
A CONVERGENCE THEOREM FOR CERTAIN LAGRANGE 
INTERPOLATION POLYNOMIALS 

M. S. WEBSTER 

In the Lagrange interpolation polynomial LH[f; d] where 

lh[0] m tf [0] m lh{*) m — ^ 
(1) 4>n(Xk)(x — Xk) 

n 
4>n{x) S I J (X — Xk), 

x = cos 0; — 1 < Xk < 1; & = 1, 2, • • • , n\ n = 1, 2, • • • , 

and ƒ(#) is a continuous function defined in ( — 1 , 1), we suppose that 

(n) 

(2) Xk ^ Xk = cos 0fc = cos kir/{n + 1). 

Then [ l ] , 1 we have 
sin O + 1)0 

<l>n(x) = 'J X = C O S 0 , 
2W sin 0 

(3) 
( - l)*+ 1sin20*sin (n + 1)0 

h[6] = 
(n + 1) sin 0(cos,0 — cos 6k) 

We introduce the following notations: 
tn == / = ôi/2 = TT/2(W + 1 ) , M = max | ƒ (OP) | , 

(4) 
Sk[6] s {/*[*-*]+/*[*+ *]}/2. 

We shall prove the following theorem which was suggested by a 
similar theorem of Grünwald [2]. 

THEOREM. Letf(x) be a continuous f unction in the interval — 1 ^x^ 1. 
Then 

(5) lim (1/2) [Ln[f; 6 - tn\ + £»[ƒ; 0 + fc]} = /(cos 0), 0 < 6 < T, 
n—»oo 

awd /Ae convergence is uniform in the interval O<a:^0^7r — a (a arôi-
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rary, fixed constant). In general, convergence does not hold for 0 = 0 or 
0=7T, 

We shall prove first that there is a constant D for which 

n 

(6) Z) I s*[$] I < A 0 < a <>d S T - a;n= 1, 2, • • • . 

If d^dk + ty it follows from (3) and (4), by the use of trigonometric 
addition formulas, that 

( - 1 ) *+1 sin / sin2 6k cos (»+1)0 
O k 10 == ' ' 

4 ( » + l ) sin (d-t) sin (0+/) 
(7) 

cos 0 cos 0& — cos 20 cos / 
sin (0+0 A - / ) /2 sin (6-6h-t)/2 sin (0+0&+/)/2 sin (0-0*+/) /2 

If 0 is restricted to the interval O < a ^ 0 ^ 7 r / 2 , and if w is large so that 
t^a/2, it is easily seen (assuming a ^7r/3) that 

sin2 0& 

sin (l/2)(0 + 6k- t) sin (l/2)(0 + 6k + t) 
< 4 , 

Sk[B]\ < 
(8) ( » + i ) 2 | 0 - eh-t\ • | 0 - 0 * + / | 

I esc (0 - X) esc (0 + X) J ^ s C, 
cos a — cos 2a 

a ^ 0 â TT/2,0 ^ X S a/2. 

For a given 0, there are at most two values of k for which 
|0-0fc| <w/(n+l). Since [ l ] |/*(#)| < 2 ( - l ^ * g l ; * = l, 2, • • • , n\ 
n = l, 2, • • • ), from (8) we have 

è | S * [ 0 ] | < 4 + £ | Sk[d] | 
*- l lâ*gn,|»-«*|ê«7(tt+l) 

7T3C _ 1 

<4-
(n+l)2 iaw».ii-#»iir/(»+x) I « -**-< | • | »-«»+*! 

2TT3C » r 2 ( w + l ) l 2 1 

<4+ £ — 
(n+iy t îL 7T J (2/-

l)2 

CO J 

< 4 + 8 i r C £ —=Z>', O<a^0gîr/2;»èMo(<*), 
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because in the summation 

\0 - dk±t\^\d -dk\ - t^ /*•/(» + 1) - r/2(n + 1 ) , / è l. 

By continuity, (9) holds for all 0 in O < a ^ 0 ^ 7 r / 2 . Since (9) is valid 
for n sufficiently large, there exists a D for which (6) is valid for all 
n if O < o ^ 0 ^ 7 r / 2 . 

Since Sk = T — dn-k+h it is found that 

h[S - t] = /»-*+i[0' + /] and Z*[0 + /] = ln-k+ 6' - /J 

where 0'=ir — 0. I t follows that 

Sk[e] = S ^ i f e ' ] , Ê I Skis'] \<D, ir/l^B' ^ir-a. 

This completes the proof of (6). 
From (8), if ô ( > 0 ) is fixed and if n is sufficiently large (so that 

t<5/2), it is seen that 

^ I r T i T T 3 C ^ 1 

lS*Sn.|*-ö*|>« (» + I ) 2 *-l (Ô - *)2 

4TT3C^ / 1 \ 
< - = o ( — ) . 

We are now ready to prove the main part of the theorem. Let 0 
be fixed (O<a^0^7r—a) and e > 0 . I t is well known that 

t / * W s 1, ÈS*[0] » 1. 
/ c = l J b - 1 

Since/(x) is continuous, there exists a S>0 such that 

| /(cos 0) - /(cos Bh) I < e provided | 0 - 0* | ^ 5 . 

Let 

A = (1/2) { i n [ / ; 0 - *] + £„[ƒ; 0 + /]} - /(cos 0) 
n 

= X) {/(cos0*) -/(cos0)}S*[0] 

Z {/(cos0,) ~/(cos0)}S*[0] 

+ Z {/(COS 0*) - /(COS 0) }S*[0]. 
l£k£n,\e-6k\>8 

Then, by the use of (6) and (10), for sufficiently large w, we find that 
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| A | < € £ \sk[e]\ + 2M £ \Sk[e]\ 

<T) < e£ + 2MO( — J <(D+ 1)€, * > .V. 

As in Rogosinki's theorem for Fourier series, the theorem may be 
easily extended so that convergence holds at any point x (9e ± 1) of 
continuity of a bounded f unction ƒ (#), convergence being uniform in 
any closed interval of continuity (excluding x= ±1 ) . In addition, tn 

may be replaced by pT/2(n + l) where p is any fixed odd integer. 
Since Ln[f\ — t]=Ln[f; / ] , the theorem would involve (for 0 = 0) 

the convergence of Ln[f\ t] to ƒ (cos 0). This convergence does not 
hold for all continuous ƒ (#) because 

Xn = E I Ml) I = ». 
fc=l 

and, according to H. Hahn [3], a necessary and sufficient condition 
for Ln[f; O] to converge to / (cos 0) for all continuous ƒ(#) is that 
Xn be bounded for all n. We give an example (compare [4] and [5]) 
of a continuous function for which convergence does not occur a t 
# = 1. 

Let fn(x) be defined for each n (w = l, 2, • • • ) as follows: 

/ ( - l ) * - 1 , -l=x<xn, 

\ r 2(x—XkA-i)~~\ 
(11) fn(x)= { ( - l ) H 1 — — ,**+i^*^*jb ;* = l,2 f • . . , » - l f 

\ 1, ^ i < x ^ l . 
Now, 

&=1 

sin2 kt cos2 ft/ 

(» + 1) sin / M sin (ft + 1/2)/ sin (ft - 1/2)/ 
Since 

sin ft/ 2 
- > —; ft = 1, 2, • • • , n, 
sin (ft + 1/2)/ 3 

we have 
I £»[/•; t] I > „ ^ . , Ê c°s2 » 

(12) 3{n + 1) sin^fc-i 
2 JL 4n 

> , / . IN • , 2 : (1 + COS»») > - • 
3(n + 1) sin / fc»i ow 
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By the Weiers trass approximation theorem, we may approximate 
fn(x) by a polynomial gn(x) of degree d{n) such that in ( — 1 , 1), 

(13) \gn{x)\ £ 3 / 2 , \Ln[gn;t]\ > 2n/3ir. 

This is possible, in view of (12), because 

I n 

| Ln[fn\ t] - Ln[gn; /] | = LE [M**) ~ gn(Xk)]h[t] 
I k=*l 

provided 

| / - (*) ~gn(x)\ g (e' / £ | M < ] | ) , 

Let 

00 

(14) g(x) s X Cigni(x), 

where Ci = w i = l , and 

(15) C,+1 = m i i J ^ , l l , r« - £ | IS* [«.,] | 

- U * ^ 1. 

- 1 £ * ^ 1, 

* = 1, 2, 

(16) 

»,- is the smallest integer satisfying the conditions 

(a) m è i(wi-i) + 1, 

(b) | c<L»,k„<; 4,] — 8 | > 4% i = 2, 3, • • • . 

Condition (b) is possible because of (13). From (15), it follows tha t 

(17) ci+1 S 1/4% i = 0, 1, 2, • • • , 

and the series for g(x) converges uniformly so that g(x) is continuous 
and |*(*) | ^ 2 in ( - 1 , 1). Let m = nr where r (s^l) is a positive in
teger. Using (IS) and (17), we have 

(18) 

/ -• ^U^mignit *m\ 
tW-fl i**r+l 2 fc^i 

YJ dgni(C0S tm) S 2. 

If w(x) is any polynomial of degree less than m in # = c o s 0, then 
Lm[w; d]z=w(x). Since 
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/ j CiL/m \jgnit t m \ 

r-~ 1 oo 

i » l i W - f l 

r—1 oo 

= CrLm[gm] t m \ + ^ _ , £ t g n t ( C O S ^wj "T" ^21^ ^ m [ ^ « j » *m\y 

< • ! i W - f l 

we find from (16) and (18) that 

\Lm[g;tm] - g ( l ) | 

= | {Zm[«i /w] ~ «(COS / J } + {«(COS tm) ~ «(1)} 

X) CiLm[gni; tm] — «(cos /m) - 4 

- 4 C r i - » w [ « m J t m \ + 2 l ^ ^»^»»L«n t - î f m j 2 s ^ i « n t ( C O S f m ) 

t==r-f-1 i=*r 

> 4r, r = 2, 3, • • • . 
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