
A COMBINATORIAL FORMULA WITH SOME APPLICATIONS 

L. CHING-SIUR HSU 

The aim of this note is to present a combinatorial formula and state 
its applications to partitions, number of solutions, and Dirichlet's in
tegral. 

Let 0i(#), • • • , 6n(x) be n arbitrary functions of x and let 
~©&r£([0i] • • ' [on]) be defined by 

*®5::i([ffi]--- M) 

where au • • • , an, 61, • • • , 6n» w are all integers and the right-hand 
side of (1) is summed over all different integral solutions of 
Xl+ . . . -\-xn — m with a i â x i ^ b u • • • tan^xn^bn. 

More generally we define 

m®t:'.l:aer • • • [e*Tk) 
= E 0i(*ii) 

W *ii+• • -t-*lni+* • .+ « w +. • •+afcnjfc»wt,ai^a;it^6i,' • -,ak£xki£bk 

• ' * 0 l (* lm) ' ' ' 0*(*Jbl) * ' • 6k(Xknk). 

We make the following conventions:1 

(A) m&a([d]n) = 0 for m <na or m >nb. 
(B) w©([0]°) =0 if w^O, m©([0]°) = 1 if m = 0. 
(C) I f a l = • • • = an = a, &i = • • • ^bn^by we write 

»©£'£([ffil • • • K]) as .©!([»!] • • • [6n]). 
We now show that2 

"1-0 v2»0 I>A-»0 ^ 

(3) •m^(Mpibp1)
ni-n---[^rbPkr

hr"k) 

where 0u * - - ,6k are k arbitrary functions of x and </>i(x) —6i(x+bi), 

Received by the editors June 2, 1944. 
1 These conventions are used in proving (3) and other formulas. 
2 The formula (3) shows that all the strong restrictions for x can be removed. 
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\l/i(x)=Oi(x+ai--l),tn'=zm'{vx • • • vk) ^m—^biVi —£(Ö< —l)(«i —?<) 
(* = 1, • • • , * ) . 

PROOF. By definition we have 

B,©r([^r^r',---[^n^r't) 

* * •m,fc-i@b*+l([0*] )mf*©(!*( [&*] ) . 

Let Ti=0i(xii) • • • 6i(Xim) (i = l, • • • , £), and let T~Ti - - - Tube 
a term contained in the right-hand side of (3), that is, Xi^au • • ' ,xk 

aöjfc. Without loss of generality we may assume #n, • • • , xUl 

^ è i + 1 ; • • • ; Xki, • • • , Xktk<£bk+1. Since the necessary and suffi
cient condition for 

T< G ^^xS^iC^l'V^C/^]^^) (1 3 * SS *) 

is tha t there is a term 0,(#i) • • • Oi(xVi) of ««^©jj+i con^ne^ 'm 2\-
as a part while the other part Ti/di(xi) • • • 0i(xVi) is contained in 
m2<©£> the number of occurrences of T in the left-hand side of (3) 
is therefore given by 

{ t (- ifc<4 { f (- D-cJ • • • { ± (- i)"fc..,.} 
(0 if /i, • • • , h are not all zero, 

~ U if /i = • • • = h = 0. 

We see that the term T generally vanishes except when a^XjiSbj 
0* = 1, • • • , k). Hence (3) is proved. 

I t is directly deduced from (3) by putting Wi= • • • = » * = 1, 
Wi+ • • • +nk~n tha t 

t (- D* z »'©r ([*«,] • • • i*j [*.»„] • • • tu) 
ft-0 («i***«*)€:( l •••*!) 

u --«ï::î([«i]--•[«.]) . 
where (ai • • • a* • • • a„) = (l • • • » ) , m'—m\a.x • - • ak)=m+n—k 
— (&«!+ • • • +&a t +ao» + i+ • • • +ö«„). 

Let JF be an arbitrary function of B\, • • • , 6n and let 
• © S - ' - i i ^ 0 » • • • , ö„)} be denned by 
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Then, the formula (4) can be written more generally as 

, - , È ( - 1)& £ m ' ® r {*(* .„ • • • , <t>ak, fmk+v • • • , *an)} 
\$) *-0 («i • • -a*)E (1 • • -n) 

If, for every («i • • • a*), the limit 

lim m>©7 {Fifl>aV • • • , *«*, ^«*+i, • • • • ^«n)} (*»' « w'(ai • • • a»)) 

exists, then we have further 
n 

Z ( - 1) E lim »'©" {*•(*«„ • • • , <*>«*, *.»+„ •••,*«.)} 
, , > - 0 ( a i - t j i e a . " » ) m - » 

= iimm©'il:::*:{i7(ô1, ••• ,en)}. 

We shall now state some applications of the above formulas. 
Application to partitions. We denote by pn(m) the number of 

partitions of m into parts not exceeding n or into at most n parts. 
Let {/3i • • • 0n} be an ordered partition of w, namely, 

m « ft + jS2 + • • • + ft, ft à ft £ ••• à ft. 

We further denote by pa£/.'£(tn) the number of ordered partitions, 
{0i • • • 0w}'s, of m into exactly n parts which are restricted to 
fliâftïa&i, a2^02â&3, * • • » ö„^0n^&n. We have then 

(7) ^ : : î ( » ) - Ê ( - l ) * E Pn(m-k-bai 
A»-0 ( a i . . . a i ) G ( l - - - n ) 

~~ 0»*, """ ö«*+i — • • • — a a J , 

where the pn{m>y$ can be evaluated by the generating function 

(1 - *)(1 - it:2) • • • (1 - xn) m»i 

PROOF OF (7). Starting with (5) we define 

( 1 if ai; g* # g J,-, 
»«(*) - i n ., s ' « - 1 • • • »), 

10 if x < ai or 6,- < a, 
F(0i(*i), • • • , *.(*»)) 

f 0i(#i) • • • ̂ n(ffn) if the order %i è x% è • * • è #n holds, 

\ 0 if the order *i è ^ 2 è • • • ^ « n does not hold. 
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Thus we see that 

«©£"J:{*(»i, • • •. *«)} » #£•£&»). 

Similarly 

m*<S>î {F(<f>ai, • • • , <£«*, 1^*+,, • • , iA«j} 

Hence (7) is proved. 
I t may be noted that the formula (7) still holds when p%.'.'%(tn) 

denotes the number of partitions of m into n parts which are restricted 
to more conditions than 

0i ^ ft ^ • • • à ft; «i ^ ft ^ &i, • • • . <*n â ft â 6». 

Application to number of solutions. Let -4^V.'îi(^0 denote the 
number of integral (or prime) solutions of the equation 

Xl + %2 + • • • + %n = iV 

with Ö I ^ # I < & I , a2^#2<Ô2, ' # " » a>n^xn<bn, then by (5) we have 

(9) Aai.'.'£(N) == Z ( - if £ ^1-'XJWi"'-XttW» 

where (?i • • • p* • • • j>n) = (1 • • • w). 
We shall now proceed to find an asymptotic formula concerning 

the number of integral solutions of a linear equation with integral 
coefficients. 

Let A (N) denote the number of integral solutions of the equation 

n 

2 J Wh = N {d è 1, • • • • cn à 1) 
&«i 

under the restrictions <XkN < Xk < ftiV (k = 1, • • • , n), where 
Ci, " • , c„ are relatively prime to each other, a^ ft are real values. 

When ajfc = 0, j8fc = l (fe = l , • * • , n) it is well known that3 

(10) A(N) - JV—V î ' • ' Cn-(n - 1)! + 0(Nn~2). 

Define 

{1 if # is divisible by d and the inequality ctiC{N<x<PiCiN holds, 

0 if x is not divisible by d or the inequality does not hold. 

3 The proof of (10) can be obtained easily by the method of partial fractions. 
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Thus by (4) and (10) we obtain the following consequence.4 

Let Sk =2-)ci • • •v*)Gd- • -n)<£n- • -vk> where 

/0 for (1 - fincn — . . . — aPncVn) g 0, 

y>pi'"Vk = \ (1 ~" Pn^i —-••• — Pvjfipk — aVk+lCyk+1 — • • • — a„nCyn)
n"~ 

v for (1 - /Sricn — . . . — a„nc„n) > 0. 

Then 

A(N) =So-Si+--- ±Sn 

<"> ^ - - ^ + 0 ( F > 
Evidently (11) may be seen as a generalization of (10). If 

Cl= . . . =cn = l, a*.2g#fc:g&* (&=*1, • • • , #), we can express A(N) 
more precisely as5 

» 
(12) A(N) ~ z2 (— l)k 2-, CN>(k)+(an+- • -+an)-(bn+> > -+bn),n-l 

where JV'(ife) «JV+n — Jfe —1 — (ai + • • • +a n ) . 
Application to Dirichlet's integral. The following theorem is well 

known. 

Let 

T r r r •«*—*• «2-1 «n—i 
* (0) = I I • • ' I *1 #2 • • • • « » 

*/(#1 + %2 + * ' * + %n)dXidX2 ' ' * dXny 

where the variables x±, x2, • • • , xn are restricted to the region 

D: 0 ^ ki S xx + x2 + • • • + xn S k2) 0 g #i, 0 g #2, • • • 1 0 ^ &n. 

T%e?z /fee integral ƒ <o> caw Je reduced to the form 

r(ai)r(a2) • • • r(an) r*2 

r ( a i + a2 + • • • + aw) •/ *x 

We shall now extend the formula (13). Let 

{ i i i • • • 1 &n ^ 
I f f f "I""1 «2-1 «n~l 

*1, ' • ' , *n > = I I • * * I Xi X2 * * • Xn 
#1, • • • , an ) 

'f(Xi + X2 + * • • + Xn)dXidX2 • • • dxn, 
4 The detailed proof of this is omitted. 
6 The formula (12) can be obtained also by considering two generating functions. 
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where the region R is defined as the set of all points (xi • • • xn) such 
that 

0 ^ ai :g Xi 5£ bi\ xi + ff2 + • • • + xn Ŝ £. 

Since the Dirichlet integral 7(o> can be considered as a limit of 
multiple summations with variable upper limits, by applying (6) we 
have 

{ fti • • • &n\ 

Xl ' • • tf»> 

« 1 • • • fln' 

(14) 
/OO • • • 00 00 • • • 00 \ 

* - 0 ( F i . . . ^ - ) G ( l - . - n ) ( \ 
xon • • • o,,. aVj+i • • • a„n / 

We have to establish a formula for 

{ 00 • • • 00 \ 

Xl • • • Sn> (Cl ^ 0, • • • , Cn ^ 0 ) . 

£l • • ' £ n ' 
Let J(i...«) denote the integral 

I # i a # i I Xi dX2 
' ' + OLn) J 0 •/ 0 i W i + 

» min(c«,fc--a;i— • • •—-a?«—1) 

Xg CLXg •ƒ" 
•/ 0 

u f{u + Xi + • • • + #,)a«. 
o 

Now, by (14) it can be shown that 

{
00 • • • 00 \ 

I Cn,l Cn,2 

Xl ' • • Xn > = 7(0) ~ £ J(0 + X *<*ƒ) - • * * 
\ (*)G(l. . .n) (»/ )G(l . . .n) 

Cl ' ' ' Cn S 

+ ( - l)»J(l...n), 
where 

{ 00 • • • 00 \ 

* 1 " • • * n > , 

o . • - o ) 

/

» m i n ( c i , & ) /»min(c n , fc— *l— * • — * n - l ) , a —1 

• • • I ffi • • • Xn dxi - - - dxn. 
o J o 



»+l 

+1 

dXn 
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To prove (IS), the formal logic theorem is also applicable. 
Consider a differential x"1"1 • • • $%*~1f($i+ • • • + xn)dxi • • • dxn. 

We may assume that xvl^*cn, • • • , ccvt^cvtt xvt+1>cn+v • • • ,xPn>cVn> 
(vi- - • v») = (l - • - n). 

Since the integral is a limit of multiple summations and may be 
written as 

J
*min(ci,k) /» m in(c« ,k—x\—' •—xa-i) t 

Xi dxi • • • I x» dx8 

o J o 
• I • • • I aC+î1 • • • #"* f(xi + • • • + xn)dx8 

= 1 • * • I I • • • I * l ' • • X8 X8+! 
JQ JQ J ie2(*t- • -xn) J 

• / (*1 + • • " + *n)dffl • • • dxni 

where 

Rl(%S+l ' ' • Xn)l 0 ^ #,+i + • • • + Xn â k - (ffi + • • • + X8) ; 

2?2(#i • • • «n): 0 ^ #i â ci, • • • , 0 g #, g £«; 

0 ^ #i + • • • + xn S k; xa+i, • • • , xn ^ 0, 

we see that the differential^1"1 • • • #n
in"~1f($i + ' • * +xn)dxi • • -d%n 

appears exactly Ctt8 times in ]C(*i-••>•>€= d- - -"^ ta - • •'•>• Therefore 
the number of occurrences of the given differential in the right-hand 
side of (IS) is equal to 

( 1 if t = 0, 
C,,o - C«,i + • • • + ( - 1 ) ^ , 1 - J .t 

10 if * > 0 . 

Hence the formula (15) is proved. 
The integral J ( i . . .a) may be calculated by dividing the limits of 

the integral and integrating it separately. 
I t is seen tha t the integral J ( i . . . 8) can be written also in the form: 

I W O • • • T(an) r « 

T(0i8+i + • • • + OLn) 
I %i dxi I #2 dx2 • • • I #« G#« 

•/ 0 «^ 0 «J 0 

•ƒ. « ƒ(« + %1 + ' " ' + #•)»#. 

Connecting (14) with (15), we see tha t it is a generalization of 
Dirichlet's integral J(o) with k%**0t ki~k in (13). 
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I t may be noted tha t the formula (14) is also called Liouville's 
extension and the integral regions D and R can be defined also by 

D: 0 g ki ^ aiXi + • • • + anx ^ k2, 0 g at-; 

R: 0 ^ a» ^ xt â 6*, di#i + • • • + d^n* =2 &• 
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TRANSFORMATIONS IN METRIC SPACES AND 
ORDINARY DIFFERENTIAL EQUATIONS 

JOHN V. WEHAUSEN 

1. Introduction. I t is evident that the solutions of a differential 
equation y'—f(t, y) passing through a point (r, rj) in the region of 
definition of ƒ(/, y) may be considered as invariant functions of the 
transformation Ty(t) =rç+/t/(s> y(s))ds when suitable restrictions are 
placed upon the functions y(t) considered. Tha t such invariant func
tions exist for continuous ƒ(£, y) can be made a consequence of 
Schauder's fixed point theorem for completely continuous trans
formations in bounded convex subsets of a Banach space.1 For ƒ(£, y) 
satisfying a Lipschitz condition in y the existence and uniqueness of 
an invariant function can be made to follow from a fixed point theo
rem of Caccioppoli of an essentially simpler nature.2 In the present 
paper we wish to show that the existence of invariant functions for 
continuous f(t, y) as well as several other theorems concerning solu
tions of differential equations can be made to follow from some theo
rems concerning a particular class of transformations in a complete 
metric space. Although the existence theorem for fixed points given 

Presented to the Society, November 26, 1943; received by the editors November 
15, 1943, and, in revised form, June 20, 1944. 

1 J. Schauder, Der Fixpunktsatz in Funktionalrâumen, Studia Mathematica vol. 2 
(1930) pp. 171-180; also, Zur Theorie stetiger Abbildungen in Funktionalrâumen, 
Math. Zeit. vol. 26 (1927) pp. 47-65 and 417-431. 

2 R. Caccioppoli, Un teorema generale sulVesistenza di elementi uniti in una tras-
formazione funzionale, Rendiconti R. Accademia dei Lincei (6) vol. 11 (1930) pp. 794-
799; for proofs and various applications of both Caccioppoli's and Schauder's theo
rems we refer also to Niemytsky, Metod nepodvizhnykh Tochek v Analize, Uspekhi 
Mat. Nauk vol. 1 (1936) pp. 141-174. 


