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In this paper we consider the convergence to ƒ(#), defined on [0, 1 ], 
of 

2 p [ / 0 ) ] = OLQPUQ(X) + aipUi(x) + • • • + aPpUp(x), 

where un(x), (n = Q, 1, • • • , p), are characteristic functions of certain 
self-adjoint linear differential systems of fourth order, 

V / V 2 \ -t 
anp = 2 3 ' f(Xk)un(Xk)< ]C ' Un(xk) > ) fl = 0 , 1, • • • , p9 

A;=0 V fe-0 / 

and the symbol ]£}' is used in the sense ^kL0yk=:yo/2+£lm.1yk. 
Throughout the discussion, Xk — 2k/(2p + l)j (fe = 0, 1, • • • , p). The 
differential systems considered are 

with boundary conditions 
I. u'(0) = 0, u'"(0) = 0, u'{\) = 0 , u'"(l)+u(l) = 0, 

II . «'(0) = 0 , «" ' (0) = 0 , w'(l) +«(1) = 0 , u'"{\)+u"{X) = 0, 
I I I . «(0) = 0 , w"(0) = 0 , «(1) = 0 , tt//(l)+ii/(l)=0f 

IV. «'(0) = 0 , w'"(0) = 0 , «(1) = 0 , w " ( l ) - f V ( l ) = 0 , 
V. «(0) = 0 , «'(0) = 0 , w(l) = 0 , «'(1) = 0 , 

VI. «'(0) = 0 , f*"'(0) = 0 , «(1) = 0 , *'(1) = 0 . 
The following theorems may be proved for these systems respec

tively. 

I, II . If fix) is continuous and of bounded variation in [0, l ] , then 
lim^ooSp [f(x) ] =f(x) uniformly in [0, 1 ]. 

I I I . If fix) is continuous and of bounded variation in [0, l ] and 
/(O) = / ( l ) = 0 , then lim^oo S p [f(x) ] =f(x) uniformly in [0, 1 ]. 

IV. If f{x) is continuous and of bounded variation in [0, l ] and 
j f ( l )=0 , then Hindoo Sp[fix)] =/(x) uniformly in [0, 1— rj], 

V. VI. If fix) satisfies a Lipschitz condition in [0, 1 ] and f(0) = / ( l ) 
= 0, then Hindoo S p [fix) ] =fix) uniformly in [rjf 1 —rj]. 

Here and hereafter 77>0 is arbitrarily small but fixed. 
The method of proof for these theorems, as well as for those to fol-
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low, is essentially the same as that of C. M. Jensen [ l ] , who consid
ered convergence properties of a somewhat similar sum using 
Sturm-Liouville functions. 

The following equivalence theorems (the term "equivalence" is 
used in the sense of Jensen) may be proved for systems I ' l l , I I I , IV, 
respectively. 

I, I I . If f(x) is continuous in [O, l ] , then 

lim{2p [ƒ(*) ] - r p [ƒ(*)]} = 0 
p—»oo 

uniformly in [0, l ] , where Tp[f(x)] is the cosine interpolation formula 

Tp[f(x)] = aop + aip cos TX + • • • + app cos pwx, 

P r v \ —i 
a>np = *%2' f(xk) cos nwXk \ ]C ' c o s 2 nirxu \ 

fc=0 V fc«0 / 
v 

]C'ƒ(#&) c o s mrXk, n = 1, 2, • • • , p9 
2p + l fc=0 

è'/(**), » = o. 
12/> + 1 *=o 

I I I . If f(x) is continuous in [0, l ] , tóew 

l i m { 2 p [ / ( * ) ] - 7 p [ƒ(*)]} = 0 
p-*°° 

uniformly in [rj, 1 — rj ], ze>Ẑ £ T p [ƒ(#) ] w /&£ siwe interpolation formula 

Tp[f(x)] = aip sin 7T# + 52p sin 2TX + * • • + àpp sin ^7r#, 
P r v \ -~i 

0»p ^ ]C ' ƒ(#*) s i n #fl"#* \ X) ' s î n 2 W7r#fc r 
&=-0 

4 
2'ƒ(**) sin W 7 r # & > * = *> 2 > * ' ' > £ • 

2^ + 1 *.o 

IV. If f{x) is continuous in [0, l ] , /Aew 

lim {2 , [ƒ(*)] - #,[ƒ(*)]} = 0 
p—• «» 

uniformly in [rj, 1— rj], where Up[f(x)] is given by 

Up\f(x)\ = ôp cos (ir/2)x + bip cos (3ir/2)x + • • • 

+ ôpp cos (£ + l/2)irx, 

Kp = £ ' ƒ ( * * ) cos (fi + 1/2)TTXA i £ ' cos2 (» + 1/2)*-**} 
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]C ' ƒ(**) c o s (n + l/2)irxk, n = 0 ,1 , • • • , p — 1, 
2p + UCo 

2 
, „ . « SVC**) c o s (» + l/2)iro?jb, » = #. 
1,2̂  + 1 &„() 

The first set of theorems also holds using characteristic functions 
of w(iv)— [p*+\(x)]u = 0, with the above boundary conditions, \(x) 
being an arbitrary continuous function. Here, provided ow(x)^0, 
the term 0 u (*)]C*- o ƒ (#*) o^ (**) {]Ca- o o**2 (* *)} "x is ad j oined to 2 p [ƒ (*) ], 
where QU(JX) is the characteristic function corresponding to p = 0. 
(For \(x) = 0 , p = 0 is not a characteristic number.) 

We give here the proof of the theorem for system V. System V is 
the problem of lateral vibrations of an elastic homogeneous rod 
clamped at both ends [2]. We first state two lemmas. 

LEMMA 1. If f(x) is continuous and of bounded variation in [0, l ] 
and /(O) = / ( l ) = 0 , then Wp [ƒ(#) ] and wv [ƒ(#)] tend to the same limit 
M(x) uniformly in [rj, 1 — rj] as p-+oo, where 

Wp\j{x)\ = c0p[cos Or/2)a; — sin (T/2)X] 

+ cip[cos (3w/2)x — sin (3T/2)X] + • • • 

+ cPp[cos (p + \/2)irx — sin (p + l/2)7r#], 

2 p 

cnP = — ]£'ƒ(**) t c o s (n + l/2)T%k — sin (n + l/2)wxk]9 

2p + 1 A;-O ^ A 

n = 0, 1, • • • , p, 
wp[f(x)] ^ £o[cos (w/2)x — sin (tr/2)x] + ci[cos (3ir/2)x — sin (37r/2)x] 

+ • • • + ^[cos (p + 1/2)TTX — sin (p + l/2)irx], 

tn = I ƒ(*) [cos (» + l/2)rt - sin O + l/2)wt]dt, 
J o 

fi = 0, 1 , - . - , # . 

LEMMA 2. /ƒ ƒ(#) satisfies a Lipschitz condition in [0, l ] and 
/(0) —/(I) —0» ^ ^ tóere existe a constant C, depending only on rj, such 
that for n sufficiently great, p*zn, and x in [rj, 1 —17], 

I oimpUn{x) — cnp[cos (n + 1/2)TX — sin (n + \/2)TTX\ | < C/n2. 

To prove Lemma 1, write 

WP[f(x)] = iTFp [ƒ(*)] + 2Wp[f(x)] - 3 T ^ [ƒ(*)], 

Wp [ ƒ ( * ) ] = lWp[f(x)] + 2Wp[f(x)] - sWp[f(x)], 
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where 

iWp[f(x) 

zWP[f{x) 

iwp[f(x) 

%Wp[f(x) 

*wp[f(x) 
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] C ' f(xk) ]C c o s (n + 1/2)TTXIC cos (n + l/2)irx, 

2 v v 
]£'ƒ(#*) X) s^n (n + 1/2)^^^ sin (» + l/2)irx, 

2p + 1 fc=0 W=0 

2 P p 

= - — — ] £ ' ƒ(**) 23 s i n O + l/2)ir(«* + a) , 
2p -f- 1 k=o w=o 

ƒ• l p 

ƒ(/) ] £ cos O + 1/2)TT/ cos O + l/2)wxdt, 
0 n = 0 

ƒ» 1 p 

ƒ(*) X s i n fa + 1/2)TT/ sin O + l/2)wxdt, 
0 n=0 

= f /(O Z sin (n + \/2)ir{t + %)dt. 

We first show that if f(x) is continuous and of bounded variation in 
[0, 1], then l i m ^ iWp[f(x)] = (l/2)f(x) uniformly in [0, 1—17]. We 
employ the cosine interpolation formula Tp[f(x)]. We shall use rn(x) 
as generic notation for a function uniformly bounded in n and for x 
in [O, 1 ], unless the range for x is otherwise stated, and rn [rnp] for a 
quanti ty depending on n [n and p] and uniformly bounded in n 
[n and p]. We have 

2 P 4 P P 

r p [ / 0 ) ] = X ) ' f(Xk) H 2 ' ƒ ( * * ) Z ) c o s ^ ^ cos «xtf 
2p + 1 fc=o 2p + 1 k=o w=i 

1 JL 

2̂  + 

P r 

: E 7 W : 

1 &=o L 

sin (p + 1/2)T(XIC — x) 

sin (ir/2)(xk — #) 

sin (# + 1/2)TTO& + *0" 
+ • 

sin (ir/2){xk + #) 

2£ + 

1 * [sin £ir(a* — a) cos (ir/2)(xk - a) 
T 2 L ƒ(**) — 
I fc=0 L 

+ 

sin (w/2)(xk — x) 

sin ^7r(#/b + #) cos (ir/2)(xk + x)" 

sin (w/2)(xk + #) 

+ 2 ^ + 1 

p 

I 
fc=0 

COS pTTX^' f(xk) COS ^7r£fc. 
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Using auxiliary Lemma A stated below, we have 

"sin pw(xk — x) cos (w/2)(xk — x) 

2p + 1 JIJ "N ' L sin (w/2)(xk — x) 

1 p Ts 

TM*)] = ——rZ7fe) -
2p + l k=o L 

and 

sin pw(xk + #) cos {ir/2)(xic + #)"| 7p(#) 

sin (jr/2){xk + x) J ^ 

I ^ P [ƒ(*)] = £ ' ƒ ( * * ) £ cos ( n + 1/2)TTX* cos (» + l/2)ir* 
2 ^ + 1 &=0 n=0 

1 
£'ƒ(**) 

sin pir(xk — #) 

2(2^ + 1) Co "x '" Lsin (71-/2)0* - x) 

sin 7̂r(#/fc + #) ~] fp(#) 

sin {TT/2){X]C + #) 
LI 

Thus 

iWM*)] - (i/2)r,[/(*)] 

r^£'/(4 
1 — cos {ir/2)(xk — x) 

2(2p + 1) jfe.0 L sin (v/2)(xk - *) 

1 — cos (ir/2)(Xk + x) 

+ 

sin pT(xk — x) 

rp(x) 

sin (w/2)(xk + x) 
sin ^7r(xfc + tf) + 

X } / / ( ^ ) [ t a n (ir/£){xk — #) sin ^7r(x* — #) 
2(2£ + 1) S 

+ tan (7r/4)(#fc + #) sin 7̂r(#& + #)] + rp(x)/P-

By reason of the nature of Lemma A and the fact that for t in [O, 1 ] 
the functions tan (7r/4)(/~ X) and tan (7r/4)(/+#) are of uniform 
bounded variation with respect to x in [O, 1—rç], we have 
iWp[f(x)]-(l/2)Tp[f(x)]=rp(x)/p for x in [O, I -77] . Hence [3] 
Hm,.*. iWp[f(x)] = (l/2)f(x) uniformly in [O, 1—77]. 

Employing tp [f(x) ], the partial sum of order p in the Fourier cosine 
series, 

>̂ [ƒ(#)] = ao + #1 cos TX + • • ' + ap cos pTX, 

J 0 
x) cos nirxdx 

f 
•J 0 

cos2 nirxdx 

2 I /(x)cos^7T#dtf, w = 1,2, • • -, p, 
] •/ 0 

/
f(x)dx, n = 0, 

0 
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we may show similarly that if f (oc) is continuous and of bounded va
riation in [0, l ] , then lim-p.»*, iivp[f(x)] = (l/2)/(#) uniformly in 
[0, 1—rç]. Employing Tp[f(x)], the sine interpolation formula, and 
tP[f(x)], the partial sum of order p in the Fourier sine series, 

tP[f(x)] = ai sin wx + &2 sin 2wx + • • • + âp sin pwx, 

/
f(x) sin nwxdx 

o 

f-
J 0 

sin2 nwxdx 

= 2 f f{x) 
J o 

sin mrxdx, n = 1, 2, • • • , p, 

we may likewise show that if f(x) is continuous and of bounded varia
tion in [0, 1] and ƒ(())==ƒ(1)=0, then 

lim 2Wp[f(x)] = {1/2)f{x), lim %wp\f(x)] = (1/2)f(x) 
P~+ oo p—> oo 

uniformly in [0, 1 — rj]. In connection with \WV [f(x) ] and 2WP [f(x) ] we 
use Lemma B, stated below. 

Finally, we show that if f(x) is of bounded variation in [0, 1 ], then 
zWp [f(x) ] and zwp [f(x) ] both tend to (1/2)ƒ£ƒ(*) {sin (TT/2)(t+x) }^dt 
uniformly in [rj, I—77]. We have 

zwp[f^)]=^rf1f(t) 
Z J 0 

1 - cos (p + l)ir(* + x) 
dt. 

sin (TT/2)0 + x) 

For x in [77, 1— 97], 

U 2 J o sin (*/2)(* + *) 

cos (p + l)ir(t + x) 1 r1 

2 J o sin (TT/2)(/ + a;) 
dt. 

Effecting some trigonometric reductions on the second integrand and 
using Lemma B, we have 

1 f 1 ƒ(*) r9(x) 
zWp[f(x) = — — <ft + - ^ -

P U W J 2 J o sin (TT/2) ( /+ x) p 
We may then prove that 

lim 3TFP[ƒ(*)] = — f -
2>-*°o 2 i / Q SI 0 sin (ir/2)(t + #) 

• A 
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uniformly in [77, 1 — y], using the fact just established that 

r i X f1 /(0 
lim swpI/O)J = — I . , / 0 V . , v<^ 
p->» 2 J o sin {ir/2)(t + x) 

uniformly in [»;, 1 —77], together with Lemma C, stated below. 

LEMMA A. If f(x) is of bounded variation in [0, l ] , then for 
« = 1,2, • 2P, 

1 

2p+l 

1 

ILI' f(%k) cos mrXk 

2p+l 

V 

X)' f(xk) sin mrXk 
&=0 

r<np 

n 

rnp 

n 

Also 

2p+l 
Z)' ƒ(**) sin (2£ + l)7rx/b 0. 

LEMMA B. If fix) is of bounded variation in [0, l ] , then f or n>0, 

J*1 1 r» 1 r 1 

ƒ(#) cos nirxdx h= — ? I I ƒ(#) si 
0 w J 0 

sin nirxdx 
rn_ 

n 

LEMMA C. Iff{x) is of bounded variation in [0, 1 ], then for any pre-
as signed € > 0 there exists Q such that f or p>q^Q and x in [rjy l ] , 

J!' ƒ(#*) Z) sin O + 1/2)71-0* + x) 
k=Q n=*(H-l 

< € . 

2p+l\ 

Lemma 2 is proved by means of auxiliary Lemmas D, E, and A. 

LEMMA D. For n sufficiently great, and p^n, 

[S'"H~'=^(i+v> 
LEMMA E. If f(x) satisfies a Lipschitz condition in [0, l ] and if 

f(0) = / ( l ) = 0 , then for n = l, 2, • • • , p, 

1 

2p+l 
Z ' / ( * * ) e x p { - ( » + l / 2 ) T * » } 

1 

2p+l 
£ 'ƒ (**) exp { - (if + l /2)x(l - xh)} 
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The following asymptotic expression is known [4] for the charac
teristic functions of system V: 

un(x) = cos (n + 1/2)TX — sin (n + l/2)irx 

+ ( - l)»exp { - ( « + 1 / 2 M 1 - *)} 

- exp { - (n + l/2)7r#} + exp { - (n + l/2)w}rn(x). 

Define 

0p[f(x)] = a0u0(x) + OLIUI(X) + - - • + apup(x), 

/
f(x)un(x)dx 

o o 
an = — 

/
un{x)dx 

o 

» = 0, 1 , - . • , f . 

Denote by 2#'5) the sum of the terms in 2 P [f(x) ] with subscripts r 
to s inclusive; similarly in the other sums. 

For x in [rj, 1 — 77], 

I fix) - 2P[f(x) JI ^ I o- - Sp I + I Wp - 2 P I 
. I TTr(0,N) (0,N) 1 1 (0,p), 

+ I w - M(x) I + I ƒ 0 ) - a I. 

The right-hand member can be made arbitrarily small by choosing p 
sufficiently large. Call the six terms Di, D2, • • • , DQ. Given e, first 
choose N sufficiently large so that D% < e, J95 < e, D6 < €, for p è N+1. 
Having fixed N, choose P sufficiently large so that D\ < €, D$ < e, J94 < e 
for pz^P. I t remains to justify these statements. For De we use a re
sult in a paper by J. D. Tamarkin [5]. For D2 we use Lemma 2, and 
for Di and D$ Lemma 1. In P i and D% we are dealing essentially with 
integrals of continuous functions and the sums which tend to the in
tegrals as limits, the number of terms being finite. 

Now consider w(iv) — [ p 4 + \ ( # ) ] ^ = 0, \{x) being an arbitrary con
tinuous function. A fundamental system of solutions of u(iy) —pAu = 0 
is ^i = cosp#, W2 = sin px, Uz = epx, Ui = e~px. By the method of variation 
of constants we have, as an equation satisfied by u, 

u = A cos px + B sin px + Cepx + De~px 

\ /» X ep(x—t) ç-p(x-t) -1 

+ T l M0«(0 [ - sin P(x -t)+ — dt, 
lp6 J 0 2 2 J 
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where A, B, C, D are arbitrary constants. Applying the boundary 
conditions of system V and choosing the multiplicative constant so 
that - 4 = 1 , we have, assuming p ^ O , 

u = cos px — sin px 

+ sin px< — 2e-p sin p H I \(t)u(t) [— tf-' sin p(l — /) 

— e~p cos p(l - t) + e-pt]dt> 

i r1 

+ er'U-*) sin p I \{t)u(t) [ - *-pu-*> sin p(l - t) 
4p3 J 0 

- erp(i-*> cos p(l - /) + eP^-vjdt 

i r1 

- e~^ + e-p<l+x) cos p H I \(t)u(t) [ - e-pu+*> sinp(l - t) 
4p 3 J 0 

- e-^(1+a;) cosp(l - t) + e-f>(x+t)]dt \{ 1 - er* sin p — *-P cos p } " 1 

H I \(t)u(i) - sin p(* - *) H dt, 
2p3 J o L 2 2 J 

and, as an equation satisfied by the characteristic numbers p—pni 

cos p = 2e~p — e~2p cos p 

sin p rl f r " " e-p(2-°"l 
+ — J X(0«(0 I *"' COS p(l - 0 - — — J dt 

cosp rl r e~^ g-p(2-0-] 
+ — J X(*)w(0 I - e-o sin p(l - 0 + — — J dt 

i r1 

H \(t)u(t) [sin p(l - 0 - cos p (1 - /) + er^-^]dt 
4 p 3 J 0 

I X(*)«(0 [ - e~~p s i n P (1 - 0 - *~p cos p(l - t) + er"]dt 
4 P 3 J Q 

For each p=pn, u is a continuous function; we show w uniformly 
bounded in n. In ^, the terms 

1 r1 

I X(/)tf(O0pC*~°<ö{ 1 — e~p sin p — e"p cos p } _ 1 , 
4p3 J 0 

1 /•* 
\(t)u(t)e>i*-»dt 

4p 3 J 0 

may be combined to give 
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[ I f 1 sin p + cos p C x 1 
Mt)u(t)er<*-*>dt \(t)u(t)e-p<>l-*+»dt 

4p3J x 4p3 JQ J 

• {1 — e~p sin p — e~p cos p } " 1 . 

For / in [x, l ] , x — / ^ 0 ; for / in [0, x], 1—x+t^Q. Also, there exists a 
constant £ > 0 such that l—e~~p sin p — e~p cos p ^ c for p=pn- Call 
ikfw = max[o,i] |wn 

, . S 1 7 M „ Ü : 5 YlMJL 

1 «.(«) | ^ 2 + - + , M„g2 + - + , 
c 4cps c 4cpi' 

n n 

2 +SA 
Mn^ 

1 - 172C/(4cPJ) 
Thus for n sufficiently great, ikTw^4 + 10/c. The remaining n's form 
a finite set. Hence un(x) is uniformly bounded in n. Thus 

^n(^) = cos pn% — sin pn# + e~pn^~x>> sin pn — e~pnx + rn(x)/pz
n, 

and cos pn=<t>(pn)j where limn^oo0(pw) = 0 . Thus pn = (n + l/2)w + en, 
where lim^oo en = 0. I t follows that 

un{%) = cos (n + \/2)ir% — sin {n + \/2)TT% 

+ ( - l )»exp { - ( » + 1/2)TT(1 - *)} 

— exp {— (n + \/2)ir%) + rn(x)/nz. 

The theorem for system V follows. 
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