
THE SOLUTION OF THE DIFFERENTIAL EQUATION 
(a2 d2/dt2~A)(d*/dt2-A)u~f(xt y9 2> j) 

BY HADAMARD'S METHOD 

J. P. KORMES 

1. Introduction. Hadamard [ l ] 1 generalized and extended Rie-
mann's [2] method of solution of the initial value problem to any 
hyperbolic linear differential equation of the second order in any num
ber of variables. The essential part of Hadamard's work is his dis
covery of the significance of an elementary solution which is a 
function of the geodetic distance determined by the characteristic 
manifold of the differential equation. Given the differential equation 
L [u] =ƒ and the initial data on a manifold C, let T = 0 be the equation 
of the characteristic manifold of the differential equation and M [u] 
the adjoint expression of L[u], The first step is the determination 
of an elementary solution V, that is, a solution of M[V] = 0 which is 
singular on T = 0. To obtain the solution of the initial value problem, 
Hadamard considers the domain bounded by the characteristic 
"conoid" through a point P , and the initial manifold C = 0. Since 
the elementary solution is singular on the characteristic conoid, in 
order to apply Green's formula Hadamard uses an interior domain 
G6,5 which approaches the original domain as €—>0 and 5—»0. For a 
fixed ô each term of Green's formula has then the following form: 

B(t) = b + (l/«<-«'»)(Jo + * ! € + • • • + J(n-3)/2€<"-8»2) + (f), 

where (e) tends to zero as e—»0 and the &»• are independent of e. The 
term 6, the "finite part" of the integral, has the property to remain in
variant under all transformations of the parameter €. It follows from 
Green's formula that the sum of all such "finite parts" is equal to 
zero, which gives a relation for the function u. As we let the parameter 
ö approach zero we obtain the desired expression for u(P). Hadamard, 
and independently Friedrichs [3], showed that in the case of an even 
number of variables each term of Green's formula will have an ele
ment containing log e. The coefficients of log e have the property to re
main invariant under all transformations of the parameter e and it 
follows from Green's formula that the sum of all coefficients of log € is 
equal to zero, which gives the desired relation for the function u. 

Received by the editors March 29, 1944. 
1 Numbers in brackets refer to the Bibliography at the end of the paper. 

842 



THE SOLUTION OF A DIFFERENTIAL EQUATION 843 

The purpose of this paper is to show by a significant example that 
this method can be extended to problems of a more complex type. 

I wish to express my appreciation to Professor R. Courant who sug
gested the subject and the method of attack, as well as to Dr. C. De 
Prima and Dr. B. Friedman for their generous assistance. 

2. Elementary solution, Green's formula and domain of integra
tion. We consider the initial value problem: 

L[u] s (a2d2/dt2 - A)(d2/dt2 - A)u «'ƒ(*, y,zft); a > 1; 

u(x> y, z, 0) = ut(x, y, z, 0) = utt(x, y, z, 0) 

= uttt(x, y, 0, 0) = 0, 

where A is the Laplace operator: A =d2/dx2+d2/dy2+d2/dz2
t and the 

function ƒ(x, y, z, t) is assumed to have continuous derivatives up to 
the fourth order. The characteristic manifold is given by: 

[(r - t)2 - r2]- [(r - t)2/a2 - r2] = 0, 

where r2= (£—x)2 + (i) — y)2+(Ç—z)2. We introduce the functions T 
and F : 

r = (r - t)2 - r2; T' = (r - t)2/a2 - r2. 

The characteristic manifold consists of two conical sheets, the ex-
teror: Y = 0, and the interior: T ; = 0. 

As the elementary solution T̂ of the self-adjoint equation L[V] =*() 
we take: 

1 (r — t) — r a (r — t)/a — r 
(2.2) F « - — l o g i L—+ _ l o g V 

2r (r - /) + r 2r (r - *)/<* + r 

In order to obtain Green's formula for equation (2.1) we consider: 

Q[u, V] = a2UuVtt — a2J2 UttV« — X) F««« + 2 uaVkk 
i i i,k 

(f, A = #, y, *)• 

The integration of Q[u, V] over a four-dimensional domain G gives 
rise to two types of integrals: 

(a) I f I I MaViidxdydzdt and (b) I I I I uuVhhdxdydzdt 

(i, k = x, yf z, t). 

Integrating by parts and collecting the results we obtain the follow
ing Green's formula: 
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ƒ ƒ ƒ ƒ . « « « - t r , , * - / / / . ^ 
dM[V] r ,dV . . du) 

- * — - N[u] + M[V] \do% 

dsi ds% dsi ) 
where : 

M = a2d2/dt2 - A; N = d2/3*2 - A 

and where 
d/dsi = tyd/dt — Xyd/dx — yvd/dy — zvd/dz 

and 

d/ds2 = aHyd/dt — xvd/dx — yvd/dy — zvd/dz 

are the transversal differentiations, #v, ;y„, 3„ £„ being the direction 
coefficients of the outward normal to *S. If in Q[#, F] we interchange 
u and F we obtain a second form of Greene formula: 

ƒƒƒƒ.«"«--™WJX{'^ 
(2-4) 

32V[F . . dV . . du) 
- u—l-± - üf[W] — • + N[V] —\do. 

OS2 OSi OS2 ) 

For the elementary solution V (2.2) we find readily: 
(2.5) M[V] = 2(a2 - l)(r - *)/r2; M F I = 2(a* - l)(r - /)/a2r '2 . 

We consider the domain G bounded by the hyperplane t = 0 and the 
exterior sheet T = 0 through a point P(£, rj, f, r ) . The domain G is 
characterized by the inequalities: T ^ O ; Ogtfgr . In accordance with 
Hadamard's method we truncate the domain G by a plane / = r — ô 
and obtain the domain G 5 for which T^O, 0 ^ / g r — § , S>0 . 

Since T ' vanishes in the interior of G$, the elementary solution has 
there a singularity. In order to enable us to apply Green's formula, 
we subdivide G$ into the following domains: 

(a) the conical ring Gj1€2«: 

(1 - € l)
2(r - t)* - r2 > 0; 0 < ex < 1 - 1/a, 

(1/a + €2)
2(r - ty - r2 < 0; 0 < €2 < 1 - 1/a, 

(b) the truncated interior cone G\8a : 

(1 - €3)
2((r - 0 /a ) f ~ r2 > 0; 0 < €3 < 1. 
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The ring domain is bounded by the volume B\€v the lateral surfaces 
L\xs and Z,«2«, and the volume D\l€2i. Similarly the domain G«8* is 
bounded by the sphere B\v the lateral surface L«8, and the sphere 
D2

ni (see diagram). 

P(i, v, r, *) 

3. Integration over the domainG\l€2i. In Gl1<2« where (r—t)>r and 
(T—t)/a<r, the elementary solution is: 

1 (r — t) — r a f — (T — /)/# 
y — log 1 log . 

It (r - t) + t It *r+(T~ t)/a 

Since L[V] = 0, Green's formula (2.3) may be written 

- If ILr*+//A./*+ƒƒƒ«/"• (3.1) 

+ jjjL\2i ° JJJB\ 
Ado = 0 

n«2 
where 

^ = Fd#[«]/d$, - udM[V]/dsi - tf[«]aF/a* + M[V]du/d$i. 

The last integral of (3.1) vanishes due to initial conditions and in 
order to express the remaining integrals as functions of e and S we 
introduce new coordinates, crt /x; a, /3, 7 by the transformation 

(3.2) 
* = £ + *(1 - M)«, y « if + <r(l - M)& 

2 = f + <r(l - A07, * = r - <r, 

where a, /3, 7 are parameters on the unit sphere a 2+j3 2+7 2»l . The 
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domain G\lH* is then determined by the inequalities 8£<T£T and 
€i^ju2gl — I/a — €2, and in the new coordinates: 

r == cr(l — t̂); dxdydzdt = cr8(l — fx)Hixd<rd(a [d<a » ( 1 / 7 ) ^ ^ ] , 

r - (T2
M(2 - /*); r' - (72[iA2 - (l - M)2]. 

We are interested only in the coefficients of log u of each integral 
which we shall indicate by placing bent bars with the index i: (i) in 
front of the integral sign. 

For the first term of (3.1) we obtain the resolution 

(3.3) a 1 - A t - 1/a 
l 0 g 

2<r(l - y) l - / i + l / < 

- <»•2> ƒƒƒƒ«,„, fal^öl08 T=-f 
a) 

log ^ - ^ 8 ( 1 _ nydflda&o 
1 - M + I/0J 

1 rT c c c i"~i/°"~f2 

- y j < ^ J J <M1.2>J {(l-M)log/i 
- ö(l - fx) log (1 - M - 1/a)}fdp, 

where p is the surface of the intersection of the conical ring G]ie2$ 
with the plane (T=r—/. It can be readily seen that upon ju-integration 
the coefficients of log €1 and log €2 will have €1 and €2 respectively as 
factors and will therefore tend to zero as €1 and e2 approach zero. 
Therefore, 

(3.4) lim ( - <1, 2) f f f f V/dg) = 0. 
*-M>, tj-X), «2-X) \ J J J J Q\lHi / 

On Z>ï162«:J„ = l, * , a y , a « r * 0 and the second term of (3.1) can be 
written : 

J J Ji)Jwa \ 

dN[u] dM[V] 

(3.5) * dt bt 

- a22V[w] + M[F] — W«ty*s. 
0/ dt) 
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We consider each of the four integrals of (3.5) separately. The first 
integral contains F and a resolution similar to that of (3.3) shows that 
the coefficients of log €i and log €2 tend to zero as e% and €2 approach 
zero. Observing that M[F] = 2(a2 — l)(r—t)/T2, the second integral 
of (3.5) is: 

ççç airjvl 
— I I I u dxdydz 

J J JD\lHh dt 

•-<*-t>fJfij'{*Hr1-k}M* 
__(„_„ f f f (sa->);_ 2(.-.)M 

J J J D J I M W 8 ( 2 - ju)8 <r/j2(2 - M)2 / 

We note that only terms containing 1//JL will give terms involving 
log ei after integration. We develop u into a Taylor series in terms of 
ü, tha t is, the value of u on the boundary of D\lHs. Since the distance 
of a point (<r, M, a, j8, y) from the corresponding boundary point 
(<r, €1, ce, j8,7) is <r(l — €1) — <r(l —/*) =<r(/* — €1), we have w = ü—<r(jj,—ei)üv 

+ ( ( T 2 ( M - € I ) 2 / 2 ) ^ - • • • =*ü-<rij,üy+(cr2ix2/2)üvv-- • • • +(€1), where 
(ei) denotes terms which tend to zero with €1 and üv~adu/dx+l3du/dy 
+ydu/dz. Since the fourth and higher terms in the Taylor develop
ment of u contain cr8/*8, the difference of u and the first three terms 
of its development will not give any coefficient of log €*. For the pur
pose of determining coefficients of log €*, we may write therefore 

, , CCC dM[V] 

The coefficient of log €1 is zero in the first integral above, 1 in the 
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second and — 1/2 in the third. Since the integration does not yield 
log €2 we have : 

lim ( - (1, 2) f f f u — dxdydz) 
^-•o, «2-o \ J J J Dil<2a ô/ / 

r r d(a2 — 1) r r 
= (a2 — 1) I I ûydœ -| I I uvvdù). 

J J <rgt 2 J J,«.« 
But 

I I #„dco = — I l #vdO = — \ \ \ àudxdydz, 

where the last integral is an infinitesimal of the order S8 when ô ap
proaches zero. We find therefore 

(3.6) lim lim {- <1, 2) fff u — dxdydzi « 0. 

The third integral of (3.5) is 

dV 
N[u\ -aiHhnt/

[u]iïdxdydz 

J J JD\ltli U(2 - M) [IA2 - (1 - M)2tf 

and as we let ff = S approach zero, this integral vanishes. 
The fourth integral of (3.5) is 

(1,2) ( ( f t M[V]utdxdydz 
J J J tftlf3t ^ 

- (a* - 1 ) (i) r r r -~-̂ - «****)«& 
= (a4 - 1) (1) f f f 2" ~ <fr<fo 

/ . / . / . l - i / o - . . 2 ( 1 - j « ) 2 

a2 - 1 f /• 

2 J J , .* 
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Whence 

lim {(1) ff f M[u] — dxdydz\ 
( 3 . 7 ) Ô->O, «i-^o, «2-»o \ J J J D€1€25 dt ) 

- 27r(a2 - 1)««($, 7/, f, r). 

On the lateral surface Ll
ni, /x is constant and since ikf[F] and 

dM[V]/dsi contain no logarithms, we need only consider 

r r c ( àN[u] r . dV) 

= ^'J J J L ^ I L 2(T(1 - M) l 0 g 2 - M 

_̂  j0g N[u\ >do. 
2(7(1 - /*) * 1 - /* + 1/aJ ^2 «5i ƒ 

On the lateral surface (dV/ds2)do~ [(l-ex)a
2Vt-aVx-pVv-vVs] 

*(l—€i)2<r2d<rdo). Since F # « l / r —1/r', it does not contribute any 
coefficient of log €i, 

a H act 1 — /* — 1/a 

* ~ 2<r2(l —/*)2 ° g 2 - / i ~ 2(T2(1 - M)2 ° g 1 - ix + 1/a 

where the dots indicate terms which do not contain logarithms. 
Therefore 

(1) Sd0 -(1> [~i^è^ia*+p2+y2)](1 " ei) Ww 

= — dadu/2. 

Thus the coefficient of log «i for the lateral surface L\t as ei—•() is 

lim (<l)5Îl8) - - - I I j J -Li. - N[u] -^-\do. 
«i-»o 2 J J J L% \ r öSi ast ) 

In the limit ô—»0, we obtain 

lim (<l>£l8) (3.8) ^°',1-,° 

2 J J J Li \r ds2 ds2 J 
2 Since d(l/r)/ds2 is not defined at the point P(£, y, £, r), this integral is to be taken 

in the limiting sense. 
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Similarly on the lateral surface JL?2« we need only consider 

We have (2) V=a/2r; (2) dV/ds^ (a/2)d(l/r)/dsi. Therefore the co
efficient of log «2 for the lateral surface I?,ti is, when «2—»0, 

lim (<2>5M) = - I { r1 2 " N[u]-^-\do. 

In the limit 5—»0, we obtain : 

(3.9) lim lim (<2>S«2Î) = - I I ^ r1-1 - N[u]-±^-Uo. 

Summarizing the results obtained by the use of the first form of 
Green's formula (2.3), we have the equation 

+[i///,{^-^H'-- ° 
Since ei and ej are independent, the coefficients of log 61 and log es must 
vanish, which gives the following relations : 

1 CCr ( 1 dN[u] . . d(l/r) ) 
(3.10)2,r(a'-l)W((P)=-JJJ ^-—Li-N[u}-~-^jdo, 

arrC ( 1 9N[u] r , a(l/r)) 

4. Application of the second form of Green's formula and integra
tion over the domain G2

tii. In a manner quite analogous to that in the 
preceding section we perform the integration of the second form of 
Green's formula (2.4) over the domains G]l€2s and G?8a and obtain the 
following additional relations: 

1 r C C H dM[u] r . a(l/r)l 

2«a(a2 - l)ut(P) 

(4.2) a CCC f1 a J l f M M « ( l / f ) ' 
IJJJÙXT dsi dsj. ) 
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Subtracting (4.2) from (3.10) we obtain an expression for ut: 

2TT(1 - a)(a2 - 1)*«(JP) 

.Iff f j i«.„»,«L 
(4.3) 2 J J J Li\r dsz dsz j 

2 J J J h* \r dst dsi ) 

5. Transformation of lateral surface integrals into volume inte
grals. Let us consider the self-adjoint expression M[u]*=a2d2u/dt2--Au. 
Green's formula for this expression of the second order is 

(5.1) 
ƒ ƒ ƒ ƒ {VM[u] - uM[V]}dg 

J J J s \ ÔS2 dsz ) 

where S is the three-dimensional boundary of G. If we put F = l / r 
and u = N[u]t we cannot apply (5.1) over the interior of the surface 
T = 0 because V has a singularity on the line r = 0. To overcome this 
difficulty we again truncate the cone T = 0 by the plane t^r — b and 
remove the line r = 0 by cutting out a small cone €2(r—/)2—r2 = 0. 
Over this new domain, which we denote by G\^ we apply formula 
(5.1): 

ƒƒƒƒ* {^[N[u]]-N[u]M[l]}ds 

J J J s\$ {, r dS2 ÔS2 ) 

Since M[l/r]=0 and, by (2.1), M[N[u]]=f(x9 y, z, t), we have 

1 CCCi1 dNW r i d(V0 

J J J Lti l r dsi dsî ) 

r r r (a2 dN[u] . . d(l/r)\ 

+ 
(5.2) 

r r r t i ÖJ\\U\ . . d i i / r ) i 
•do 
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The last integral of (5.2) vanishes because of initial conditions. Since 

J J jD\t\r 
a*N[u\ >dxdydz 

r dt dt ) 

tx)2dfxdo), 

the integral over D\g vanishes in the limit €—>0, <r = ô--»0. In order to 
find the limiting value of the integral over L«a, we make the following 
transformation of the coordinates: 

* » { + ecra, y = rj + eo*/3, % =* f + €0*7, t ~ T — a. 

In the new coordinates: 

r - €<r, <fo = €V(1 + e*yt2dadœ, d(l/r)/ds% - - l/r2(l + 62)1'2, 

and we obtain : 

J J J Lt6 \ r ÔS2 dst ) 

In the limit €—*0, 8—>0 we obtain 

lim i f f dw f N[u]dÀ = - 4ir f N[u]dt. 

Therefore as we let e and 8 approach zero, (5.2) gives 

1 dN[u] r , 3(l/r) 

(5.3) 

- 4 * ("#[«]#. 

do 

Interchanging N[u] with Af [u] we obtain a similar expression, but, 
since by (4.1) the integral over L1 vanishes, we have the relation 

(5.4) f f f f —fdë - - 4TT f M[u]dt. 
J J J JQI r Jo 

The same procedure applied to the domain G2 consisting of the 
interior of the surface r / s=s0 yields the following relations: 
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ƒƒƒƒ,> -ƒƒƒ„ {7 dJ^-^h 
(5.5) 

- 4ir f M[u]dt, 
Jo 

(5.6) ƒ ƒ ƒ ƒ f — fdg = - 4x ƒ T AT [ « ] * . 

6. Solution of the initial value problem. The relations of the pre
ceding section enable us to obtain the solution of the initial value 
problem (2.1). Combining (5.3) and (5.6) we obtain 

1 dN[u] . , d(l/r) 

(6.1) 
fff ii^i-Nwi^m 

J J J i}\r ds2 ds2 ) 

do 

-fffL7"-ffff*7"-
and combining (5.4) and (5.5) gives the relation 

1 dM [«] ô(l/r) 

(6.2) 
fff aaJW-M[.]*!m 

J J J j} \ r dsi dsi ) 

do 

J J J J G* r J J J J Q1 r 
Substitution of the expressions (6.1) and (6.2) for the lateral surface 
integrals in (4.3) gives 

M l - a)(a> - l)ut(P) - (1 - a) ƒ ƒ ƒ ƒ ^fdg 

or 

(6.3) «*. - .MP, - fffföf* ~ / ///„7J* 
Therefore the solution of the initial value problem (2.1) is 

4ir(a* - 1)«(£, ,, f, r) - f f f f J ~ *~ ' fd* 
(6.4) 0l f 
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In order to show that the right-hand side of (6.4) has the required 
derivatives we apply thereto transformation (3.2) and obtain 

J J J J Gi 
/<78JU(1 — fi)dadfxdo) 

-ƒƒƒƒ, / (7 8 [ l — a(l — /x) ] ( l — fx)dcrdfJLdo). 

Because of our assumptions concerning the function ƒ both integrands 
are regular and our proof is complete. 

7. The limiting case a = l. In order to determine what happens 
when a = 1, we observe that the solution (6.4) for a> 1 can be written 
in the form 

/

*r err T — t — r 
d t \ \ \ fdxdydz 

/

»r r c C T — t — ar 
dt I I I fdxdydz 

0 J J J rg{T-t)/a t 
= F(1)-F(a). 

Therefore 4w(a+l)u(P) = -[F(l)-F(a)]/(l-a) and in the limit 
a = l , 87Tw(P)= — •F'(l). But differentiation of F(a) with respect to 
a gives 

F'(a) = - f & [ f ( fdxdydz, 

F'(l) « - f * dt f f f fdxdydz 
•/O J J Jr&r-t 

and the solution of the iterated wave equation is 

(7.1) Swu(F) = f f f ffdxdydzdt. 

8. Nonhomogeneous initial conditions. We consider now equation 
(2.1) with the following nonhomogeneous initial conditions: 

/o ,N *(*» y> z> °) ^ *°(*> y»*)» w«(*» y» z> °) s **(*» y> *)» 
(o. 1J 

**«(*, y, z, o) = <Ê2(*, y, *)> **«<(*, y> 2, o) « <£8(#, y, »). 
The introduction of the initial conditions (8.1) does not present any
thing new with regard to our method and we content ourselves in 
writing the solution which satisfies such conditions: 

whence 
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47r(a2 - l)«ft, i, r, r) 

a= I I I I —fdxdydzdt 

f C C C T — t — ar 
— I I I I fdxdydzdt 

+ ƒ ƒ ƒ —|(r - r) [a^3 - (a2 + l)A*i] 

dxdydz 

"fff —UT-ar) [<**« - (a2 + 1)A^] 
•/ •/ J r&rla ? \ 

+ Wfa - (a2 + l)A0a]>d«rfy* 

a2 r r r a C C C 
-\ I I I à<l>odxdydz I I I Afadxdydz 

T J J J rgr T J J J r&r/a 

+ — ƒ ƒ Ui + —<t>ojdS 

~—ff (<h + —4*)dS. 
T J J r-r/a \ T / 

In the limiting case a = 1, the above result reduces to 

(8.2) 

(S.3) 

= f f f f JH + fff U* - A0i + — A<t>o) dxdydz 

+ ff (<t>2 + — *i + — <2>o - A^ojiS. 
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