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problems associated with the differential equation 

d2u d2u 
1 h \u = 0 

dx2 dy2 

for various types of boundary conditions when the boundary is 
rectangular. 

PURDUE UNIVERSITY 

ON THE CONVERGENCE OF A CONTINUED FRACTION 

T. F. GLASS AND WALTER LEIGHTON 

I t is known [l ] that sufficient conditions for the convergence of 
the continued fraction 

#1 ü2 

m fc + T + 7 + . . . . 
where the elements are complex numbers, are 

(2) | a, | è 5, | a2n\ ^ 25/4, | a2n^\ ^ 1/4, * = 2, 3, 4, • • . . 

The purpose of this note is to extend this result. 

THEOREM. If |a2n+i| ^r^l/A (n = 1, 2, 3, • • • ) and if the numbers 
a2n — p2ne

id^ (ft = l , 2 , 3 , - - - ) satisfy the conditions 

(3) p2n è 2(1 + r)2[l - cos (ftu + 0*)], 0 S 62n < ir - $0, 

(4) P2n è 4(1 + r)2, T-6o^d2n^ir + $0f 

(5) p2n ^ 2(1 + r)2[l - cos (02n - 0O)], T±e0<62n^ 2TT, 

where ôo=c2 arc sin r, the continued fraction (1) converges. 

To prove the theorem we employ the continued fraction 

X\ X2 

(6) 1 + — — • • • 
1 + 1 + 

where 

,„ «N (1 + 02n-l)(l + a2n+i) 
(7.1) x2n = ; n = 2, 3, • • • , 

#2n 
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( 7 . 2 ) #2n+l = #2n+l, # = 1, 2, • • • , 

(7.3) #1 = — a1} x2 = • 

Since the convergence of (1) is independent of the choice of b0, we 
set b0=l— ah and it follows [ l ] that the 2nth convergent of (1) 
formally equals the (2w+l)s t convergent of (6), while the (2w+l)s t 
convergent of (1) is equal to the 2nth convergent of (6). Thus (1) 
and (6) will converge or diverge together. By the first hypothesis of 
the theorem and (7.2) the numbers x2n+i are bounded and lie in R the 
closed parabola | z\ —%{z) = 1/2. I t is thus sufficient to prove that the 
numbers x2n defined in (7.1) and (7.3) subject to conditions (3), (4), 
and (5) are bounded and lie in the parabolic region described above 

[2]-
To this end let 

$2n+l = ( 1 + a 2 n - l ) ( l + 02n+l) = a2nX2n 

= f2«+iei**rH, n = 2, 3 , • • • , 

and set x2n = t2ne
i<a^. I t is clear that /2 r !^max r2n+i/min P2n = 

( l + r ) 2 / m i n p2n# 

First suppose that a2n lies in the region defined by (4). Then 
min P2n = 4 ( l + r ) 2 , fen =S 1/4 and x2n will lie in ]?. Next sup
pose that (3) holds, that is, that a2n lies outside the cardioid 
p = 2 ( l + r ) 2 [ l - c o s (0+0o)] and in the angle O^0<7r-0 O . Hence 
min p2n = 2 ( l+r ) 2 [ l—cos (0+0o)] for each 0 and thus 

1 
(8) fen S ~r - r > 0 ^ d2n < T - 0o. 

2[1 - cos(02w + 0o)] 
Further co2n = </>2n+i—02n from which it follows that — 0<>—02n^œ2n 

^0o—02n, and hence that — 7r^co2n^0o. It is clear that the right-hand 
member of (8) decreases steadily from 1/2(1—cos 0O) to 1/4 as 02n 

increases from 0 to w—0o and at the same time œ2n decreases steadily 
from 02n+i to 02n+i+0o —7T. The proof for the case when (3) holds may 
now be completed by proving that the point (1/2 (1 —cos 0O), 0o) and 
the points 

(9) (1/2[1 - cos (0 + 0o)], - 0 - 0o), 0 ^ 0 < 7T - 0o, 

lie in R, as an examination of a simple figure will show. The first 
point evidently lies on the parabola since the equation of the parabola 
in polar coordinates is 

(10) r = 
2(1 - cos 0) 
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The substitution X= — 0 — 0O proves immediately that the points (9) 
lie on (10). 

By symmetry it is clear that when a%n lies in the region defined 
by (5) the corresponding complex number xin lies in R. This com
pletes the proof of the theorem. 

COROLLARY 1. If |a2n+i| ^r^l/4 and |a2 n | è 4 ( l + f ) 2 , the con
tinued fraction (1) converges. 

I t is clear that an analogous theorem to the above may be proved 
with the roles of the even and the odd elements interchanged. 
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