THE SOLUTION OF THE DIFFERENTIAL EQUATION
(a? 0%/02—A)(9%/98* —A)u =f(x, ¥, 2, t)
BY HADAMARD’S METHOD

J. P. KORMES

1. Introduction. Hadamard [1]! generalized and extended Rie-
mann’s [2] method of solution of the initial value problem to any
hyperbolic linear differential equation of the second order in any num-
ber of variables. The essential part of Hadamard’s work is his dis-
covery of the significance of an elementary solution which is a
function of the geodetic distance determined by the characteristic
manifold of the differential equation. Given the differential equation
L[u]=fand the initial data on a manifold C, let I' =0 be the equation
of the characteristic manifold of the differential equation and M [«]
the adjoint expression of L[«]. The first step is the determination
of an elementary solution V, that is, a solution of M[V]=0 which is
singular on I'=0. To obtain the solution of the initial value problem,
Hadamard considers the domain bounded by the characteristic
“conoid” through a point P, and the initial manifold C=0. Since
the elementary solution is singular on the characteristic conoid, in
order to apply Green’s formula Hadamard uses an interior domain
G.,s which approaches the original domain as e—0 and §—0. For a
fixed 8§ each term of Green’s formula has then the following form:

B(e) = b+ (1/e™272) (b + bie + « - + + bean)/26 /%) + (¢),

where (¢) tends to zero as e—0 and the b; are independent of e. The
term b, the “finite part” of the integral, has the property to remain in-
variant under all transformations of the parameter e. It follows from
Green’s formula that the sum of all such “finite parts” is equal to
zero, which gives a relation for the function . As we let the parameter
8 approach zero we obtain the desired expression for #(P). Hadamard,
and independently Friedrichs [3], showed that in the case of an even
number of variables each term of Green’s formula will have an ele-
ment containing log e. The coefficients of log € have the property to re-
main invariant under all transformations of the parameter e and it
follows from Green's formula that the sum of all coefficients of log € is
equal to zero, which gives the desired relation for the function .
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The purpose of this paper is to show by a significant example that
this method can be extended to problems of a more complex type.

I wish to express my appreciation to Professor R. Courant who sug-
gested the subject and the method of attack, as well as to Dr. C. De
Prima and Dr. B. Friedman for their generous assistance.

2. Elementary solution, Green’s formula and domain of integra-
tion. We consider the initial value problem:

Llu] = (a%?/3* — A)(3%/38* — A)u = f(=, 9, 2, 1); a>1;
(%, ¥, 5,0) = uy(x, ¥, 2,0) = uu(x, v, 0)
= U2, ) % 0) =0,

where A is the Laplace operator: A =092/9x2-32/dy2+32/322, and the
function f(x, ¥, 2, ) is assumed to have continuous derivatives up to
the fourth order. The characteristic manifold is given by:

[(r = 92 = ] [(r = H3/a? = 2] = 0,

where 72= (£ —x)2+4(n—v)2+ (¢ —2)2. We introduce the functions T’
and I':

(2.1)

T=(—2=¢; TI'=(r— e —r

The characteristic manifold consists of two conical sheets, the ex-
teror: I' =0, and the interior: I'' =0.

As the elementary solution V of the self-adjoint equation L[V]=0
we take:

1 -1 ~ —9)/a—
2.2) S el R AR W Gl VA
2y (r=8+r 2 Gr—0/a+r
In order to obtain Green’s formula for equation (2.1) we consider:
Q[u, V] = a’uyVy — 022 Ve — Z Vi + E uiiVin
i D) €k

@G, k= 2,9, 2).

The integration of Q[u, V] over a four-dimensional domain G gives
rise to two types of integrals:

(a) f f f f Gu“V.;,-dxdydzdt and (b) f fffeu;,-kadxdydzdt

(G k= x,920.

Integrating by parts and collecting the results we obtain the follow-
ing Green's formula:
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SIS et - = ff [ v

(2.3)
aM[V] v
- — Nl o+ M V] Lo,
681 s S

where:

M = a%?%/0t* — A; N = 9%/ot* —
and where

d/ds1 = t,0/9¢t — x,0/dx — ¥,0/0y — 2,0/0z

and

d/9sy = a*,0/0t — %,0/0x — v,0/0y — 2,0/02

are the transversal differentiations, x,, ¥,, 2,, {, being the direction
coefficients of the outward normal to S. If in Q[«, V] we interchange
u and V we obtain a second form of Green’s formula:

SIS et = wtnias= [ [ [ {r =0

oN[V] ) . 6u}d
0

as2 as1 9s,

(2.4)

- U

For the elementary solution V (2.2) we find readily:
(2.5) M[V] = 2(a®— 1)(r — £)/T2% N[V] = 2(a® — 1)(r — £)/a’T"2

We consider the domain G bounded by the hyperplane {=0 and the
exterior sheet I'=0 through a point P(%, 9, ¢, 7). The domain G is
characterized by the inequalities: I'=0; 0 <¢ <. In accordance with
Hadamard’s method we truncate the domain G by a plane t=7—38
and obtain the domain G; for which I'20, 0=¢t=<7—34, §>0.

Since I'/ vanishes in the interior of G;, the elementary solution has
there a singularity. In order to enable us to apply Green’s formula,
we subdivide G; into the following domains:

(a) the conical ring Giye,s:

0=sts 7~
1 —e)¥(r— 82— 22> 0; 0<e<1-—1/g
(1/a + e)2(r — )2 — 2 < 0; 0<e<1-—1/a,
(b) the truncated interior cone G2,:
(1 —e)(r—9/a)?— 72> 0; 0<e <1,
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The ring domain is bounded by the volume Bj,,, the lateral surfaces
Lys and L%, and the volume Di,;. Similarly the domain G%; is
bounded by the sphere B%, the lateral surface L%, and the sphere
D?; (see diagram).

| ¥]

P(t, LX) 7)

t- Bj‘)tt t’ Bfa % B“l‘! xyzr

3. Integration over the domain Gi,,s. In Gi,s where (r—¢) >r and
(r—t)/a <r, the elementary solution is:
1 ) r—(r—1=9/a
B Sy L It V.3
2r (r—=8+r 2r r4+(r—9/a

Since L[ V'] =0, Green’s formula (2.3) may be written

" B fffj;:l% Vjdg + fffDl,¢2;Ado + ffthAdo
+ ffsz“Ado + fff”im Ado =0
where

A = VAN [u]/dss — udM[V]/ds1 — N[uldV/ds: + M[V]0u/ds:.

3

The last integral of (3.1) vanishes due to initial conditions and in
order to express the remaining integrals as functions of € and § we
introduce new coordinates, o, u; o, 3, ¥ by the transformation

t=ft+o0(1l —pa y=n4+o(1—pB,

8.2 g=¢+oc(1l—pv, t=1—o,

where o, 8, v are parameters on the unit sphere a?+4p32+4+y2=1. The
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domain G, is then determined by the inequalities § S0 <7 and
aSusS1—1/a—e, and in the new coordinates:

r=o(l —p); daxdydzdt = e*(1 — u)dpdede [dw = (1/y)dadf],
T=owu@—u; I =71/a®~(1-u]

We are interested only in the coefficients of log e; of each integral
which we shall indicate by placing bent bars with the index 4: (4) in
front of the integral sign.

For the first term of (3.1) we obtain the resolution

o ff
=& z)ffffa,l.za {2a(1 o 8,

(3.3) log 1—u—1/a
2v(1—#) 1—u+1/

= —z—fafﬁdafﬁdw(l, Z)LI—”H{(I — ) log

—a(l —p)log (1 — pu — 1/a)} fdu,

} for(1 — p)2dudodw

where p is the surface of the intersection of the conical ring G,
with the plane ¢ =7 —¢. It can be readily seen that upon u-integration
the coefficients of log € and log e will have ¢ and e, respectively as
factors and will therefore tend to zero as e and e approach zero.
Therefore,

(3.4) o, 113% -2—-0(_ {1, 2) f f f L » Vfdg) = 0.

On Di.;'t,=1, x,=9,=2,=0 and the second term of (3.1) can be
written:

4 [v]
[ oo = -5

— 02N [u] v + M[V] 59-’-‘}dxdydz.
at at

(3.5)



1944] THE SOLUTION OF A DIFFERENTIAL EQUATION 847

We consider each of the four integrals of (3.5) separately. The first
integral contains Vand a resolution similar to that of (3.3) shows that
the coefficients of log € and log e tend to zero as € and € approach
zero. Observing that M[V]=2(a?—1)(r—¢)/T?, the second integral
of (3.5) is:

_fffbhe,au 611{9'[:’] dxdydz

=== f f f Dzm,”{aiitz——pi; - ;22—_"2;} dude.

We note that only terms containing 1/u will give terms involving
log e; after integration. We develop # into a Taylor series in terms of
4, that is, the value of % on the boundary of Di,,s. Since the distance
of a point (¢, &, @, B, v) from the corresponding boundary point
(0, &,0,8,7)isc(l1—e)—0(1 —p) =0(u—e), we have u = d—o(u—e)i,
+ (o (u—e)?/2)yy— + » + =d—audy+(02u2/2)dy— - - - +(€), where
(€1) denotes terms which tend to zero with ¢ and 4, =adu/dx+L0u/dy
++v0u/dz. Since the fourth and higher terms in the Taylor develop-
ment of # contain ¢®u?, the difference of # and the first three terms
of its development will not give any coefficient of log €;. For the pur-
pose of determining coefficients of log €;, we may write therefore

—anfff, "MaEV] dadyds
e 2,
+ (e* = 1) fj;d..dw ,2) fql'”“”" {52((12:’;)): - ig : :;:}du

) &;Efj:’a”dw w2 f:—m—u {zg : 3: _ 2((21::)):}dﬂ

The coefficient of log e is zero in the first integral above, 1 in the
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second and —1/2 in the third. Since the integration does not yield
log €2 we have:

Jm (—an [, w5 dm)
= (a® — 1) f j; S‘ﬂ»dw + &%—_—1—)- f f' _aawdw.

1 1
ff Adw = —--ff #,dQ = ——fff Audxdydz,
o= 62 oS 62 Py

where the last integral is an infinitesimal of the order §® when § ap-
proaches zero. We find therefore

. . oM (V]
(3.6) lim lim {— , 2)fff u dxdydz} = 0.
550 €0, ¢;—0 Dlies ot

The third integral of (3.5) is

— a”fffl“aN[u]Ededydz
- [, - Lo
- f f f Dres { (12——“;); [l/aﬁ(l—-—(lﬂ)—z u)ﬁl}d"d"’

and as we let o = § approach zero, this integral vanishes.
The fourth integral of (3.5) is

{,2) f f f MM [V1udzdyds
h = (&= 1) (1) f f f B ( — t) 7 wdadyds

o
= (a2 —1) f f adw (1) f e 22((;__’3;(1

-1
ff ﬂ;dw.
2 omd

But

I
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Whence

i ou
6.1 valm  AOSS L, w005 dsarie)
= 2r(a? — Dui§, n, &, 7).

On the lateral surface Ll u is constant and since M[V] and
dM[V]/ds:1 contain no logarithms, we need only consider

wsta = [[ [ " { aﬂf - [“]gs—i}do
<1>fffw{[ 2a(1 e,

1l—p-—1 AN vV
log — /a] [u] N[u]——}do
20(1 — ) 1 —u+1/ad 0s, as,
On the lateral surface (dV/ds:)do=[(1—&)aVi—aV,—BV,—vV,]

-(1—e)20%dodw. Since V;=1/T'—1/T', it does not contribute any
coefficient of log &,

a n aa 1—u—1/a
log - log
20%(1 =) " 2—p 21 —-p)? " 1-—-p+1/e
where the dots indicate terms which do not contain logarithms.
Therefore

z= "

1%
1) o do = |- (@ + 8+ 99 | (1 = totdud

1
26%(1 — €)?

= — dodw/2.
Thus the coefficient of log € for the lateral surface Li; as &—0 is
1 ON|u a(1/r
lim ((1)Shs) = ——fff { lu] — N[u] a/m
0 Ly as3 ds,

In the limit 6—0, we obtain

lim  ((1)Ss)

50, ¢—0
IR R

2 Since 8(1/r)/ds: is not defined at the point P(¢, #, ¢, 7), this integral is to be taken
in the limiting sense.

(3.8)
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Similarly on the lateral surface L2,; we need only consider

@su= [[[ w{ aZs[" — Nu ]a:,}do

We have (2) V=a/2r; (2) 0V /dss=(a/2)3(1/r)/ds:. Therefore the co-
efficient of log e, for the lateral surface L,; is, when e—0,

i (@)5%) =3 [ f sz = "’Zf:‘] — N[u] a(;s/z ") bao

In the limit 6—0, we obtain:

69 tm tm @5 = [ [ {7 T - v S

Summarizing the results obtained by the use of the first form of
Green'’s formula (2.3), we have the equation

o mn 3 11, (22
R

Since €; and €; are independent, the coefficients of log €;and log € must
vanish, which gives the following relations:

(3.10) 27(a? — Du(P) = — f f fL{i BZSQ — N[u] a(;s/, ) }do,

3.11) ——fffL’{l az;rf:] Nu ]%ls—/zl)—}dwo.

4. Application of the second form of Green’s formula and integra-
tion over the domain G3;. In a manner quite analogous to that in the
preceding section we perform the integration of the second form of
Green’s formula (2.4) over the domains Gi,,s and G%,; and obtain the
following additional relations:

Y T T

2wa(a? — Du,(P)

R [ NEL R TR
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Subtracting (4.2) from (3.10) we obtain an expression for u,:
27(1 — a)(a? — Du,(P)

4.3) - ';‘ffle {% 62;:[:4] V] a(als/:)
w5 I T - 5

5. Transformation of lateral surface integrals into volume inte-
grals. Let us consider the self-adjoint expression M[u]=a?d%/dt?—Au.
Green'’s formula for this expression of the second order is

ffff VM[u] — uM[V]}dg
S

where S is the three-dimensional boundary of G. If we put V=1/r
and u=N[u], we cannot apply (5.1) over the interior of the surface
I'=0 because V has a singularity on the line r=0. To overcome this
difficulty we again truncate the cone I'=0 by the plane t=7—24 and
remove the line =0 by cutting out a small cone e?(r—¢)2—r2=0.
Over this new domain, which we denote by Gi;, we apply formula
(5.1):

SIS L At - reaae [ 2o
-1 G a2

Since M{1/r]=0 and, by (2.1), M[N[u]]=f(x, v, 3, t), we have

SIS = L 50 w2 e
“'fff,, {a aN[u] e 6(1/r)}dxdydz
1145 ‘”ZJ -
A

(5.1)

(5.2)
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The last integral of (5.2) vanishes because of initial conditions. Since

fff DY {“2 Wl — a’N[u] a(l/r) }dxdydz
MY T

the integral over D%, vanishes in the limit e—0, ¢ =§—0. In order to
find the limiting value of the integral over L;, we make the following
transformation of the coordinates:

x = ¢+ eoa, y = 1 4+ edf, gz = { + eoy, t=1—o0.
In the new coordinates:
r=¢0, do= 1+ )V2dodw, 0(1/r)/dss = — 1/r2(1 + €)1/,

and we obtain:

f I az;fs[:d i a(;::) b

In the limit e—0, 6—0 we obtain

.-»o, m {ffr_hdwf N[u]da} = - %ﬁfN[u]dt.

Therefore as we let € and 6§ approach zero, (5.2) gives

R R e
_4,rfo Nulds

Interchanging N[u] with M[u] we obtain a similar expression, but,
since by (4.1) the integral over L' vanishes, we have the relation

(5.4) ffffa — fdg = — 41rforM[u]dt.

The same procedure applied to the domain G? consisting of the
interior of the surface I'’=0 yields the following relations:

(5.3
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SIS soe= SIS 5 - 2o

— 4r fo Mulds,

(5.6) ffffozéfdg= —41rfofN[u]dt

6. Solution of the initial value problem. The relations of the pre-
ceding section enable us to obtain the solution of the initial value
problem (2.1). Combining (5.3) and (5.6) we obtain

e
- [J[ S = [ff],

and combining (5.4) and (5.5) gives the relation

(6.2) fffﬂ{i aa;u] Mlu ]‘9(1/')}
ffff(ﬁfdg-f”fa_fdg

Substitution of the expressions (6.1) and (6.2) for the lateral surface
integrals in (4.3) gives

4r(1 — a)(a® — Du(P) = (1 — a) ffff — fdg
“a-affff, e
or

(6.3) 4n(a® — Dui(P) = ffffa—fdg—ffffa—fdg

Therefore the solution of the initial value problem (2.1) is

r(e = Duten, 1) = [ [ [ [ T gae
I =

(5.5)

(6.4)
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In order to show that the right-hand side of (6.4) has the required
derivatives we apply thereto transformation (3.2) and obtain

fff Glfgs”(l — wdodudw
B ffffa’fa“[l — a(l — ) [(1 — wdodude.

Because of our assumptions concerning the function f both integrands
are regular and our proof is complete.

7. The limiting case a=1. In order to determine what happens
when a =1, we observe that the solution (6.4) for a>1 can be written
in the form

4w(a® — Nu(P) = for dtffj:s,_, :—;:—Lfdxdydz

’ T—1—or
frafff I e,
0 rS@—t)/a r

=F(1) — F(a).

Therefore 4w (a+1)u(P)=—[F(1)—F(a)]/(1—a) and in the limit
a=1, 8ru(P)= —F'(1). But differentiation of F(a) with respect to

a gives
F'(a) = —f dtfff fdxdydz,
0 rS (1—t)/a
FQ) = -—f dtfff fdxdydz
0 rSr—t

and the solution of the iterated wave equation is

(7.1) Sru(P) = f f f fGl fdadydsds.

8. Nonhomogeneous initial conditions. We consider now equation
(2.1) with the following nonhomogeneous initial conditions:

whence

&.1) u(x, 9,2,0) = ¢o(x, ¥,2),  ulz, 9y, 32 0) = ¢i(x, ¥, 2),
) utt(x) v 2, 0) = ¢2(x’ ¥, z)' um(x, Y %, 0) = ¢’8(x’ 2 z)'

The introduction of the initial conditions (8.1) does not present any-
thing new with regard to our method and we content ourselves in
writing the solution which satisfies such conditions:
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47!'(02 - 1)“(5, m $ 7')

ffffalf_ — fdxdydzdt
_ffffgzl-——t?-—-—gfdxdydzdt
+fff {(1--— 1) [a%s — (a? + 1)A¢1]

+ [a%pe — (a? + 1)A¢o]}dxdydz

(8.2) _ f f j;sm : { r — ar)[a%s — (@ + 1)Ads]

+ [a%2 — (a2 + 1)A¢o]}dxdydz

a? a
+ ——fff Aqﬁodxdydz——fff A¢odxdyds
T rsSr T rSt/a
a? 1
+2ff (¢1+7¢o)ds
a? 1
——ff (¢1+—¢o>ds.
T rm7/0 T

In the limiting case a =1, the above result reduces to

87”"(5! 7 1')

JFF s oo 2

2 2
+ff <¢2+—'¢'1+“2'¢0—A¢o das.
Pt T T
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