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1. Introduction. Vogt1 has studied, using synthetic methods, the 
space transformations associated with a linear congruence and with 
a bundle of lines. In the present paper the non-involutorial transfor
mations associated with these configurations are found analytically, 
and by an entirely different geometric process. It will be shown that 
the general transformation associated with a linear congruence so ob
tained differs from that of Vogt in one important respect, having one 
more fundamental curve in each of the projectively related spaces. 
The transformations in the planes containing the directrices of the 
congruence are also shown. 

Given the directrices r and s of the congruence and two projec
tive pencils of surfaces 

I Fm+n+i\ : TmSng2m+2n+2mn+l 

and 
I Fm'+n'+l\ • fm'sW'g2m'+2n'-f2m'n'+l. 

Through a generic point P(y) there passes a single F of | F\. The 
unique line / of the congruence through P{y) meets the associated F' 
of | F' | in one residual point P'(x), the image of P(y) under the trans
formation thus defined. The residual base curves of | F\ and \F'\, 
other than r and s, have been denoted by g and g', respectively. 
Through a point 0g* on g' there is a unique line / ' of the congruence, 
this line lying upon one surface of | F' \. The associated surface of | F\ 
meets / ' in a point P which generates a curve g. Similarly, beginning 
with a point 0Q on g, a point P' generating a curve g' is found. I t 
will be shown that r, s, g, g', g, g' are fundamental curves of the 
transformation. 

2. Equations of the transformation. Let us take the equations of 
the directrices r and s, respectively, as 

(1) Xi = #2 = 0, X% = Xi = 0, 

and the pencils of surfaces 

(2) | Fm+n+11 = U - \U = 0, | F'm.+n>+11 s V' - \U' = 0 
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where 

Um+n+l = ] C UjVk(CjkX), Um+n+l = z2 ÜjVk(CjkX), 

U m'+w'+l 2 3 UjVk(CjkX)y Um>+n'+l = z 3 ÜjVk(CjkX), 
j\/c=0 

(3) 

m 
• ^ - ^ i m—% 

Uj = 2 ^ # ù # l # 2 , 

m 

E t ra—i 
âijXiX2 , 

*j — / y Q'ijXi3C2 j 

n 

E t n—i 

OikXsXé , 

n 

E t n—i 
bikXzXt , 

«' . , . 

Vk = 2 ^ bikXzXi , 

ft' . . . 
/ ^r-> jf » n'—t 

Vk = 2- / #ifc#3#4 , 
i=0 

(CjkX) = Cjk.lXi + Cjk,2%2 + 6/fc,3#3 + Cjk,AX4, 

and so on. 
Through a generic point P(y) there is an F of | F\ with parameter 

\ = U(y)/U(y) and to this corresponds the F' having equation 

(4) U'(x)U(y) - U'{x)U{y) = 0. 

The unique line t of the congruence passing through P(y) intersects 
the surface (4) in the point P' having coordinates 

(5) 

where 

T m-\-m'-\-n-\-n''+3 « 

axi = i?^i + Kyi = Syi 

(7X2 = Ry% + Ky2 = Sy2 

(7X3 = Ry* 

(7X4 = Ry* 

Km+m'+n+n'+2 = U Ü — U Ü , i£m-fm'+n+w'+2 — UW — UW , 

( 6 ) Wm'+n'+l = 1 3 « i » * ( 4 * s ) > WL'+n'+l = 2 3 U{0k{cikZ), 
j,k=0 jtk=0 

(cjkz) = Cjk,iyi + Cjk,2y2-

Equations (5) are those of the inverse transformation. 
In a similar manner the equations of the direct transformation are 

found to be 
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(7) T m-fm'+n+»'+3 • 

cryi = R(%i + K'%1 = S'X\ 

<ry2 = i£'#2 + KfX2 = S'x2 

ayz = R'xz 

<jy± = R'x± 
where 

^m+m'+n+»'+2 = UU — UU = — K, Rm+mf+n+n'+2 = U W ~ U W, 
(Q\ m,n m,n 

Wm+n+l = 22 Uflk(CikZ), Wm+n+l = 2-> ÛjVkiCjkZ). 
2,fc=0 j',A;=0 

3. Images of fundamental curves. The transformations T~l and T 
applied to an F' and F of | Ff\ and | F | , respectively, give 
(9) U' ~ ( r - 1 ) USm'Rn'G, U ~ ( r ) U'S'mR'nG' 
where 

G2^+2n'+2 = tf'F' - F V , G2'm+2n+2 = UW~ VW, 

Sm+m'+n+n'+2 = C^M" ~ É7M , Sm+m'+n+n'+2 = U 'M — U M} 

Mm'+n>+l = W' — U' = ^2 MjVk(CjkW), 
;',/c=0 

Mm+n+\ = W — U = S UiVk(CjkW), 
(10) , , y,fe=o 

m , r r 

Afw'+n'+l = PF' — F ' = X Ufih{cihW), 
ƒ,&=() 

Afm+n+1 = ÎF — Z7 = X ÜjVkiCjkW), 

Here £/ and Z7; are the corresponding surfaces of | F\ and | F ' | and 
g'~(T-l)G, s'^T-^S, g~(T)G', s~(T)S'. Similarly, 

K' ~ ( r - ^ Z ^ ^ ^ ^ ^ + ^ G G ' , if — (T)KR'n+n'S'm+m'GG', 

K' ~ ( r ^ J R ' " ^ ' " ^ ^ , Z — WKR^'S^n'GG', 

G' ~ ( r - ^ s ^ + i R ^ G ' , G — (r)s/2™,+1#/2w'+1G, 

G' ~ (r)5/2TO+1JR/2n+1G/, G — (r-i)52m'+ijR.2W'+iG) 

i£' ~ (r-1)5,m,+wH"1-Rn,+wGG/, £ ~ (D5/w,+,,,,+1i2,n+n,GG/, 

£ ' ~ ( ^ S ' ^ ' + ^ ' ^ ' t i ? ' 2 - K'(W'W - W'W)]y 

R~ (T-l)S™+m'+lRn+n'[R2 - X(PTF - WW)], 

S' ~ (r-1)5m+m'JRn+,,/+1GG/, 5 ~ (!T)S'^m,£'n+n'+1GG/, 

5' ~ (!0S'^m'12'w+"'+1[.R'.S' + K'(W'M - W'M)], 

S ~ (2v-1)5m+m'i2n+n'+1[i25 + £(TOf' - WW)]. 
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Through a point Or on r there is a pencil of transversals through 5. 
Each direction in this pencil determines an F' and the associated F 
cuts the line in one residual point. The locus of such points is a plane 
curve c which generates the surface R, image of r. The order of c, de
termined by the intersection of R and a homaloidal surface, is 
n+n' + l. Similarly, taking a point 08 on s, we find a plane curve k 
of order m + r a ' + l generating the surface 5, image of s. 

Through a point 0g> on g' there is a unique line t of the congruence, 
but every F of \F\ is associated with 0g>, hence Og'~{T~l)t. The 
ruled surface G generated by / is the image of g' under T~l. Further
more, every point P' of the transversal determines the same F' and / 
meets the associated F in one point P so that P~(T)L The locus of 
points P is the curve g and g~(T)G. The order of g, determined by the 
intersection of two homaloidal surfaces, is Im'n'-\-2rnn'+ 2mfn+m 
-\-3m,f+n-\-3n' + 3. In a similar manner we find a curve g' of order 
2tnn+2rnn' + 2mfn + 3m+mf+ 3n+n'+ 3 such that g'~(T~l)G'. 

We can now write the following correspondences: 

r~(T)Rf: sm+m'+lrn+n'grgf', r ^ (T~l)R: sm+m'+1rn+n'gg, 

s ~ (T)S': s
m+m'rn+n,+1g'g', s ~ ( r - ^ S : s

m+m'rn+n'+lgg, 

g ~ ( r ) G ' : 52»H-lr2»i+lgg/> g' ^ ( r - 1 ) ^ : 52m'+l f2«'+lgg/> 

g' ~ (T~l)G': s
2m+lr2n+lgg\ g ~ (T)G: s

2m,+1r2n'^lgg\ 

4. Invariant and homaloidal surfaces. The éliminant of the param-
ter from | F\ and | F'\ is the pointwise invariant surface K. Generic 
planes subjected to the transformations give 

Tp' S (A'X) ~ (T^RiA'y) + K{AfZ) = </>m+m'+n+n'+3, 

ic^(Ay)~ (T)R'(Ax) + K'(Az) = C w » ' + » 

where the </>'s are homaloidal surfaces of the transformation. Further, 

4> ~ (T)(A,x)Sfm+mf+1R,n+n^lGG\ 

4>' ~ (T-1)(Ay)Sm+mf+lRn+n'+1GG\ 

hence the homaloidal webs are 

The intersection of two homaloidal surfaces gives the homaloidal net 

E' s [</>^] :s™2+2 w+™'2+2™^^ 

We now write the additional correspondences: 
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IT ~ (T)(j)': 5^+m'+ifrt+n'+Yg^ T ^ (T-1)^: s
m+mf+1rn+n'+1gg, 

K ~ {T)K'\ sm+m'rn+n'gg'gg', K' ~ (T'^K; s
m+m,rn+n'gg'gg'. 

The jacobian of the transformation is J=RGG'S. 

5. Tangency along r and s. The projectivity xx — yu x2 = y2l #3 = kySl 

^4 = ^3+^4 is applied to the fundamental surfaces of the transforma
tion and an examination of the coefficients of the highest powers of x% 
shows K and S to have 

ik, 4) 

,3 ~\~ CjkA) 

+ CjkAJ 

m' ,nr / n' \ 

Dm+m' = 22 Ui\ X bikk% J (kCjk,3 + Cjk 

m,n / n \ 

?\ft=0 \ t=0 / 

mf ,n' / r>' \ 

J,/C=r0 \ t = 0 / 

as common tangent surface along r. D is also a common tangent sur
face to K' and 5 ' along r. A similar process shows 

m',n' / w,r \ 

ƒ,&«0 \ t'=0 / 

* X »* ( X #*,•** ) (*C/fcfl + Cjk,*) 
j,k—0 \ i=0 / 

m,n / m \ 

j\/c=0 \ *=0 / 

mf ,n' / m' \ 

• 2 *̂ ( ]C ^ ' ^ ) (*^'*.i + c'ikti) = 0 

to be common tangent surface to K, K\ R and R' along s. 

6. Intersection table. Referring to (12), (13), and §5 we can now 
write the following intersection table. 

[R'G']\ ^ » > + ^ * ' + « " H - ~ ' + l f a " S + 2 » " ' + " ' + " | , r f i i i • • • dlt2mn+2n 

\Rfó']: 5 ' » 2 + » » ' 2 + 2 m w ' + 2 w + 2 w ' + l f n 2 + n ' i ! + 2 n n ' + n + » ' ^ ( ; 

[ j ^ ' ^ ' l . sm
2+m'2+2mm'+m+m'rn'2+2nn,+n2+(n+n') tg'p' 
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[S'G']: ^-2+2-'+-+-V2«'+2^2+3w+"'+1g'ei li • • . e1>2mn+2m 

[ ^ ' d / 1 ; 5TO2+w'2+2mm'+m+m /
rn

2+n / 2+2nn'+2n+2ri '+y«^ 

[GV]: «*»,+*»'»n»f»'+v»-,+»«»'+»»+-'+i|'/lil • • •/1,2m+2mn+2re+1 

[G'i^'l : s2w2+w+2wm'+mV2n2+w+2ww'+n'££' 

fyK'\ : W2+™'2+2 w+™+™V»2+»'2+2"^ 

7. The rn+n '+2 in a plane through r. A plane 7r = xi=Sx2 cuts the 
surfaces of | F\ and | F'\ in residual pencils of curves 

(14) | fn+1 \ =u — fxü = 0, | /n'+i | = w' — /x«' = 0 

where 
m, n m,n 

Un+1 = 2^^j-WA;(a,-A;^), ^n+l = X, ^ i^k(oijkx), 
y,fc=o y,fc=o 

w.' ,n' m' ,n' 

Wn'+l = 2^^j«fc(ayfcff), Wn'+l = ^/^^^(«jfc^), 

ŷ = X) <M% ^/ = X <M\ ^ = X a*'̂ S ŷ = 2 â̂ % 
(15) 

0iA;#3#4 , Wft = 2-J OikXzXi: , 
t = 0 t = 0 

/ —̂A / t n'—t _ / ^-^ w t n'-—t 
WA; = 2Lt OikXzXA , COfc = 2-f & ^ 3 # 4 , 

i=0 i=0 

(a,'fcff) = («j'fc.iô + OLjk,2)X2 + a37c,3#3 + <Xjfc,4#4. 

The second directrix s cuts 7r in the point P : (S, 1, 0, 0) which is 
an n-fold point on the curves of | / | and an w'-fold point on the curves 
of \f'\. Through a generic point P(y) of ir passes an ƒ of | / | having 
parameter JJL = U(y)/ü(y) and to this corresponds t h e / ' of \f'\ having 
equation 

(16) u'(x)ü(y) — ü'(x)u(y) = 0. 

The unique transversal / through P(y) and P meets (16) in a point 
P'(ff), image of P(y) under the transformation. The inverse transfor
mation is thus 

(17) Tn+n>+2'> X2 = <ry2 + K, Xz = ay3l x 4 = cry^ 

where 
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ZCn + n '+2 = UfÜ — ÜfU c r n + n / + 1 = Uw' — ÜW', 

m',nf m',n' 
(18) W>n' = Yl, ^Wk{0i'jkZ)y Wn> = 2 ^/^(a /*Z)» 

?,fc=0 ?,/c=0 

(ctjkZ) = «/fc.iô + 0£j*,2 

while the direct transformation is 

(19) Tn+n>+2: J2 = ÖT'̂ 2 + *', 3>3 = «r'sa, y A = (T'XA 

where 

ie = — K, ovt-n'+i = w w - w w, 

3,k=0 ;\/c=0 

The curve /c is pointwise invariant under the transformations. 
The application of the transformation and its inverse gives 

(21) u'(x) ~ (T-^a^uy, u(y) ~ (T)a'nu'y'', 

where y2n'+i = u'w' — ü'w', y^n+i =uw — üw, and, furthermore, 

K' ~ (T-l)nfan+n,yy', K ~ (2>ö-'*+r<'77', 

K' ~ (T)iS<r'n+n'yy', K ~ ( P ^ V ^ y / , 

y — (p-i)o-2«+y, 7 ~ (7V2«'+17, 

7 ' ~ (7V2»+y, T ~ (r-Vn,+17, 

<r' ~ (T-1)(7W+W,77', o- ~ (r)(7 / w + w '77 /
> 

</ ~ (P)er'*+«'[V2 + K'(«>'W - WW>')], 

<r ~ (T-l)crn+n'[<T2 + K(W'W — ww')\. 

The base points of the pencil | / | are P and 2w+l other points 
I \ , T2, • • • , r2n+i while those of | / ' | are P and r / , IY, • • • , T2V+1. 
We designate the lines P I \ , PT2, • • • , Pr 2 n+i as y(, 72', • • • , 72'n+i 
and PT{ , P IY , • • • , Pr 2V+ i as 71, 72, • • • , 72*1'+1. The curves 7 and 7 ' 
in (21) consist of the lines 71, 72, • • • , 72n'+i and 7/ , yi , • • • , 7an+i» r e" 
spectively. It is easily seen that Ti~(T)yl, Tl ~(T~l)yi,yi ~(T~l)Yi, 

Moreover, there is a particular ƒ of | ƒ | consisting of the lines 7/ 
and an n-ic through T2, r3 , • • • , r2n+i, P , the latter being an (n — 1)-
fold point on the w-ic. The n-ic intersects 7 / in another point Pi. 
Then Pi~(T)T{ and T^^T^yi . Similarly, we can find points 
IV, • • • , IYn+1, rx , • • • , T2n,+l such that T/ ~(T-l)yl and r ,~(7>y<. 
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We can now write the following correspondences : 

P~(T)p: P»+»Ti • • • r ^ + i f î • • • fin+i, 

I \ ~ ( 2 > y i : PTiT'i, 

K ~ (T)K: Pn+n,T1 • • « I W i r i ' • • TL+iTx • • • Tzn'+xTl • • • rin+l. 

When the transformations are applied to a generic line we get 

V s= (Ax) ~ {T-l)*(Ay) + KA2 = 0w+n,+s, 

X == (Ay) ~ (7>'(,4tf) + K^42 = </>n+n'+2, 

0 — (T)(,4;y)o-'w+*'+y/, «' ~ (T-l)(Ax)<rn+n'+1yy' 

and the holaloidal nets are therefore 

«>2| * | : P ^ - ' + ^ i • • • T2n+1T1 • • • r î n ,+ l f 

o o * | ^ | : p«+«'+iri • • . r2'„,+iK • • • Kn+i. 

The translation X2 = x£ +1, Xs = xi, xt = xl is applied to the funda
mental curves of the transformation and a' and K' are found to have 
the curve 

mf ,n' m,n 

ln+n> = 2 ^ ^ CO (0Ljk,\h + CXjkj) • Z J ^ « ( â ^ . l ô + â/fc,2) 
j , / e=0 y,fc=0 

m',nf m,n 

~ X ^ « (5?*.iS + 5^,2) ' X) ^«(«jfc.i^ + «i*,2) = 0 

as common tangent at the point P . 
The jacobian is a^yy'. 
The intersection table is as follows 

^f 
l * > ' ] : p«'+w+»"+M+*, '+i r ; • • • TL'+xTi • • • T,n+lF 

(the homaloidal web) 

[<r'y-j: P«+«'f'i, [y'iK'}: P»+»'I\f;, [y^ ] : P ^ ' + T -

[<//]: P«2+2»«'+»'2+(«+«')T; . . . r^'+ifi • • • fL+ 1 

l«rV]: p-,+«-»'+«'^-+«Ti/ • • • r2'K,+ifi • • • rL+i 

[«'*']: p«*M«'+. 'W. ' r i ' • • • r^.+ifi • • • f2'n+1. 

As the plane ir generates the pencil on r the 7Vhn'+2 generates the 
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space rm+W'+n+ri'+3 whose equations may be obtained from (17) and 
(19) by replacing uy ü, u'', w', w, wy w', w'', (as) and ô by £7, F , C7', F ' , 
W, W, W', W', (as) and #i/#2, respectively. 

When the surfaces are cut by a plane ir'^Xz— e#4 through s a simi
lar plane transformation of order m+mf + 2 is found. 

8. The transformation associated with a special linear congruence. 
If we take the directrices r and 5 of the congruence as 

(22) # i = #4 = 0, #2 = #4 = 0, 

respectively, and pencils of surfaces F and Ff as in (2) and (3) where 
^/=XXo#t/*i*I~*> ^ = ^ ^ 0 ^ ^ 2 * 4 " * and similarly for #,-, « / , and so 
on, the equations of the inverse transformation obtained by the pres
ent technique are 

(23) Tm+m'+n+n'+2: xi = Ryu x2 = Ry*, %s = Ry3 + K, #4 = Ry* 

where Ï ^ w + J = U'V- ffi', i^+ m^+„>+ 1= UW'-UW', 
m',n' m',n' 

WL>+n' = X) «^*(C/*,s), Wm>+n> = X UjVk(Cjk,Z). 
j,k=0 j',k=0 

Such transformations are well known so that no discussion will be 
given. 

9. Discussion. Vogt, in his general skew transformation, finds three 
fundamental curves and their images in each space. These he desig
nates as gi, g2, /i, hy R\j Ri having images 72, 7i> X2, Xi, P, P, respec
tively. Of these gu £2, h, h, 72, 7i, X2, Xi, correspond to r, r, s, s, R', R> 
5 ' , S of the present paper. However, Ru i?2, p, p, are replaced by 
&> f ï &'> g'î G', G; G> G', respectively. The sums of the orders of g 
and g, g' and g', G and Gf are equal to the orders of Ri, R2, andp, 
respectively, as given by Vogt. 

The properties of the transformation in §8 are the same as those 
of the "central" transformation which he describes. 

Quadratic transformations associated with a linear congruence may 
of course be gotten from those of the present paper by taking | F | 
and I F'\ as pencils of planes, that is, making rn = n = 0> in the plane 
transformations of §7 and the space transformation of §8. 
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