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Let f(t) be an integrable periodic function with the period 2w. Let 
its Fourier series be 

(1) f(t) ~ h 2 a*> c o s n* + bn sin nt 
2 n-i 

and let 

*(*) = {ƒ(* + *) + ƒ(* ~ 0 - 2s}/2, 

*,(*) = (l/r(j8)) f (* - u)*-hKu)du, 
J o 

4̂W = an cos wo; + &n sin w#. 

We shall prove the following result.1 

If An>-KnrNy (7>/3>0) and 

(2) fo(t) = <?(/?) as * -» 0, 

tóe Fourier series (1) converges to s at t~x. 

Set a = 1 — j8/y, and 

(3) Cr(co) = aoe^/2 + Z (*w" - ^a)T^n. 
n<co 

The Fourier series (1) is said to be summable (en<x, r) to the sum 5 if2 

CT(co) = se™" + o(er(a<x) as w --> <*>. 

Concerning this kind of summability we have the following theo
rem. 

THEOREM.8 If (2) holds and r is a positive integer greater than 7 + 1 
the Fourier series (1) is summable (en0t, r) to the sum s at t~x. 

Received by the editors January 6, 1944. 
1 G. H. Hardy and J. E. Littlewood [2], F. T. Wang [6]. Numbers in brackets 

refer to the references listed at the end of the paper. 
* G. H. Hardy and M. Riesz [3]. 
8 Under the hypotheses of the Theorem I have established that the Fourier series 

(1) is summable (enCt, 7-fô)(Ô>0) to the sum s at t**x, but the proof is very compli
cated. See F. T. Wang [ó]. 
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The convergence criterion above is deducible from this theorem 
by the use of a result of Hardy,4 namely if the series 2»=o#n, with 
terms a n è — Kn"*1, 0 < a < l , is summable (en<x, r ) , it is convergent. 

To prove the theorem we write 

o 

sin xt 
a~1 dx. 

Then we have5 CT(<a) = (2/TT)/0V(/)£T(Ü>, t)dt+ser»°+o(er»")t and if we 
take coi = 2~"1/ofco, then 

ƒ*w „ „ sin xt 
(e»° - ^ - V V - 1 dx + o(e™°) 

Wl t 

= FM) + °{e™"). 

Hence 

(4) CT(a>) - (2/TT) f <Kt)F„(f)dt + se™" + o(e™°). 
«J o 

By setting # = [/3] + l and differentiating under the integral sign we 
get 

(n) dn ( r<* a „ a sin xt ) 

A fw « « sin (#/ — a) 

to J^ t^ 

where as=(n—i)ir/2. 
By mathematical induction we can easily establish the formula 

(d*/dxr){(e«a - e ^ - V V - ^ - * } 

(6) r r 

= X E Xfpe(r«y)^/^(p+l)(«-l)+W-i-(r-.p)-

Then by the use of (5) and (6) and an integration by parts we find 

(n) A A T^i « Cw
 n sin (art - 6) 

( 7 ) 1=0 y - i p«c ^ wi ^*+r 

+ 0(^1/2)-Vir**), 
4 G. H. Hardy [4]. 
6 F. T. Wang [6]. 
6 Throughout this paper we use K or K* • • • as a constant different in different 

occurrences. 
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where ç=(£ + l)(a — l ) + # — * — (r — 1— p), and è==(w—i—r+l)7r/2. 
Put / = 1 in (7). Then Fim)(0) is finite for l g m < n f and F^(l) * 

= 0(erû,a). Successive integration of (4) by parts yields 

(8) Cr(o>) - ( 2 / T ) f <t>n(tP{f(t)dt + ser<a"+ * ( / "" ) . 
J o 

By a theorem on the fractional integral7 

<t>n(t) = ( l / r ( n - j8)) f (/ - u)"+-hl>0(u)duf 
J o 

we have 

(9) Cr(«) = (2/x) f <t>t{u)3*(u)du + se™" + Ö ( ^ - 0 . 

where 

Hm{u) = ( l / r(» - (S)) ƒ (* - u)n~^Yf(t)dt (» > 0 > » - 1) 

(10) 

= Fln)(«) (n-|8). 

Concerning H^u) we require the following two lemmas. 

LEMMA 1. Forco>Kand 0 < w < l , 

+ 0(er*<*»-l(l - i*)-*-1) + ()(«"• V*-1) . 

PROOF. From (10) and (5) we have 

Hu(u) = T, Ki I (e"a - e « y e " V 1 + ^ f a 

(11) ** J u i 

ƒ' * sin (xt — a) 
(t - «)*-*-! dt. 

Now 

ƒ» 60 s i n ( oct *••"" fl j 
(< - M)"-"-1 ^ dt = 0{(1 - i»)*-*-»*-1}. 

7 L. S. Bosanquet [l ]. 
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It follows from a change of variable, the second mean value theo
rem, and a theorem on the T function,8 that 

sin (xt — a) 
-0-1 b idt ƒ» 09 

(t - «)~ 
U 

(13) /•* 
= ^n-^-i-i I vn-p-i s i n (^( i + z,) - a)rfz; + 0(«w-^-|-2ar1) 

•J 0 

= 0(w-*-1^~n) + Ofa"-*-*"2*-1). 

The lemma is proved by (11), (12), (13) and an easy estimate of the 
term i — n in (11). 

LEMMA 2. Forco>KandO<u<l, 

n 

+ S 0(era,awn"~'ï~T~*""1co(r'~1)(ö!~1)'f'n~<~1) 

+ 0(eTwaco(r^1)(a~1)+w-1(l ~ ^)n""/3~1). 

PROOF. From (13) we get 

(14) 
t = 0 J—l P«=0 «^ Wl 

/

* sin (atf — J) 
(/ - w ) ^ - 1 — dt + Ote^/^V^-*'), 

sin (xt — b) 

•J t* 

and 

J u 

sin (xt — J) 

(15) 
ƒ» 00 

vn-{i-l g i n | x ^ ( l - f v ) — b}dv 
0 

+ 0((1 - uy-^xr1) + Ofa*-*-*-^1*"1) 

ss «r^ 'x^^O? — «) sin (aw — J') 

+ 0((1 - u)^*-1*-1) + O^-t-t^xr1). 

From (14) and (15), Lemma 2 follows. 

8 E. C. Titchmarsh [5, p. 107]. 
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as co —» oo 

as co—> oo 

PROOF OF THE THEOREM. By Lemma 1 and (2) 

<t>p(u)H„(u)du - o(e™") 
o 

and by (2) and Lemma 2 

(17) f to(u)H*(u)du = o(« rO 

By (9), (16), and (17), then, 

Cr(co) = seTU° + o(eTU") as co -> oo 

Thus the theorem is proved. 

REFERENCES 

1. L. S. Bosanquet, On Abel's integral equation and fractional integral, Proc. Lon
don Math. Soc. (2) vol. 31 (1930) pp. 134-143. 

2. G. H. Hardy and J. E. Littlewood, New convergence criteria for a Fourier series, 
Annali Scuola Normale Superiore, Pisa (2) vol. 3 (1934) pp. 43-62. 

3. G. H. Hardy and M. Riesz, The general theory of Dirichlet series, 1912, Cam-
bridge. 

4. G. H. Hardy, An extension of a theorem on oscillating series, Proc. London 
Math. Soc. (2) vol. 12 (1913) pp. 174-180. 

5. E. C. Titchmarsh. The theory of functions, 1932. 
6. F. T. Wang, On Riesz summahility of Fourier series, Proc. London Math. Soc. 

(2) vol. 47 (1942) pp. 308-325. 

NATIONAL UNIVERSITY OF CHEKIANG 


