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position fields coincide and are cyclic. The field L is then equivalent
to a subfield of K’; without loss of generality we may suppose
K'>LzK. The degree [L:K]= is a divisor of m. Consequently
[Zz,L:K]|=[Z,L:L][L:K]=mnim. By the Galois theory there is then
for every integer # an extension Z.* of degree n over K. The defining
equation f*(x) =0 of Z,*/K now may be approximated by an irreduci-
ble equation f(x) =0 of degree » with coefficients in K so that Z,* is
generated by the roots of f(x) =0. The root field of f(x) =0 over K
is the cyclic extension Z,! of degree n over K.Hence Z,*=Z2,! K for
all », contrary to the assumption that K is not relatively complete
with respect to any rank one valuation.
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1. Introduction. The problem at hand was worked out in attempt-
ing to apply tensors to a much more general problem in classical
differential geometry. The results obtained in a general coordinate
system reduce readily to classical results of Eisenhart. An interesting
interpretation of Christoffel symbols appears.

2. R net. A rectilinear congruence in 3-space is called a W-congru-
ence if the asymptotic lines on the two focal surfaces correspond. If
the tangents to both families of curves of a conjugate net on a surface
form W-congruences the net is called an R net.! We derive the ana-
lytic conditions that must obtain in order that a given conjugate net
on a surface shall be an R net.

3. Equations for an R net. Let S; be one focal surface of a W-con-
gruence, the vector equation of the surface being

(3.1) o = 21(2), a=1,2,3i=1,2.
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p. 1077.
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Let S, be the other focal surface of the congruence with vector 23 so
that we have

(3.2) 2 = 21 + piby

where £ is a unit vector tangent to Si, and p; is an invariant.
Then if N}, are the components of this vector in the x’s we have

a a T
(3.3) &1 = 21,y
where in this case
a
a 821
31/, =
oxt

since 2 being an invariant for a transformation of coordinates in the
x’s, the ordinary derivative of 27 with respect to x¢ is the same as the
covariant derivative with respect to g;;, the fundamental tensor of S;.
Then substituting (3.3) in (3.2) we have

(3.4) 25 = 21 + plz:/,;)\;/.
Similarly by the property of focal surfaces we have
(3.9) 21 = 22 + pazas,ha/

where p. is an invariant, and A}, is a unit vector tangent to S.
Adding (3.4) and (3.5) we have

(3.6) piMEL),i + pohaszasi = O.
From (3.6) we have
(3.6") p1 = épa,

i a i a
N1/217,i = €Ngy3e).
where é=1if e=—1, and é= —1if e=1, and conversely.
We differentiate (3.4) covariantly and have
a @ i a [ a T o«
3.7 Zas,k = 817,k T+ P1/,6M/317,5 F P11/, kZ1/,c T PINL/BL/, ik

Let %7 be the unit normal to S;.

We multiply (3.7) by N};, sum for &, multiply by 7§, sum for a and
we have

(3 8) 0 = p1b1/in;/)\;/

the first three terms on the right vanishing because 57 is perpendicular
to Sy, the term on the left vanishing because of this fact and (3.6),
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and the last term becoming pinf§ - 2{/,A1/\;, the second factor of which
is denoted by by/i\i /N2

Hence the directions N,; and N}, are conjugate on Sy.3

Similarly they are conjugate on S;.

We next differentiate (3.7) covariantly with respect to g;; the funda-
mental tensor of Si,

2 a

d Z9 a m \l a i a 7 a
T T Bm (e = Bk + p17,kiN1/217,0 T+ p1/,wN1Y, %170
dxkdx? k]f

(3.9) i a '3 a 7 @ 7 a
+ prs.Myz1y,45 F P17, Ny kB PINY k2, T PN 214

i a [} a i a
+ p17,\/217,50 + PNy, B17,58 T PINLIBL) ik

Multiply by %3 (the unit normal to S;), sum for o and we have

a a i a a 7 a a
basks = bieimi-m2 + p1/,kiN1/Z17,0° M2 T+ p17.EN1Y, %1700 M2
7 a a 1 a a ) a a
+ p1/, N briimy me + p1y, Ny kB, M2 T+ piNay, kB M2
(3.10) 1 a @ ) a a i a a
-+ pihiywbsimecme + pyy,idisbasisna cme + paliy,ibasina m2
1 [+3 [+3 ? a o
+ phisbisin, M1 me + bigsepiNimy, i me.

In the future, since unless otherwise stated covariant differentia-
tion is with respect to the fundamental tensor of S;, we shall note the
covariant derivative of 23,; by 25,

We evaluate 27/, 75 as follows.

We differentiate (3.5) covariantly giving

(3.11) 31/ = Zays + pasihassase + pz)\Z/,izza/,s + poNaszzs,eir
Multiply by 55 and sum for «, giving
(3.12) Z‘lx/,i"f]; = PZ)\;/bwai-

Substituting this value for 27/,-n; in (3.10) we have

basei = (m1-m2)(Bayei + bujiiprshey + dujiipihayx + businpry, My
: i i a «
+ bsiweiday, i+ bujik,ipthay) + prhajbusinnyy,icme
(3.13) i N
+ p1/.6Ny, PN B2ssi T p17,iN1/ k2N B2 /s
1 8
+ piNiy,kipaNe/baysis

Since the asymptotic lines on .S; and S; are to correspond we have

2 L. P. Eisenhart, Riemannian Geomeiry, 1926, Equation 56.2, p. 189.
3 Ibid., Equation 56.3, p. 189.
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(3.14) basis = ubyjis.

We determine u as follows. Differentiate the second of (3.6") co-
variantly, giving
(3.15) Mz + sy + ey, mar,i + Najsari) = 0.

Multiply by 73, sum for a and use (3.12). This becomes

3 a a i k (3
(3.16) Ni/bisii(n1-m2) + pakis,iNesbesri + eNgsbasii = O.

Now multiply by N, and sum for j giving
a a 2 ] [ k _ i
(3.17) (11 -n2)bajiNiMy + bajirpahiy, s My = O.
But since beir = b1/ we have
(1% -m)basiAi M)
p2b1/irNiy, iNe/N

Substituting in (3.13) and using the fact that?

em a

a
My,i = — b1/6i Z1/m

we have

p2bis)\s2/)\§./,h)\,;/[bki + pl/,k)\i,b” + pl)\i”'kb” + Pl/,j)tllbik
(3.19) + Pl)‘i/.z'bilc + Pl)\i/bik,i] + bhr)\’f/xrl,[bki - pll,k)\i/‘jpz)\;/bix
- PIPZ)‘i/.ki)\;/bis + bikplpz)\i/bejgmbms)\;/
- pl/,i)‘i/,kp2)‘;/bis] =0

where the b’s are all those of ;.
To evaluate p;, multiply (3.16) by N, and sum for j, giving, by

(3.14)

(3.20) plbl/ki)\;c/)\i/,j)\;./ + )\;/)\;/bl/u = 0.
Similarly, we have

(3.21) pabrskiAes, AL )\i/)‘ilbllii =0

where N\j,, is with respect to gi; of Sa. (It should be remarked that
p2 may be expressed entirely in terms of elements of S; by means by
(3.6) and (3.7) and differentiation.)

Equations (3.19) with p; and ps; determined by (3.20) and (3.21),
respectively, constitute the condition that must obtain in order for
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the tangents to the curves of direction N}, on .S to form a W-con-
gruence. An equation similar to (3.19) obtains for the direction N},.
These two equations must hold in order for the net with directions
\i; and N}, to be an R net.

In particular we consider the case where N}, and N}, are tangent to
the # and v parametric curves, respectively. Then

M= 1, b = D,

)\§=0, big = boy = D' =0,
(3.22) .

A = 0, bae = D",

N =1,

and it is easily shown that

i 1
Ney,i = .
aj

for any fixed 7, a, j, which is an interesting interpretation of the
Christoffel symbols in this case.
In this case (3.19) reduces to

(3.23) g %{122} N 58;<{222} - %{121})

the equation obtained by Eisenhart.5
The equation similar to (3.19) reduces to

(3.24) 2 %{112} - %«111} a —3{%})

and these two equations constitute the condition that the parametric
curves of a surface .S form an R net.

AMHERST COLLEGE

¢ L. P. Eisenhart, Differential Geometry, 1909, p. 115.
8 L. P. Eisenhart, Transformation of Surfaces, 1923, p. 106.



