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ir"1 ƒ *| p : («") \W g (2T)"1 ƒ *| qi (e«) \H6 + (2^)"1 ƒ * \pi (e<«) |*«W 

v=*0 

The greatest of the numbers j>2-}-(# — y)2, p = l, • • • , n, is n2. There
fore 

(8) T-1 f* | *.'(«") !*<**£ « 2 Z U I 2 > 

which was the assertion. 
For £w(j3) = (jsn + l ) / 2 the sign of equality holds in (8). 
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This paper is devoted to the derivation of a formula for inverse 
interpolation in a table of equally spaced arguments. The resulting 
formula (5) is more concise and convenient than those in existence. 
I t involves neither differences nor polynomial coefficients other than 
small powers. In use it will be found much simpler and quicker than 
those given by Davis, Aitken, Steffensen and Milne-Thomson. In a 
sense, it is the analogue of the Lagrangian formula for direct inter
polation without differences (that is, in terms of the tabular entries 
only) if the usual expression (right member of (1) below) is rearranged 
in terms of powers of the argument p. 

Lagrange's general interpolation formula is 

ƒ(*) = Z) irr-rfM* where p*(*) = "7 r I I ( * - *<)• 
Vss0 rv{av) (x — av) t-„o 

For equally spaced arguments at interval h* after suitable relabelling 
of the arguments a*, Lagrange's formula becomes 

(1) ƒ * > = E L\\p)fu 
i—.[(n-rD/2] 
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where fx denotes f(ao+xh), [x] denotes the largest integer in x, and 
L^(p) are well known polynomials in p of the (w —l)th degree. Mak
ing use of the relation 

(2) E Ll%) m 1, 
*—t(w-l)/2] 

we can rewrite (1) as 

(3) 7 ~ V = 1 / 2 -^-^CA-/a). 
JP ~~ JO / **.-[(n-l)/2] ? 

Since L(Q\P)/P is not present in the summation, the denominator of 
the right-hand side of (3) is still a polynomial in p. 

Now we employ an expansion due to Bürmann which states that 
if ^(*) = (s-a)/(0(s)-&), then 

/(*) = /(*) + E l , J — i [ƒ'(«) {*(<*)} -] + **. 
m-i >»! aa m - 1 

Consider the equation 

p-a / t-wv £<n> (p) 

/ p — /O / t— [(n-l)/2] i> 

Letting 

/ *-^2J L^n) (*) 

/ t«—[(w-l)/2] ƒ> 

and ƒ(£) = ƒ>, we obtain, by Bürmann's expansion, 

m-1 W 

J"*-1 / / <= ̂ 2' Z$° (a) 
<fa' - ( i / E - L - i l (ƒ<-/.)) +**'• 

; * \ / » [(.n-*l)/2] & / 

To obtain £ as an explicit function of fp and the /»'s according to its 
implicit definition in (1) or (3), we take the limit of (4') as a—»0 and 
arrive at the following expansion : 

£ = 2w 

(4) „ , _ . , . . , ,(»>, 

Ldam-1\ / *—.[(n-l)/2] Ö / Ja-0 



i944l A NEW FORMULA FOR INVERSE INTERPOLATION 515 

Corresponding to the w-point formulas for direct interpolation, n 
ranging from 3 to 7, we define quantities r, s% t, u, v and w thus: 

3-point 4-point 

2 ( / P - / O ) 6 ( / P - / 0 ) 

/ i - U ~ / 2 + 6/k - 3/0 - 2/_i 
/i - 2 / Q + A 3(/x - 2/o + A ) 

5 = ; * / i - U ~ ƒ2 + 6/i - 3/o - 2/-i 

= ^ = ^ = ^ = 0. * = ~ ; 
- / i + 6/i - 3/o - 2/-i 

u = v = w = 0. 

5-point 6-point 

24(/P-/o) 120(f,-ƒ,) 
- 2/2 + 16/i - 16/La + 2/_2 4/3 - 30/2 + 120/i - 40/0 - 60/-i + 6/_2 

^ -ƒ2 + 16/i - 30fo + 16/.i - ƒ , 2 } 5 ( - ƒ2 + 16/i - 30/0 + 16/U - A ) 
* ~ - 2/2 + 16/x - I6/L1 + 2/_2 ' *~4 /3 -30 / 3 +120/ i -40 / 0 - -60 /_ i + Ö/_2 

2 ( / , - 2 / i + 2/-.i-/.4) , _ 5 ( - / i + 7/, - 14/i + Wo - / - i - / - J 
- 2ƒ2 + 16/k - 16/_i + 2/. . 4ƒ3 - 30/2 + 120/i - 40/0 - 6O/L1 + 6/L2 

/ 2 „ 4 / l + 6 / o ^ 4 / _ 1 + / _ 2 5 ( / I - 4 / I + 6 / Q - 4 A I + / ^ ) 

- 2ƒ2 + 16/i - I6/L1 + 2/.1 4/3 ~ 30/2 + 120/i - 40/0 - 6Qf-i + 6/_2 

ƒ3 - 5ƒ2 + lOfi - lQfo -f SU - ƒ,2 
-0. 

4/3 - 30/2 + 120/i - 40/„ - 60/Li + 6/_2 

= 0. 

7-point 

720(/,-/o) 
12/s - IO8/2 + 540/i - 540/Li + 108/L. - 12/_8 

2(2ƒ3 - 27/, + 270/1 - 490/p + 270/,i - 27/_2 + 2/^) ̂  
12/s - 108/2 + 540/i - 540/_i + 108/_2 - 12/L« 

15(- /a + 8/2 - 13/i + 13/-i - S/-» +U) 

12/î - IO8/2 + 540/i - 540/.1 + 108/.2 - 12/- / 
5 ( - ƒ, + 12/2 - 39A + 56/o - 39/Lx + 12/_2 - U) 

12/s - 108/2 + 540/i - 540/Li + IO8/.2 - 12/_8 ' 
3 (ƒ, - 4/2 + 5/x - 5/_j + 4/_2 - /.8) 

12/s - 108/2 + 540/i - 540/Li + 108/.2 - 12/_8 ' 

/a - 6/2 + 15/i - 20/o + 15/Li - 6/.2 + /-s 
12/8 - 108/2 + 540/i - 540/Li + 108/_2 - 12/_3 * 

Then in every case (4) assumes the form 
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p = r - r2s + r*(2s2 - O + r 4 ( - 5s3 + 5st - w) 

+ r5(14s4 - 21s2/ + 3*2 + 6w - v) 
(5) K 

+ r\- 42s5 + UsH - 28^2 - 2&2« 
+ 7/2/ + 7w - w) + • • • . 

When (5) is employed for interpolation for a number of values 
within the same interval, the only variable is rk. 

From (5) which gives p(r), it is immediately apparent that for nu
merical integration of the inverse function we obtain 

(6) f"x(ft)d(ft) = (ƒ, - /o)(a0 + (h/r) fp(r)dr), 

while for the mth derivative of the inverse function we have 

(7) *<»>(ƒ„) = (*r-/(A, - / o W > ( r ) . 
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