • • > * • * , Sk = (ajk • • • ) • • * » be the permutations of 
the collection K. Now HaSiP, HaS^P, • • • , HaSkP include (with repeti
tions) all the left cosets that make up K. Let / = (jiZ . . . ) • • • be a 
permutation of P . Since the product s it = (az • • • ) • • • belongs to K, 
z is one of the letters yu 3̂ 2, • * • , yk, and therefore P permutes the 
letters of P only among themselves. But Ga also permutes these let
ters yi, 3>2, • • • , yk among themselves and in consequence the group 
generated by P and Ga is intransitive. Hence Ga is a proper subgroup 
of a proper subgroup of G, and G is imprimitive. 

The following theorem is due to Schur, and the proof which we 
shall briefly indicate is his.* 

THEOREM 5. Let G be a primitive group and let the transitive group H 
be abelian. If p is a prime divisor of the degree n, and if r is any permuta-

* I. Schur, loc. cit. 
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Hon of H other than the identity, the number of solutions of xp~r in a 
primary subset K of H is congruent to zero, modulo p. 

Let be the permutations of the primary subset K. 
In the chief collection Kp the number of times any element, except 
perhaps sf, s2

p, • • • , sm
p, occurs is, because H is abelian, a multiple 

of p. If from Kp we remove those primary subsets which occur kp 
times (k = 1, 2, • • • ), the remaining collection, if not empty, will be a 
chief collection of H consisting of some or all of the permutations 
Sip, s2

p, • • • , sm
p. Now Sip, s2

p, • • • , Sn? generate a proper subgroup of 
H, and therefore the chief collection remaining generates a proper 
subgroup J of H, which is not allowable unless J = e because, by hy
pothesis, G is primitive. Hence after the removal of certain permuta
tions because they occur in sets of p, only e, the identity, can remain. 
Thus xp = r, where r^e, either has no solution in K or kp of the per
mutations su s2, - - • , sm of K satisfy it. 

3. Wielatfdt's theorem. We are now prepared to prove 

THEOREM 6. If a simply transitive group G not of prime degree con
tains a regular abelian subgroup H of the same degree, and if one of the 
Sylow subgroups of H is cyclic, G is imprimitive. 

Let K be a primary subset (not e) of H, and let p be the prime to 
which there corresponds a cyclic Sylow subgroup of H. If x0 is an ele
ment of K such that x0

p = r, and if x0y is another solution in K, yp = e. 
But because H has only one subgroup of order p, only p permutations 
of H satisfy yp = e. If P={s} is this cyclic subgroup of order 
p, XQ, XQS, • • • , XQSP~1 are the only possible solutions of xp — r in K. 
Therefore, if K contains no permutation of order p, and if G is primi
tive, all the permutations of K lie in the cosets XoP, XiP, • • • , so 
that by Theorem 4 the group G should be imprimitive. Since H has 
at least three primary subsets, we can, when p = 2, choose K so that 
K n P is empty. In the following, then, p is an odd prime. If K is a 
subset of P, K is singular because of the condition that p is less than 
n; this again would make G imprimitive. 

If G is primitive, K — XP-\-F, where the set X consists of permuta
tions Xo, Xi, - - • of K whose £th powers are in H—e, and no two of 
which have the same £th power; and the set F consists of the ƒ dis
tinct permutations snl, sn2, • • • , sn' of order p. Neither X nor F is 
empty. Now P2 — pP, PF=fP, and in F2 no permutation can occur 
more than ƒ times. Hence (H being abelian) K2 = pX2P+2fXP+F\ 

Let us say that we have chosen for our primary subset K a primary 
subset of H for which fS{p — V}/2. Since K2 is a chief collection and 
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2fXP contains a permutation of K repeated at least 2/ times, K2 con
tains 2fK = 2fXP+2fF. Then K2-2fK is a chief collection and is 
equal to (pX2P+F2)-2fF. No element of F2 occurs more than ƒ 
times, so that every element of F is an element of X2P. If then from 
(pX2P+F2) — 2fF we remove primary subsets p a t a time until no 
permutation left occurs more than p — 1 times, we get a chief collec
tion F2+(p — 2f)F, clearly singular, implying tha t G is imprimitive. 

Thus Wielandt's theorem is proved, and the proof is Wielandt's, 
stripped to show its truly elementary character. 

4. Linear substitutions. Let G be a transitive group on the n letters 
Let Gk be its subgroup that fixes the one letter Xk. We 

agree as before that Gk is to be regarded as a group of degree n with r 
transitive constituents. Let one of the transitive constituents of G\ be 
on the m letters (or variables if you like) xu, xu, • • • , Xim, where Xi3-
is of course one of the letters xit X2, • • • , xn. Let 4 be a permu
tation of G that replaces the m+1 letters by 
Xky Xkli Xk2y j Xknif respectively. Then tk~1Gitk = Gky and in Gk is 
found a transitive constituent on Xki, XM, • • • , x&m. Thus there is a 
one-to-one correspondence between the n subgroups Gi, G2, • • • , Gn 

and the n sets of letters xiy, x2y, • • • , xnj (j= 1, 2, • • • , m). Then the 
linear substitution 

%1 = 1̂1 + #12 + * ' ' + ^lm, 

^ = 2̂1 + #22 + * ' ' + X2m, 

Xn Xn± ~f- Xn2 "T" * ' ' "T" Xnm 

is transformed into itself by every permutation of G. Neither the n 
subgroups Gk nor the n sets of m letters need be distinct. In this 
way r substitutions can be set up, and if each of them is multiplied 
by an arbitrary constant and they are then added, the result is a sub
stitution commutative with every permutation of G. If m = 1, (1) is a 
permutation. If G is a regular group, r = n, and we get n distinct per
mutations, tha t is, the conjoin of G. 

Let us suppose now that the substitution 

n 

V: %l = 2^ VijXj, i = 1, 2, • • • , n, 

is commutative with every permutation of G. Consider the first equa
tion x{ =y£"esiVijXi of V. When V is transformed by all the permuta
tions of Gi, x{ is invariant and therefore the m coefficients of the 
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variables xn, xu, • • • , xxm must be equal, to vi, say. Next, con
sider the transform of V by h (defined in the preceding paragraph) : 
x{ goes into Xk , and the sum Vi(xu+Xu + • • • +xim) goes into 
Vi(xki+xk2+ • • • +Xkm), so tha t the variables Xkly Xk2y ' ' ' i %km> m 

Xk =^Ljj~iVkjXj all have the same coefficient vi, for k = l> 2, • • • , n. 
Hence : 

THEOREM 7. Every linear substitution commutative with each of the 
permutations of a transitive group can be obtained by first setting up the 
substitutions (1) and then multiplying them by appropriate constants 
and adding. 

If the given transitive group G contains a regular subgroup H of 
the same degree n, the permutations ti = e, t2, 4, • • • , tn can be the 
permutations of H, and the substitution (1) will be the sum of m 
permutations of the conjoin of H. There is a connection between the 
substitution (1) and a primary subset of H. 

THEOREM 8. Let G be a transitive group of degree n and H a regular 
subgroup of order n. Let the primary subset K of H be transformed into 
itself by every permutation of H. Then the sum of the permutations of K 
is commutative with every permutation of G. 

This K is independent of our choice of subgroup fixing one letter. 
We return to the notations of §1. If iJ, Hi, • • • , Hw-.\ is the complete 
set of conjugates to which H belongs under G, it is also, because 
HGx=:G1 a, complete set of conjugates under Gx. Those permutations 
of Gx which transform H into H, transform K into K. Hence K has 
one and only one primary subset conjugate to it in each of the sub
groups H, Hi, - • • , ütü-i. These w primary subsets K, Ki, • • • , Kw-u 
whether distinct or not, constitute a conjugate set under G. If in the 
permutations of K the letter x is followed by yu 3>2, • • • , ym, it is fol
lowed by the same m letters in some order in Ki, in K2, • • • , in Zw_i, 
Therefore the sum of the permutations of Ki is equal to the sum of 
the permutations of K (i = l, 2, • • • , w—1). 

This result applies to every primary subset of H when H is abelian. 
The following theorem is more general. 

THEOREM 9. Let G be a transitive group of degree n and H a regular 
subgroup of order n. Let Ga be the subgroup of G that fixes the one letter a, 
and let K be a primary subset of H with respect to Ga, composed of the m 
permutations 

tm == \CmaOm ' ) . 
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Let i£* be the subset of the conjoin of H composed of the m permutations 

/i* = (aci . . . ) . . . , /2* = (ac2 ' - ' ) ' - ' , • • • , 

*m* = (acm . . . ) . . . . 

TTtew tóe ^ww (?ƒ tóe permutations of ÜT* w a linear substitution com
mutative with every permutation of G. 

There exists a permutation (a) (biCi) (b2c2) • • • (bmcm) • - • of order 2 
which transforms the regular group H into its conjoin H*. 

Any permutation s tha t transforms H into Hi, transforms H* into 
the conjoin H? of Hi\ because if every permutation of i7* is commuta
tive with every permutation of H, then every permutation of s~lH*s 
is commutative with every permutation of s~1Hs. Let Na be the cross
cut of Ga and N, the normalizer of H in G. The permutations of Na 

transform each primary subset K of H with respect to Ga into itself. 
The w conjugate subgroups iJ , Hi, • • • , i?«,_i contain w primary sub
sets with respect to Ga: K, Ki, • • • , -RTw-i, forming, though perhaps 
not all distinct, a conjugate set under Ga, as do also the corresponding 
subsets K*, K !*, • • • , JSrw*-i of J?*, iJf, • • • , HjLi (respectively). The 
permutation / = (ax • • • ) • • • of H transforms Ga into G», and there
fore replaces the letters ci, c2f • • • , cm of a transitive constituent of Ga 

by the letters Zi, z2f • • • , zm of a transitive constituent of G*. But 2 
transforms each permutation of K* into itself. Hence in K*t x is fol
lowed by zi, %2, • - * , 2m. Now 

Ga=- Na + Naqx + Naq2 + • • • + Naqw-u 

where each permutation of Naq% transforms K* into K?. The permu
tation qi is in HGX, and every permutation of H is commutative with 
every permutation of if *, while every permutation of Gx permutes 
among themselves the m letters si, z2, • • • , zm tha t follow x in the 
permutations of K*. This being true for every letter x of G, and for 
every i> the sum of the permutations of K? is equal to the sum of the 
permutations of K*. 
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