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This gives 

and it is easily seen that all an lie on the boundary of the parabola. 
The theorem is now completely proved. 
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A TABLE OF COEFFICIENTS FOR NUMERICAL 
DIFFERENTIATION 

ARNOLD N. LOWAN, HERBERT E. SALZER AND ABRAHAM HILLMAN1 

The following table lists the coefficients Am,s for w = l, 2, • • • , 20 
and s = m, • • • , 20 in MarkofFs formula for the mth. derivative in 
terms of advancing differences, namely 

n - l 

û)™jf<"0(a) = X) ( - l)m+sAm,sAsf(x) + (~ l)m+wcoM™,nyw(£). 
s—m 

In this formula co is the tabular interval and 

Am,s = (-l)m+smB{*ljs{s-<rn)\ 

and B(
s
s2m is the (s — m)th Bernoulli number of the sth order. 

Presented to the Society, April 4, 1942 under the title Coefficients of differences in 
the expansion of derivatives in terms of advancing differences; received by the editors 
March 7, 1942. 

1 The results reported here were obtained in the course of the work done by the 
Mathematical Tables Project, Work Projects Administration, New York City. 
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If a function has been tabulated to sufficiently great accuracy and 
for some suitable interval of the argument along the real axis, the 
accompanying table may be used to generate the values of the 
derivatives which in turn may be employed to generate the values of 
the function in the complex plane within a region where the function 
is analytic. 

The coefficients were computed from the recurrence formula 

sAm,8 = (s — l)Amt8-i + ?^4 m _ i , s _ i 

and checked by independent calculations using the identity 

s 

x(x + 1 ) 0 + 2) • • • (x + s - 1) = slY,Ajtsx'/jl 

From the identity 
\X-\~X JL-\~X / 3 + * * • ) m = ^ m l m ^ m T ^ m ) m - f l ^ _ ) _ . . . 

it was discovered that a prime p is not effectively present in the de
nominator of an Am,8 for which s<rn-\-p—l. The cancellation of 
prime factors in accordance with this rule was a further check on 
the accuracy of the work. 

The Markoff formula is used at the beginning and end of a table 
where advancing differences are the only types available. For a full 
discussion see L. M. Milne-Thomson, The Calculus of Finite Differ
ences, chap. 7, pp. 157-159. According to Milne-Thomson the relative 
simplicity of the remainder term is another advantage over central 
difference formulae. 

Comparison of the Markoff coefficients with central difference co
efficients shows the latter to be much smaller and obviously more con
venient for obtaining the derivatives of a polynomial sufficiently far 
away from the ends of a table. However for many important func
tions in applied mathematics such as Bessel, error, and gamma func
tions, use of the Markoff formula for a polynomial approximation of 
some fixed degree might yield a smaller total error due to the particu
lar form of its remainder term. 

The first few coefficients of the various formulae may be found in 
H. T. Davis, Table of the Higher Mathematical Functions, vol. 1, pp. 
73-77; Whittaker and Robinson, Calculus of Observations, pp. 62-65, 
and in an article by W. S. Bickley Numerical differentiation near the 
limits of a difference table, Philosophical Magazine, (7), vol. 33 (1942), 
pp. 12-14. (This article lists coefficients of the first 12 derivatives up 
to those of the 12th difference.) 
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COEFFICIENTS AmiS IN MARKOFF'S EXPANSION 
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0)mDmf(x) ~ Yt'Sm ^ ~ XÏm+*A™> sA*f(X) 
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