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tive, real-valued, non-negative, finite measure function on E, vanishing only for ¢,
the zero of E. E is given the star-topology of G. Birkhoff, and it is shown that E will
have such a measure if and only if it is metrizable in a certain way in this topology.
It is next shown that E is a topological space if and only if it satisfies a certain dis-
tributive law. A basis for the neighborhoods of ¢ can then be characterized algebrai-
cally, making it possible to state simple algebraic equivalents for the various
separation axioms. If E satisfies the countable chain condition, T implies metri-
zability, which gives an outer measure on E. A measure is obtained by means of an
additional algebraic requirement. Thus, if E satisfies the distributive law referred to,
the countable chain condition, the algebraic equivalent of T, and the additional re-
quirement, there exists a measure-function on E. These conditions are easily seen to
be necessary. It is not known whether they are independent. (Received October 2,
1943.)

250. R. M. Thrall: On the decomposition of modular tensors. 11.

Let G be the n-rowed full linear group over a field & of characteristic p. 4 repre-
sentation of G is called a tensor representation if its space is a direct sum of subspaces
and factor spaces of tensor spaces. A main result of the present paper is that for a
finite field &, the k-group ring of G has a faithful tensor representation. In paper I
the representations afforded by all tensors of rank m <2p were determined subject
to the condition that % has more than p elements. In this paper the same is done for
the field £ with p elements. A main tool in this investigation is the construction of a
representaton of G from each irreducible representation of the non-modular full linear
group, and a corresponding extension of the Brauer-Nesbitt modular character theory
to this case. The presence of zero divisors in the ring of polynomial functions over a
finite field enters into the treatment of the case of tensors of rank 2p—1overa two-
dimensional vector space, and the situation in that case should help point the way to
the general decomposition theory. (Received October 1, 1943.)

ANALYSIS

251. Stefan Bergman: Fundamental solutions of partial differential
equations of the second order.

As was previously shown, for every differential equation L(U)=Uzz+H(Z, Z)U
=0, Z=X+1iY, Z=X—1iY, there exists a function E(Z, Z, t)=1+4+ZZ12E*(Z, Z, t)
such that U=P(f)=/11E(Z, Z, )/(Z(1—2)/2)dt/(1 —t%)V'3, where f is an arbitrary
analytic function, is a solution of L(U)=0 (see Duke Math. J. vol. 6 (1940) p. 537).
The author shows that a fundamental solution I'(z, 2, ¢, ) of the equation S(v) =v,,
+F(z, )v=0 is given by P(1/2x) log | Z| +G(Z, Z). Here Z=3—¢, Z=3—¢, and P
is the operator introduced above for the equatlon L(U)=0with H(Z, Z)=F(Z+ ¥,
Z+9). G(Z, Z)=—[3iD(z, Z)dzdZ+if3H(Z, Z)([3/3D(Z, Z)dZdZ)dZdZ+ - - -
where D(Z, Z)=(1/2) f Te[2E*+Z Ey+ZEgldt/(1—)V2, Using the representa-
tions of functions v(z, £), S(v) =0, in the form of a line integral over a closed curve in
terms of T', d'/an, v and dv/dn the author studies the growth of v and dv/dn along
circles [z] =7, r— o, The existence of an analogous function E(X, Y, ¢) for every
equation H(U) = Uxy+H| (X Y)U=0 (of hyperbohc type) has been established (see
above reference). (1/2x)/ E(X Y, t)dt/(1—12)V/2 is now shown to be the Riemann
function of the equation v,,,+F(x, y)v=0, where X=x—%, Y=y—9 and H(X, 7)
=F(X+%, Y+%). Analogous relations hold for more general equations. (Received
September 11, 1943.)
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252. B. H. Bissinger: Generalizations of continued fractions.

The simple continued fraction for a real number x, 0 <x <1, may be written in the
form f(ai+4f(az+ - - -, where the a's are the partial denominators and f(f)=1/t.
The present paper generalizes the simple continued fractions by using functions f(¢),
other than 1/t When f(#) belongs to an appropriate class F of real functions, defined
for t=1, and ai, as -+ - is a sequence of positive integers, the “f-expansion”
flai+f(as+ + - + converges to a number x, 0 <x<1. The “f-expansion of x,” 0 <x<1,
is given by an algorithm equivalent to the euclidean algorithm when f(¢) =1/¢. The
main result of the paper is the identity of the f-expansion of x with the f-expansion
which converges to x. The remainder of the paper is concerned with generalizations
of certain results in the theory of simple continued fractions, established by Borel and
F. Bernstein. One of these results is that, for almost all x, 0 <x<1, the a’s form an
unbounded sequence. This and theorems of a similar nature are proved for generalized
continued fractions, provided that f(f) belongs to a certain subclass of F. (Received
August 5, 1943.)

253. Fritz Herzog and B. H. Bissinger: Generalization of Borel's
and F. Bernstein's theorems on continued fractions.

Let f(a14f(a2+ - - - be the f-expansion of x,0 <x <1, as defined by Bissinger in his
paper Generalizations of continued fractions (abstract 49-11-252). For the case f(t) =1/
(simple continued fractions) Borel and F. Bernstein have proved: (a) the set of x,
0<x<1, for which the a's are bounded has measure zero; (b) the set of x, 0<x<1,
for which all a's are greater than unity has measure zero. In the paper referred to
above the statements (a) and (b) were proved to hold when f(f) belongs to a certain
class of polygonal functions. The present paper is concerned with the problem of
characterizing analytically a class of functions which does include f(£) =1/¢ and such
that statements (a) and (b) hold when f(f) belongs to that class. This investigation
at the same time reveals by which analytic properties of the function f(f) =1/t the
original statements of Borel and F. Bernstein may be proved. (August 5, 1943.)

254. R. C. Buck: A note on subsequences.

Starting from a result of H. Steinhaus (Prace Matematyczno-Fizyczne vol. 22
(1911) p. 129), it is shown that a sequence s,, limitable by a regular matrix method T,
is convergent if and only if each of its subsequences is also limitable T. This general
tauberian theorem gives rise to a similar result for series. If there exists a regular
matrix method T which sums every series obtained from Y_a. by bracketing blocks
of terms, then Y _a, is itself convergent. (Received September 11, 1943.)

255. R. C. Buck: Multiple sequences.

An r-multiple sequence of points of a limit space L is a single value function p(5)
from J to L, where J is the 7-fold cartesian product of the integers with themselvks.
Under an inclusion ordering, J is a directed system; a subsequence may then be de-
fined in terms of a monotonic function A(5), defined on J to J. In terms of a product
measure (C. Visser, Studia Mathematica vol. 7, p. 143) it is shown that the set of all
convergent subsequences of p(j) form a measurable set, with measure 0 or 1. By means
of a lemma on measure preserving translations and sets of measure 1, it is shown that
if p(j) is divergent, so are almost all of its subsequences. This is a generalization of a
previous result of H. Pollard and the author. (Received September 29, 1943.)
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256. R. C. Buck and Harry Pollard: Convergence and summability
properties of subsequences.

The authors discuss the relation of the convergence or summability of a sequence
to that of its subsequences. The set of subsequences of a sequence can be mapped in
a 1:1 fashion on the interval (0, 1). In terms of Lebesgue measure on this set, it is
shown that a sequence is convergent if and only if almost all of its subsequences are
convergent. Similarly, for bounded sequences, a sequence is (C, 1) summable if and
only if almost all of its subsequences are (C, 1) summable. For unbounded sequences,
(C, 1) summability of s, follows from that of almost all of its subsequences, but not
conversely. The principal tools are the properties of homogeneous sets, and the
Rademacher functions. These results are intimately connected with probability; in
particular, a theorem of Birnbaum and Zuckerman (Amer. J. Math. vol. 62 (1940)
pp. 787-791) follows easily. (Received September 11, 1943.)

257. Nelson Dunford and D. S. Miller: On the ergodic theorem.

Let S be a space with measure |e| in a o-field F, and | S| finite. Define ¢ tobe a
1-1 map of S into all of itself with ¢~l¢ & F when e & F. For every real function f on
S let Tf=g where g(t) =f(¢t). In this paper it is shown that a necessary and sufficient
condition for the mean ergodic theorem to hold for such an operator T is
that n"‘Z',:;] ¢"”e| §Ml e|,e EF,n=1,2, .. Itisalso proved that in spite of the
fact that ¢ may not be a measure preserving transformation it is nevertheless still true
that the mean ergodic theorem implies the point ergodic theorem. The two above re-

sults are also obtained for the n-parameter continuous case. (Received August 4,
1943.)

258. Paul Erdés and Hans Fried: On the connection between gaps
in power series and the roots of their partial sums.

Let f(z) =1+aiz+ ¢ + - +an.z"+ « + -+ be a power series with the radius of con-
vergence 1. It has Ostrowski gaps if there exists a p <1 and a pair of infinite sequences
my and n; with limg.ome/7e>1, such that |a,.| <p® if mp<n=<m. It has infinite
Ostrowski gaps if limg—wmi/nr=®. The number of roots of f.(z)=1+aiz+ - -
+aa3" in the circle of radius 147 is denoted by AL". The following theorems are
proved. If f(s) has Ostrowski gaps, then there exists an >0 such that lim inf,_,
4, /n<1. This converse is also true. If there exists an # >0 such that lim inf,.-..A:#/n
<1, then f(3) has Ostrowski gaps. This theorem is not new. Mr. Bourion (L’ Ultracon-
vergence dans les Séries de Taylor, Actualités Scientifiques et Industrielles, no. 472)
proved it but his proof is quite different from that given here. Further, the following
theorem is proved. If f(z) has infinite Ostrowski gaps, then there exists an >0, such
that lim infn_..A:.H/ n=0. The converse is also true. One of the main tools is the follow-
ing lemma which may be of interest in itself. Let F(p), where p<1, be the family of
all polynomials of the form 14a;2+ « + + +amz™+ - - + +an3® where ‘|ak[ <pk if
mSk=<n, and if r <1/p, then there exists a ¢, such that the number of roots of every
polynomial belonging to F(p) outside the circle with the radius 7 is greater than
¢ (n—m). (Received August 4, 1943.)

259. Herbert Federer: Surface area. 1.

Suppose m Sn are positive integers For each subset S of n-space let v(S) be the
superior of the m-dimensional Lebesgue measures of the perpendicular projections of
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