MAPPINGS BY MEANS OF SYSTEMS OF ANALYTIC
FUNCTIONS OF SEVERAL COMPLEX VARIABLES

W. T. MARTIN

1. Introduction. An analytic mapping of a domain D in the space
E,;, of kB complex variables 2, - - + , % is a mapping defined by

(1.1) T: z;:fj(zl’-..’zk), j=1,...,k’

where the f;(2) are analytic in D. We shall consider only univalent
(schlicht) domains D contained in the finite portion of the space Ey.
An important result in the theory of analytic mappings states that
the mapping is topological (that is, 1-1 and bi-continuous) if, and
only if, the Jacobian

(1'2) J(Z)Ea(fls"' ’fk)/a(zh"' ,Zk)

is different from zero at each point of D (Carathéodory [12]).!

An analytic mapping T is called an inner mapping of a domain D
if TDCD. 1t is called an automorphism of D if T is 1-1 and if TD =D.

In 1907 Poincaré [17] showed that, given two domains D and D’,
it is not always possible to map D onto D’ analytically. Since that
time, several general problems have been considered. One of these
problems is to indicate some general rules which tell whether or not
two given domains can be mapped analytically upon each other. A
second problem is to determine a family of special domains, in terms
of some simple properties, the family to be such that every domain
can be mapped analytically onto one of these special domains.

In this talk I shall deal with a special case of the first of these two
problems together with certain results on the second problem. The
work on the first problem which will be presented is based upon
Henri Cartan’s theory of mappings of domains onto domains of circu-
lar type. The work given on the second problem is based upon Berg-
man'’s theory of representative domains. In preparing this talk, I have
used freely the excellent résumé on analytic mapping contained in
the book on several complex variables by Behnke and Thullen [4].
I have also used freely material from the manuscript by Bochner
and the speaker of a book on several complex variables, now in prepa-
ration [10]. I am indebted to Professor Bochner for permission to use
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material from this manuscript. The approach used in much of this
talk follows the approach of that manuscript, and in addition certain
so far unpublished results from it are given here.

Let D be a domain containing the origin, and let (1.1) be an analyt-
ic mapping of D onto a domain D’, with a fixed origin. We shall fre-
quently write (1.1) in the form

(1.3) T: 2} = apz+ - -+ + awise + (higher powers),
j=1,--,k,

to mean that the analytic functions f;(z) defining T have the expan-

sions

(1.4) fi(®) = ayz1 + - - - + axzr + (higher powers)

in a neighborhood of the origin.

Again, if D is a domain containing the origin and if f(z1, - + - , %) is
analytic in D we shall sometimes have occasion to develop f in the
neighborhood of the origin in terms of homogeneous polynomials
(a diagonal series)

(15) f(zl""’zk)=zoPn(zlv"'9zk)-

The expression P,(2) is a homogeneous polynomial of degree » and
is given by

1 2n
(1.6) P,(2) = — f(z1e®, - - -, zrei®)ein0do
21!' 0
for z in a sufficiently small neighborhood N of the origin. From (1.6)
we see that if l f(&)| £M in N, then
(1.7) | P(z) | < M for €N, n=012---.
2. Some uniqueness properties of analytic mappings. H. Cartan

[13] and C. Carathéodory [12] have proved two very elegant results

on the uniqueness of analytic mappings. We shall give these two re-
sults here:

THEOREM 1 (CARTAN). Let D be a domain containing the origin and
let T be an analytic mapping of D into a bounded domain D'CD. If
the linear part of T is the identity, that is, if T has the form

(2.1) T: 2] = fi(z1, -+, 26) = 2; + (higher powers),j =1,---,k,
then T is actually the identity
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(2.2) fi(z) = 2 =1,k

Proor. Expand the f;(2) in terms of homogeneous polynomials:
(2.3) fi@) = 2+ P.(3) + P + - - -

with 7; an integer not less than 2. In writing f;(2) in this form, we are
assuming that the polynomials P of degree # for 1 <z <r; all vanish
identically. Now iterate the mapping. We find that T2 has the ex-
pansion

@.4) T s =zl + P+ =g+ 2PLE -,

and in general
(2.5) T": 2" =z, +mPi(a) + - .

Now T maps D into a bounded domain D’CD, hence the same is
true of all the iterates 72, T3, - - - . Thus the mapping functions

(2.6) 77() = 35+ mPl(s) + - - -

are uniformly bounded in D. By the result given at the end of §1,
this implies that

ImP:;-(z)]_S_M,. forj=1,---,km=1,2,...,

for z in a sufficiently small neighborhood of the origin. This implies
that P},(z) =0 and hence (2.2) holds.

Carathéodory’s uniqueness theorem follows almost immediately
from Cartan’s theorem.

THEOREM 2 (CARATHEODORY). There exists at most one 1-1 analytic
mapping of a domain D onto a bounded domain D' which maps a point
O of D onto a point O’ of D' and whose first partial derivatives in O have
prescribed values.

Proor. If S and T are two such mappings, then the mapping ST
is a mapping of D’ onto itself and the hypotheses of Theorem 1 are
satisfied. Thus

ST*=1 or S=T.

An important corollary has been derived from Theorem 2. First
we make a definition. A circular domain is a domain which is mapped
onto itself by all the mappings

T©6): 3! = e, Jj=1---,k0=0<2r

A circular domain is called proper if it contains the origin. Circular
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domains were introduced by Behnke [1] and Carathéodory [11] and
have been investigated by various writers. We shall return to them
in §4. For the present we give only the following result.

COROLLARY. Every automorphism of a proper bounded circular do-
main which leaves the origin fixed is a homogeneous linear transfor-
mation.

Proor. Let

4: zi’=ZP1{(zlv"')zk)’ j=1,"',k,

n=1
be any such automorphism. Then T'(#)4 has the form

TOA: z} =, G“P:(zl, Ce ey ZR),

n=1

and AT (0) has the form

AT@0): 3} =Y, P,’.(zle'o, s ,zke'o) = emoP:(z).
n=1 n=1

Since D is circular and 4 is an automorphism, both transformations
T@)A and AT() are automorphisms of D, with the origin fixed.
Also, both have the same linear parts. Hence, by Theorem 2, they
are the same. This can happen, however, only if P}(z)=0 for n>1,
that is only if 4 is linear.

The corollary has been proved by Behnke [2], Bergman [5],
H. Cartan [13], and Welke [18]. Bergman’s proof, which is by a
different method, will be given in §5.

3. Inner mappings and automorphisms with a fixed point. Cartan'’s
theorem tells us that if we have an inner analytic mapping T of a
domain D containing the origin into a bounded domain D’, and if
the linear part of T is the identity, then T is actually the identity.
Now suppose we have a general inner analytic mapping of a bounded
domain D with the origin as a fixed point:

3.1) T: 2] =ampm~+- - +awize+ -+, j=1---, kL

Denoting by Ar the value of the functional determinant at the
origin:

3.2) Ar = | as‘il i, gml eee ks
Cartan [14] and Carathéodory [12] have shown that
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(3.3) lar| =1
holds for every inner mapping, with the equality
(3.4) | Ar| =1

holding if and only if T is an automorphism. This result is very im-
portant in the theory of analytic mapping and will be useful to us
in a later section.

The result has recently been generalized a little by Bochner and
the speaker [10]. Denoting by Ay, - -+ + , \i the characteristic roots of
the matrix (a:j), they have shown that

3.5 RS AR PV I |
holds for every inner transformation (3.1) and
(3.6) [ M=o =|n]=1

holds if and only if T is an automorphism.
We shall not give the proofs of these results.

4. Groups of automorphisms of a bounded domain with a fixed
point. Near the end of §2 we introduced the notion of a circular
domain, a domain which with a point (2°) contains also all the points

(4.1) (e, ze), 0<0<2m

Cartan [13] has generalized this notion as follows: Let (m, - - - , m)
be k& integers (positive, negative, or zero). Then an (my, - + -, mz)-
circular domain is one which, with a point (2°), contains all the points

(4.2) e, me ™), 056<2m
The domain is called proper if it contains the origin.

The domains of circular type play in several respects the role of
the circle in one complex variable. It is, therefore, natural to question
whether every bounded domain D can be mapped analytically onto
some domain of circular type, or if not, which ones can. In the first
place, an (m;, - - - , my)-circular domain admits an infinite number of
automorphisms with the origin as a fixed point, namely those of (4.2).
Therefore, if it is possible to map analytically a given domain D onto
an (my, - + -, my)-circular domain, the domain D must admit an in-
finite number of automorphisms leaving an interior point fixed.
Cartan [13] (for £=2) has shown that this condition is also sufficient.
Following the résumé given by Behnke and Thullen [4], we shall
give a brief outline of Cartan’s argument.
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THEOREM 3 (CARTAN). The group G of all automorphisms of a
bounded domain D which leave the origin fixed (O&D) is isomorphic
with a compact group T' of homogeneous linear transformations; the
determinant of each transformation of I' is of absolute value unity.

By Carathéodory’s theorem, Theorem 2, the group I' consists
merely of the linear parts of the members of G, and by (3.4) the de-
terminant of each transformation of G is of absolute value unity.

An infinite compact group I' of homogeneous linear transformations
(in the space of two complex variables) always leaves invariant an
Hermitian form

(4.3) Aww + Bzz + Cwz + Cwsz

(Weyl [19]). By a suitable linear transformation L this Hermitian
form will be transformed into a normalized form

4.4) W + 23
which is invariant under the corresponding group I'*=LI'L-1,

TrEOREM 4 (Cartan). Every infinite compact group of homogeneous
linear transformations, which leave invariant the form (4.4), contains a
subgroup of the form

(4.5) Tw,n(0): w = weim, g’ = geird, 0=<6<2m.

Let Go be the subgroup of G which is isomorphic to the group
{T 'm,p(0) } . Denoting by 4 () the isomorph in G of T, ,(0), we know
that 4(6) must have the form

/ = ,2;0) = im0 e,
(4.6) A O TSm0 =t
g = g(w,2;0) = P54 -,

Now define

27

1
F(w, 2) = — f(w, 2; 0)e~im8de,
2w J ¢

4.7 § par
G(w, 2) = ———f g(w, z; 0)e—70de.
2r 0

Then Cartan showed that except possibly for certain exceptional
cases the mapping

(4.8) S: w = F(w, 2), 2 =G(w, 2)

is a 1-1 analytic mapping of D onto a proper (m, p)-circular domain






