ON PERFECT SUMMABILITY OF DOUBLE SEQUENCES
J. D. HILL

1. Introduction. The purpose of the present note is to point out
that the results of Banach on perfect summability of simple se-
quences! may be extended to certain cases of double sequence sum-
mability. The main result obtained is embodied in the theorem of §3.

It will be convenient to begin with the following definitions and
notations. We denote by ¢ the class of all real double sequences
x= {Ek;} for which the principal limit limy,; &= £ exists finite; by 7c,
the subclass of ¢ for which the row limits lim,; &, =&, (k=0,1,2, - - -)
and the column limits limy, &,=§&, (I=0, 1, 2, .. -), exist finite;
and by rcrn, the subclass of 7¢ throughout which £=§=§(=0,
(B, 1=0, 1, 2, - - - ). With the conventional definitions of addition
and multiplication by a constant the classes ¢ and rcrn are linear
spaces, and they become Banach spaces upon introduction of the
norm ||«|| =sups,: | &4 -

Let A =(a;:) be a given infinite matrix of real numbers. We shall
be concerned with transformations of the form

(11) Aii(x) = Z @iini€nl, i’f = 0) 1) 27 ]
k,l

on the elements x={%,} of rc. More precisely, if A(x), (i, j
=0, 1, 2, - - - ), exists for every x e r¢ and if the corresponding se-
quence {Ai,-(x)} belongs to 7¢ [c], one says that ¢ is transformed
into 7¢ [¢] by the method of summability corresponding to the ma-
trix 4, or simply, by the method 4. If 4 (x) =lim;,; 4;;(x) = £ for every
x € rc, the method is called regular. A regular transformation of 7c into
itself is called completely regular if it is also regular by rows and col-
umns, that is to say, if 47(x) =lim; 4;;(x) =&, (:=0,1,2,-- ), and
Ai(x) lim; A4(x) =&, (=0,1,2, - - - ), for every x e rc.

For later reference we recall that the condition
(1.2) sup Zl dip| =M < ©

6i Kkl

is necessary? in order that 4 transform rcrn into rc.

If the system of equations

(1.3) Z aijikrl = N34, 5,j=0,1,2,---,
k,l

1 Banach, Théorie des Opérations Linéaires, pp. 90-95.
2 See Hamilton, Transformations of multiple sequences, Duke Mathematical Jour-
nal, vol. 2 (1936), pp. 29-60; in particular, p. 42, #5.
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has a unique solution {Ek;} (belonging to r¢ or not) corresponding to
each {m;} e r¢, the method A will be called reversible.?

REMARK. If 4 is reversible, it can be shown* that there existlinear
functionals fi;(y) defined in r¢, such that for each y= {n;f} e rc we
have Y&, @:inifei(y) =n4i (G, j=0, 1, 2, - - - ). This fact is essential to
the proof of Lemma 4 in §3.

A will be said to be of ¢ype M if the conditions®

(1.4) 2| ai| < o, 2 aijdijn =0, k1=0,1,2,---,
i i

always imply a;;=0, (7, j=0,1,2, -+ ).

Any method 4 which is simultaneously reversible, completely regu-
lar, and of type M will be called perfect.®

Frequent use will be made of the following particular double se-
quences: the sequence X, all of whose terms are 1; the sequence Xj,
(=0,1,2, - - -),all of whose terms are 0 except those in the kth row
which are 1; the sequences X3, (!=0, 1, 2, - - - ), all of whose terms
are 0 except those in the /th column which are 1; and the sequences
X1, (B, 1=0,1, 2, - --), all of whose terms are 0 except for the term
common to the kth row and /th column, which is 1.

Corresponding to any given x & 7¢ we set

n=EX 4+ Y (= DX+ D (5 — OXi4+ 2 (& — b X
1=0

(1.5) o ui=0
pi,gi . gi,pi . )
+ E (Ert — &) Xt E (ki — &) Xw, 0=0,1,2,.--,
k,1=0 k) 1=0

Then each x; € 7¢, and it is easy to verify that p;, ¢i, (¢;=p:— =), can
be so chosen that lim; x; =x.

2. The general form of linear functionals in r¢c. The following fact
will be needed in the proof of Lemma 1 in §3.

Every linear functional f(x) defined in rc is of the form
(2.1) f(x) = C& + X0 Cikx + 2 Cifs + 2 Cuak,
3 l k,l

and

3 Compare with Banach, op. cit., p. 90.

4 See Banach, op. cit., p. 47, Theorem 10. The proof given is easily extended to
the system (1.3).

8 Compare with Banach, op. cit., p. 90.

8 Compare with Banach, op. cit.. p. 90.
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(2.2) Al =1cl + gjlcll +;|0il + g:llcul-

ProoF. Let f(x) be an arbitrary linear functional defined in ¢, and
set f(X) =4, f(Xp) =4}, f(X) =41, f(Xxi) =A4x, (B, 1=0,1, 2,

We show first that each of the series D_i| 45|, 21| 41], Zk zIAkz| is
convergent.

Let x ¢ rcrn be arbitrary and set xi;= wl-ofiXe, (G, 7=0, 1,
2, - - ). Then each x;; & rcrn and since x;;—x as %, j— «, it follows
that f(xi) =2 i-oEridr: tends to a limit, namely f(x), asi, j— o.
In order that this be true for every x e rcrn it is necessary’ that
Zk,llAkll < w0,

On the other hand let {£:} be an arbitrary null sequence, and let
x= {Ekl} be such that for each fixed £=0, 1, 2, - - - we have {=§;
for1=0,1, 2, .- . If we set xiEZLOEkX;, (¢=0,1, 2, -), then
each x; € rc and x;—x as 17— «. Since f(x;) =Z§_0£kA£, it follows that
the series D_1£xA} is convergent for every null sequence {£}. Conse-
quently, the condition ) ;| 45| < » must be satisfied,® and it is evi-
dent that the symmetrical condition Y ;| 4f| <  must also hold.

Now let x € rc be chosen arbitrarily, and let x; be defined as in (1.5)
so that x;—x. Then f(x;)—f(x), and from (1.5) we find that

fl@) = ¢4 + T (€ — 94i + 2 (6 — 4,
+ 2+ b - & — 84w,
On rearranging the latter expression and setting
C=4- ziji. —;A°l+ g_:,Ak,, Cr=4; — Zl)Ak,,
Ci=4;— Zk)Ak,, | Cu = A,

f(x) reduces to the form (2.1) as was to be shown.

Regarding the evaluation of ||f]], it is clear that ||f]| does not exceed
the value given in (2.2). The converse statement can be readily shown
to follow from the relation |f(x.)| <||f||, wherein x, = {£4} for each
n=0, 1, 2, - - - is defined as follows:? £=sgn Ci; for 0=k, I<n;
=sgn C; for 05k=<n, n<l<x; =sgn C; for 0=5I=n, n<k<o;

7 See Hamilton, loc. cit., p. 41, #1.

8 See Banach, op. cit., p. 86. Merely replace (¢) by (co) in the discussion at the top
of the page.

9 To insure “x,,“ =1 for every n, let sgn a=1.iff a20; = —1 if «<0.
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=sgn C for n<k, < ». Inasmuch as we make no use of (2.2),
the remaining details may be omitted.

3. The analogues of Banach’s results. We come next to the follow-
ing four lemmas. Since these bear a direct analogy to those of Banach,
both in statement and method of proof, we shall give here only the
proof of the first lemma. The second one is a straightforward corollary
of the first, and the reader who is familiar with the original lemmas
will encounter no difficulty in supplying the remaining two proofs.1?

LemMA 1. Let A be a completely regular method and let yo= {73}
be an arbitrary element of rc. If the conditions (1.4) always imply

Z,-,jaim?j= 0, then corresponding to each € >0 there exists an x € rc such
that

0 . .
3.1) | 4:i(x) — mii| <e, 5,j=10,1,2,---

Proor. Let G denote the subset of 7c of all sequences of the form
{mi} = {A,-f(x) } for x ranging over rc. Evidently G is a linear set.

Let us assume that for some particular €>0, the condition (3.1)
cannot be satisfied. This is equivalent to assuming that y, is not a
limit element of G. In such a case there must exist a linear functional
F(y) defined in ¢ such that!! F(y,) =1 and F(y) =0 for every ¥y ¢ G. In
view of §2 we are therefore led to relations of the following sort:

(3 2) C"? + ZC:"lgr'!" chn?c + Zcumi =1,
(3.3) Cn+ Zsz + ECmy + ZCunu =0 forall {ny} eG,

wherein Y, ;]| Cijl < . From the definition of G and the fact that 4
is completely regular, (3.3) may be written

(3.4) CtE+ D Citi + 2. Cik; + D Ciidij(x) =0 forall xerc.
- ; ~
Now by virtue of (1.2) we have Z”“=0| Cijibi| S M- ”x”
>iil Cij] < foreachn=0,1,2, - - - and each = { £} e rc. Con-
sequently, (3.4) may be expressed in the form

®(x) = Ct + > Citi + Z CiEr + 2 2, Cijain = 0,
7 k,l 1,7

valid for all x £ rc. Allowing x to take in turn the values Xy, X3,

7

10 In this connection, however, see the remark in §1.
U Banach, op. cit., p. 57, §3, Lemma.
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X, (k,1=0,1,2, ), in ®(x), we find successively the following re-
lations:

(3.5) > Cijaiji = 0, k,1=0,1,2,- -
i,

and C;=C;=C=0, (¢,7=0, 1, 2, - - - ). Equation (3.2) then reduces

to Zi,,-C,-m?, =1, and this in view of (3.5) contradicts the hypothesis.

The proof is therefore complete.

LeMMA 2. If the method A is completely regular and of type M, then
corresponding to each {n%} € rc and each €>0, there exists an x e rc sat-
isfying condition (3.1).

LeMMA 3. If x s a bounded sequence transformed into rc by a com-

pletely regular method A, then corresponding to each €>0 there exists
an x e rc such that

(3.6) | Aii(x) — Aij(wo) | <&, 4,5 =0,1,2,-- .

LEMMA 4. Let x, be any sequence transformed into rc by a completely
regular and reversible method A. If corresponding to each €>0 there
exists an x € rc satisfying (3.6), then the sequence x, is summable to the
same principal limit by every method B which transforms rc into ¢ regu-
larly and which transforms into ¢ every sequence that A transforms into
rc. Moreover, if B is completely regular and transforms into rc every se-
quence that A does, then the row and column limits assigned by B to x,
will be respectively equal to those assigned by A.

Finally, the preceding lemmas may be combined to yield the fol-
lowing counterpart of Banach’s theorems.

THEOREM. Let the method A be perfect [completely regular and re-
versible|, and let the method B transform rc into ¢ regularly and trans-
Sform into c every sequence that A transforms into rc. Then every sequence

[bounded sequence] x, transformed into rc by A is transformed into ¢
by B with the same principal limit. Moreover, if B is completely regular
and transforms into rc every sequence that A does, then the row and col-

ummn limits assigned by B to x, will be respectively equal to those assigned
by A.
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