THE MANIFOLDS OF LINEAR ELEMENTS OF AN n-SPHERE
TSAI-HAN KIANG

1. Introduction. The 3-manifolds of oriented and non-oriented lin-
ear elements of closed surfaces have been investigated by Nielsen,!
Hotelling,? Threlfall,® van der Waerden and others.* In the present
paper we take up the case of the space M of oriented linear elements,
and the space M’ of non-oriented linear elements, of an #-sphere,
n=1. The chief tools in the present investigation are certain orthogo-
nal transformations (§§3—4) and theorems on addition of complexes.?’
Our success in the determination of certain homology classes (§§7-8,
14) leads to complete determination of (integral) Betti groups of M
and M’. Our results may be summarized as follows:

(M1) For n>1, M is an orientable (2z—1)-manifold. Its Betti
groups, which are not the null groups, are the following: For even #,
B® and B** =G, (AH, p. 556) and B"!=Ga; for odd n, B®, B?"},
B*1 and Br=G,.

(M2) For n=2, M is the projective space. For #>2, its fundamen-
tal group is the identity.

(M3) For n=1, 3, 7, M is the topological product of an n-sphere
and an (n—1)-sphere.

(M’1) For n>1, M’ is an orientable or a non-orientable (2n—1)-
manifold according as # is even or odd. Its Betti groups, which are
not the null, are the following: For even #, B° and B2" =G,
B»1=Gy, and Br=G,, r=1,3, - - -, n—=3;n+1,n+3, - - -, 2n-3.
For odd %, B and B*=G,, and B"=G,, r=1,3, -, n—2; ni1,
n+3, -, 2n—2.

(M’2) For n=2, M’ is the lens space (Linsenraum) (4,1).% For n>2,
its fundamental group is the cyclic group of order 2.
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(M’3) For n=1, 3, 7, M’ is the topological product of an n-sphere
and an (n#—1)-dimensional projective space.

1. THE MANIFOLD M OF ORIENTED LINEAR ELEMENTS

2. The representation of M. The n-sphere, =1, may be repre-
sented in the Euclidean (n+1)-space X of the points (xo, %3, - * «, %)
by the unit sphere: 'x =42 +x?4 - - - +x2=1, where x denotes the
matrix of one column of the coordinates of the point, and x’ the trans-
posed of the matrix x. Similarly we have y, y’ and the space Y. The
space M is then represented by the subspace of the topological prod-
uct R=X XY, defined by the equations

M e =1, 'y =0, Yy = 1.

Evidently this subspace is a closed (2#—1)-manifold when it is con-
nected (AH, p. 404). Henceforth we shall take this subspace as the
space M, and speak of the points of M instead of oriented linear ele-
ments.

3. The two “halves” of M. The decomposition of the n-sphere
x'x=1 into the two n-cells corresponding to x9=0 and x, <0 gives
rise to that of M into the two halves:

M, % 0, w'x =1, «'y =0, yy=1
M, %<0, ax=1 ay=0 yy=1

Let e denote the matrix of- one column of the n+1 elements
1,0, - -, 0. The matrix

di=(@x+e(x+e)/(xe+ 1) — I,
where x'x=1, xo+150, and the matrix
Ady= (x—e)(x — &' /(w0 — 1) + I,

where x'x =1, x9— 150, are symmetric and orthogonal, and have %’
and x as their first rows and columns.” Let 4 = (4, 4{, - - -, u®)
and v® =@, o, - - ., v®) denote points in the Euclidean (n+41)-
spaces U; and V; respectively, =1, 2. Form the mappings?®

b u® =g oD = Ay,

7H. W. Turnbull and A. C. Aitken, An introduction to the theory of camonical
matrices, London, 1932, Lemma II, p. 104,

8 The author wishes to express his gratitude to his colleague Professor P. L. Hsu
for the construction of the matrices Bn,1 and the mapping £ in §10 and for the refer-
ence in footnote 7. The construction of 4 is then immediate.
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1, and £, are topological mappings of M; and M, respectively on

) Wy (1 ) My, @
K, % =0, u u =1, v =0, p y =1
in Ry=U; X Vy and

@ 2y (@) @) 2 @)
K, e =0, u u =1, v =0, vy =1

in Ry=U,X Vs Let E; be the n-cell: 4?20, u®'uM=1 in Ui, E,
the n-cell: 4 <0, u»’'u® =1 in U,, and S; the (n—1)-sphere: v{) =0,
D'y =1 in V. Evidently K;=E;X.S;.

4. M as sum. The case n=1. Let us denote the subspace: x,=0,
x'x=1, x'y=0, y'y=1 in R by Bd(M,) =Bd (M), and the subspace:
u® =0, 'y =1 in U; by Bd(E;), and finally set Bd(K;) =Bd(E;)
XS;, the topological product of two (#—1)-spheres. Let P be any
point of BA(A;). Then ¢;(P) = P; of BA(K;),and Py =ti;1(P,)is a topo-
logical mapping of Bd(K;) on Bd(K3). Since the symmetric and or-
thogonal matrix 4:=A{ =Aji?, the topological mapping ¢=1t¢i" of
Bd(K;) on Bd(K?) is given by A4, with x in the two factor matrices
replaced by #®. Let @V denote the matrix of one column of the 41
@ Then evidently

. 1
elements: 0, (", - - -, uf
: u® = 40, v® = {2@DaD 4 eo’) — I}o®,

Through identification of all pairs of points of Bd(K;) and Bd(K),
corresponding under ¢, there results from K; and K, a sumb K,+ K.
Since M is homeomorphic with K;+ K, we shall write M =K;-+ K.

For n=1, K; consists of two semicircles. By means of ¢, the two
end points of each semicircle of K; or K, are identified with the two
end points of one and only one semicircle of K; or K; respectively.
Hence M is the topological product of a 1-sphere and a 0-sphere.

5. The fundamental group. The case #=2. For »>2, all the funda-
mental groups of the topological products K; and Bd(K;) are the
identity (ST, p. 156), and therefore that of M is also the identity
(ST, p. 179).

For general #, let e denote the point (0, - - -, 0, 1) in a Euclidean
(n+1)-space. Let m; and b; denote respectively the (#—1)-spheres
Bd(E;) Xe and €X.S; on Bd(K;), and be called the meridian and lati-
tude of Bd(K,).

In the remaining part of this section we confine ourselves exclu-
sively to the case n=2. Denote by O; the point (e; €) of the torus
Bd(K;) and take it as the initial point of closed oriented curves on K.
Obviously ¢(0;) = 0,. The meridian and latitude circles m; and b; will
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be regarded as with definite orientations, fixed as follows. First, take
the senses of increasing 6 and ¢ in the parametric representations

1 1) . (1) 1) 1) 1)
mi o =0, u =sinb, us =cosh;v =09 =02, =1,

@ ) m _ O] m

. a
by o =0, 4 =0,u, =19 =0,9 = —sing, 12 = cos¢

as the orientations of m; and b; respectively. Now

(2) @) @)

#ug =0, %y = sin 0, %2 = cos 6;
t(m,) @ @ @
v =0, 1 =sin 20, v, = cos 26,
2) (2) (2)
Uy = 0, nH = 0, Uy = 1;
#(d1) @ @ . @
v =0, v; = sin ¢, V2 = COS ¢.

Let (u; v(») denote a variable point of a subspace I'. We shall
call the subspace of (#?; €) and that of (e; 2(?) the projections g,(T")
and gy(I"). gi are evidently continuous mappings of I'. The projec-
tions gi(my) of t(my) and got(d1) of £(by) are respectively m, and bs.
Moreover gt is a topological mapping of m; on m,, and gt =t a topo-
logical mapping of b, on b.. Now fix the orientations of m; and b, by
demanding that g,t maps the oriented m; on the oriented m; and that
g2t maps the oriented b; on the oriented bs.

Let [m;], [b:] denote the classes of closed oriented curves through
O; on K, homotopically deformable into m; and b; when the point O;
is kept fixed. The fundamental group of K; is given by the two gen-
erators [m;], [b:] and the defining relation [m;]=1. From the repre-
sentation of t(m,) it is obvious that, when a variable point P, starts
from O, and describes the oriented m, once, the point ¢(Py) starts
from O, and describes a closed oriented curve on Bd(K?) in such a way
that its projection gi¢(P;) describes the oriented m, once and its pro-
jection gs¢(P;) the oriented b, twice. Furthermore ¢ maps the oriented
b1 on the oriented b;. From the usual consideration of the Euclidean
plane as the universal covering of Bd(K:), we conclude that in the
fundamental group of Kj,

[tm)] = [ma] [82],  [18)] = [5a].

Hence the fundamental group of M is given by the single generator
[21] and the defining relation [#}]=1 (ST, pp. 177-178), or is the
cyclic group of order 2.

In fact, K;, K2 and the mapping ¢ of Bd(K;) on Bd(K:) define the
Heegaard diagram of the 3-manifold M. From the enumeration of
all the 3-manifolds whose Heegaard diagrams lie on a torus (ST,
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pp. 210, 220), M is the 3-dimensional projective space. This is a new
proof of a well known result.?

6. The projections of #(m,). These projections were used in the pre-
ceding section for the determination of the fundamental group of M
for =2, and will be investigated here and in the next two sections
for the determination in §9 of B»~'(M) and B»(M) for n=2. Hence-
forth suppose always n=2. Now

@) (@ 63} @ e
w =0, w1 =ur,ccc ,Un = Uy ;

@ @ @ M @ W M
tm) v =0, n 25 U oyt Vgl = QUn_1Un

o = 2™’ — 1,

@ @) @ @ _

%o =0; w =0, u,1=0, u, =1;
(b)) @ @ e @ e @ o)
% =0, 917 =—v , ", 1= —Un1, Un =0 .

Again obviously g is a topological mapping of m; on ms and gof =¢
a topological mapping of b, on b.. The most important projection
gat(m,) is given by

@ (@ (@) (@)

Uo =0; U1 =Oy"'vun—1=0, Un =1|
@ @ @ @) @
gat(my) 9 =0, v =2U1 Up ,**, Vpo1 = 2Up_1Un ,
2 1), 2
o = 2uy) — 1.
gt maps m, continuously in b,. It maps all the points (0, «{V, - - -,
ul,, 0) X e of m, on the single point €X (0, - - -, 0, —1) of bs. When
9@ —1, that is, when #{" >0, the last # equations above can be
solved for #® in terms of v, - - -, v Hence g maps m; on b,.
Moreover, on the same point €X (0, v?, - - -, o@) of b,, gt maps
the pair of points (0, %", - - -, +u4{") Xe of m,, but no other point

of my when 9@ 5% — 1. In fact, gst maps continuously each of the closed
halves, m{ and m{’, of m, corresponding to #{" =0 and «{’ 0, on by;
and it maps topologically each of the open halves of m;, corresponding
to u >0 and #{" <0, on b, minus the point corresponding to v@ = —1.

Take a simplicial decomposition of the meridian m;, symmetric
with respect to the center and to the topological product of the hyper-
plane %’ =0 and the point e. Take a coherent orientation of this
simplicial m,. Denote respectively again by m;, m{, m{’ the (n—1)-
cycle and the (#—1)-complexes, which are the sums of all the

9 See, for example, Seifert’s Solution of problem 124, mentioned in footnote 4;
and C. Weber’s Solution of problem 84, ibid. pp. 5-6.
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(n—1)-simplexes on m,, m{, m{’, so oriented. By means of the
mapping gif, the coherent orientation of m{ induces an orientation
of b,. Take any simplicial decomposition of b, and a coherent orienta-
tion determined by this induced orientation. Denote again by b, the
(n—1)-cycle which is the sum of all the (n—1)-simplexes on b, so
oriented. Then, from the last paragraph, on Bd(K,) the homology
class of the singular cycle (ST, p. 97) gat(m{) and that of the cycle b,
are the same: (gat(m{ ))* =bs* on Bd(Ky).

Now let QoQ:1 - -+ - Qn_1 be an oriented simplex in the coherent ori-
entation of the simplicial m,. Let Q! be the diametrically opposite
point of Q; on m;. Then either the oriented simplex Qf Qf - - - Qd—
or the oppositely oriented simplex —Q¢ Qf - - - Q-1 is in the co-
herent orientation of m,; according as # is even or odd. Hence, on
Bd(K3), (gat(mi’))* =bs* for even n, but = —bs for odd #». Hence, on
Bd(K,), and therefore also on K, (gat(m,))* = 2b* for even n, but =0
for odd #.

7. The homology classes of {(m.) and #(b;) on K.. To determine
the homology class of ¢(m1) on Ko, let us regard the 2n+2 equations
of t(m,) in §6 as parametric equations of ¢(m,) with the » parameters
#Y, which are the coordinates of a variable point of the (n—1)-
sphere S: #V/#M =1, Introduce as another parameter the point 7 of
the interval T: 0=7<1. After proper simplicial decomposition and
coherent orientation of D =T XS, we have as boundary Bd(D) of D:
Bd(D)=SJ —S{, where S/ denotes the topological product of the
point 7 and S. Now map D continuously in R; by the mapping:

(2) 2, 1/2 (2) (1) @ (8
w = —1—=7)", w =7U1 ,° U = TUy ;
2) 2) [¢OJN ¢S] (2) @ @
f1 vo =0, v =2U1 Up ,*** y Vn1 = 2Up_1Un ,

o =20’ — 1.

Obviously fi(D) is on Ks, and fi=¢ on S{ =mi. Hence
t(ml) ~f1(So/) on Kg.

Again after proper simplicial decomposition and coherent orienta-
tion of H=3XS, where Z is the interval: 0021, we have
Bd(H) =S¢’ —S{’ where S/’ denotes the topological product of the
point ¢ and S. Map H in R; by the continuous mapping
fa u(:) = — cos (o7/2), u(f) =0,.--, ufll =0, u(:) = sin (o7/2);

@ @ a M @ eI DR ) (1) 2
v =0, 01 =20y Up oy Vs = 2Up_1Uhn , Yo = 2(u, ) — 1.
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Obviously f:(H) is on K, fo=f1 on S¢’' =S¢, and fo(S{’) =gst(m1).
Hence

f1(S3) = fa(S3") ~ fo(S{') = gat(m1) on K,
This homology together with the preceding one gives
t(my) ~ gat(m;) on Ko,

From the result at the end of §6, we have finally that, on K, (¢(m))*
=2bs* for even #, but =0 for odd #.

Obviously (¢(b1))* =bs* on K.

On the sum K;+ K, formed by means of the mapping ¢, m* =2bs*
for even 7, but =0 for odd 7, and b* =bz*.

8. The homology classes of #(m;) and #(b;) on Bd(X.). From
Kiinneth’s theorem on the Betti groups of topological product of
complexes (AH, p. 308), the Betti groups of K; and Bd(K;) together
with their bases can be easily determined. All K; and Bd(X;) have
no torsion coefficients. Their only Betti numbers, which are not zero,
are pY(K;) = pm(K:) =1, and p°(Bd(KJ)) = p***(Bd(KY)) =1,
p~(Bd(KJ))=2.

Let m& and b¥ denote respectively the homology classes of the
(n—1)-cycles on K; or Bd(K;), which are the sums of all the co-
herently oriented (z—1)-simplexes on certain simplicial decomposi-
tions of m; and b;.1° Then the (#—1)-dimensional homology basis of
K consists of b} only, while that of Bd(Kj;), of m* and b*.

The (n—1)-dimensional Betti group B**(Bd(K;)) is the free
Abelian group with the two free generators m* and b#*. The topologi-
cal mapping ¢ of Bd(K;) on Bd(K,) induces an isomorphism of
B»1(Bd(K,)) on B*(Bd(K;)) (ST, p. 98). This isomorphism must
be given by

(t(m1))* = oms* + BbsF, (t(B))* = yms + 6b,

on Bd(K,), where the coefficients are integers and ad—py=+1.1*
From the equations of £(b;) in §6, ¥ =0; and therefore 6= +1. Hence
o= +1. Take the simplicial decompositions and coherent orientations
of my and b, as given in §6 .We can then, and shall, assign coherent ori-
entations to me and b, such that 6=1 and a=1. Hence (¢(m.))*
=ms*+B8bs*, and (¢#(b1))* =bs on Bd(K;). The first equation implies

10 The two interpretations of the symbols m:* and b* (namely, on K; or on
Bd(K)) will give rise to no confusion, as we shall always state explicitly the complex
on which the homology classes are considered.

U1 K. Reidemeister, Einfithrung in die kombinatorische Topologie, Braunschweig,
1932, p. 95.
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(t(mq1))* =Bbg on K., since ms*=0 on K,. From the result at the end
of §7, B=2 for even n, but =0 for odd n. Hence, on Bd(K3),
(t(my))* =ms*+2b for even n, but =mg* for odd =.

Let K,-K, denote either of the isomorphic sub-complexes of K,
and K,, which are to be identified in forming the sum K;+Ko,:
K, -K;=Bd(K;)=Bd(K3). On K;-K;, m* =ms*+2bs* for even n, but
=mg* for odd %, and bs* =bs*.

9. The Betti groups of M. It is obvious that B(M) =G,.

Let N7(K;-K;) be the subgroup of B7(K;-Kj), whose elements are
the homology classes of those 7-cycles, which are null-homologous on
both K; and K,; S*(Ki+K,) the sub-group of B7(K;+K,), whose
elements are the homology classes of those 7-cycles, each of which is
the sum of one 7-cycle on K, and one r-cycle on K,. We shall deter-
mine as follows B7(M) by means of the theorem:

Br(M) — S*(K1+ K,) = N1 (K, K»)

for every r=1 (AH, p. 293).

Let # be even. We say that S" (K14 K;) =G, N2*2(K;- K3) =G,
and S"(K,+K:), N (K;-K;) are the null for all other values of
r=1. Let us prove first for example S*1(K;+K3) ~Gz. Any (n—1)-
cycle on K; is homologous on K; to an integral multiple of b;. Hence
any (n—1)-cycle on K;+K,, which is a sum of one (n—1)-cycle on
K, and one (n—1)-cycle on Ka, is homologous on K;+ K3 to a linear
combination of b; and b, with integral coefficients. From the results
in §7, 2b5=0 and b =bs* on K;+K,. Moreover, b*#0 on K;+K,.
For, if otherwise, let C be a complex on K;+ K, such that BAd(C) =b.
Let C=C;+ C., where C; is on K;. Then b,— Bd(C;) =Bd(C;). This
shows that the right member would be on K,, while the left member
would be on K;. Hence Bd(C,) and b,— Bd(C(};), and therefore Bd(C),
would be all on K, K,. Being on K;- K, and null-homologous on K;,
Bd(C;) would be homologous on K;- K, to an integral multiple of m;,
say Agm;. Hence b =Am¥*+Nems* on K;-K,, which is impossible
from §8. Hence b#7#0 on K;+K,, and S*(K;+4K;)=G:. Next
N™Y(K,-K;) =G, follows from §8. The other isomorphisms stated
are obvious, and we shall omit the proof.

Hence for every r=1, at least one of the two groups S7(K1+Kbz)
and N™—(K,-K;) is the null, and, from the theorem stated above,
Br(M) is isomorphic with the other group. Consequently B»—1(M)
=~ @Gy, B Y(M) =Gy, and B"(M) =G for all other values of r=1.

Similarly, when zisodd, S**(K;+K;), N*1Y(K;- Ks), N2»2(K,- Ks)
all =G, and S7"(K1+K:), NYK,; -K;)=G; for all other values
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of r=1. Consequently B*Y(M), B*(M) and B2*1(M) all =G,, and
Br(M) =G for all other values of r=1.

Thus the proof of the statements in (M1) and (M2) in §1 is com-
pleted.

10. The cases n=1, 3, 7.8 Let
%o X1 Xy X3 X4 X5 Xg X7
X1 —%o X3 — X Xy —X4 — X7 X
Xo —X3 —Xg X1 Xe X7 —%4 —Xp

X3 Xo —X1 —Xo X7 — X Xp — X4

Bs
X4 —X5 —Xg —X71 —Xg X1 X X3

X5 X4 — X7 Xg —X1 —%9 — X3 X2

X X7 Xy —Xpy — X X3 —% — %1

X7 —Xg X Xy —X3 — X X1 — X

Let B, be the four-rowed square matrix at the upper left corner of Bs,
and B: the two-rowed square matrix at the upper left of By For
n=1, 3, 7, B,y1 has x’ and x as the first row and column, and is or-
thogonal. The mapping

to U =2, V= Bn+1y
is a topological mapping of the whole M, for n=1, 3, 7, on
wu =1, v = 0, vy = 1,

the topological product of an n-sphere and an (z—1)-sphere. Hence
we have our statement (M3) in §1.

II. THE MANIFOLD M’ OF NON-ORIENTED LINEAR ELEMENTS

11. M’ as sum. The cases =1, 3, 7. By the symbol (x; y)(x; —y)
we mean that the two points (x; ) and (x; —y) are to be identified.
The space M’ of non-oriented linear elements of an n-sphere is then
represented by the equations of M and the additional condition
(x; y)=2(x; —v). In this sense we shall say for simplicity that M’
is M after diametrical identification (x; y)e(x; —v). From the sym-
metry of x and y in the equations of M, M’ is homeomorphic with the
space given by the equations of M and the additional condition
(x; v)=2(—x; 9), and therefore is also the space of oriented linear
elements of an #-dimensional projective space. M’ is obviously a
closed (27 —1)-manifold if it is connected.

Let M’ be decomposed also into two halves M/, i=1, 2, namely
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the M; after diametrical identification (x; y)22(x; —v). From the
nature of the equations of the topological mapping ¢; on M;, ¢; car-
ries (x; y) and (x*; y*) respectively into (#?; v®) and (u(®; —p®)
when and only when (x*; y*)=(x; —v). Hence ¢ is a topological
mapping of M! on K/, namely the K; after diametrical identification
(@ ; v2(u®; —y®), Let 7; be the S; in V; (§3) after diametrical
identification vW=—v@, and Bd(M/), BA(K!) the Bd(f,), Bd(K;)
in §4 after diametrical identifications. Then we have here K! = E; X,
Bd(M{)=Bd(M{) and Bd(K/!)=Bd(E;)Xm:. The mapping ¢ is a
topological mapping of BA(K{) on Bd(K{). Thus, in the sense of
homeomorphism, M’ =K/{ +K/{, the sum being defined by means of .

In the particular cases n=1, 3, 7, from the mapping ¢ in §10,
topological on the whole M’, we conclude that M’ is the topological
product of an (n—1)-sphere and an (#—1)-dimensional projective
space.

12. The fundamental group. The case #=2. Let us denote by
 the r-dimensional projective space: v =0, vy =1, o, = . . .
=9 =0, 9" =2—0®, In particular, 77! is our m; previously defined.
Let o;=¢eXm}. For n>2, the fundamental group of K/ or Bd(K/)
is the cyclic group of order 2 with the class of the oriented o} as the
generator (ST, p. 156). From the equations of £(b;) in §6, we know
that ¢t maps the oriented o] into properly oriented o}. Therefore the
fundamental group of M’ is the cyclic group of order 2 (ST, pp. 177-
178).

When n=2, BA(K/) is the torus. From §5 together with a neces-
sary change of notations, we know that the fundamental group of K/
is given by two generators [m;] and [¢:] and the defining relation
[m:] =1, and that

(tm) D) = Imsl(loa))’,  ([eeD)) = [o2].

Hence the fundamental group of M’ is the cyclic group of order 4
(ST, pp. 177-178), in agreement with Threlfall’s result,® and M’ is the
Linsenraum (4, 1) (ST, pp. 219-220, 210, 215).

13. The Betti groups of K/ and Bd(K!). Henceforth we always
assume #22. For simplicity, let our ¢f~! previously defined be de-
noted by a;.

The Betti groups of the factors of K/ and Bd(K/) together with
their bases are well known. The Betti groups of K/ and Bd(X/)
together with their bases can be easily determined from Kiinneth’s
theorem. The Betti groups B of K/ and Bd(K/) are all =G,, and
the others are listed as follows.
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Whenniseven, B"(K!)=~G,,r=1,3, - - -,n—3, with the basis (¢})*,
B»Y(K!) =G, with the basis ¢, B"(Bd(K/)) and B»'+r(Bd(K/))
=~ G, with the respective bases (¢)* and (Bd(E;) X#})*, B—*(Bd(K!))
~Go+G,y with the basis m* and ¢, B2 2(Bd(K/!)) =G, with the
basis (Bd(E;) Xm;)*, and all the rest are the null.

When # is odd, B"(K{)~G,, r=1, 3, - - -, n—2, with the basis
(69)*, Br(Bd(K!)) and B»1+7(Bd(K!)) =G, with the respective bases
(6p)* and (BA(E;) X7})*, B»}(Bd(K/))~G, with the basis m#¥, and
all the rest are the null.

14. The homology classes of #(m,), i(oy) and #(Bd(E;) X#}) on
Bd(K; ). We shall assume as in §6 that, for even #, o; has a simplicial
decomposition and a proper orientation. For odd %, the projective
space o; is non-orientable and there is no longer any non-null (in-
tegral) (n—1)-cycle on it. We assume only that ¢; in this case has a
simplicial decomposition and that all its (»—1)-simplexes are ori-
ented so that ¢ carries the integral complex o, into the integral com-
plex o2. Regarding o; as b; after diametrical identification, we can
apply to M’ the discussions in §§6-8 with only slight modification in
arguments and with necessary change of notations. From these sec-
tions we have evidently the following results: On K/, (¢(m1))* =4a3*
for even #n, but =0 for odd #, and (¢(¢1))* =03* for even n. Hence on
the sum M'=K{ +K{, mi{* =403 for even n, but =0 for odd =, and
oi* =05 for even n. On Bd(KY ), (t(m1))* =ms¥ 4403 for even n, but
=mg* for odd n, and (¢(¢1))* =05 for even n. Hence on K{ -Kj,
mi¥ =ms*+4es* for even n, but =ms* for odd %, and o* =03 for even #n.

Suppose that 65 and Bd(E;) X%, r=1,3, - - - ,#—3, n—1 for even
nandr=1,3, - - - ,2—2for odd =, has simplicial decompositions and
proper coherent orientations. From the nature of the equations of
t(bl) in §61

Wo) = £ (o)
and since ¢ is a topological mapping of Bd(K{) on Bd(KY ), it induces
an isomorphism of B»—*+*(Bd(K{)) on B 1+r(Bd(K} )):
(#(Bd (Bx) X m))" = + (Bd (Ea) X 79",

We can, and shall, assume that the coherent orientations of ¢} and
Bd(E;) X#} have been so chosen that the signs in the above equations
are all positive. Hence on K{-K{, (¢7)*=(0})* (Bd(E,) Xw)*
= (Bd(Eg) X75)*.

15. The Betti groups of M’. Obviously B%(M’) is the infinite cyclic
group, and M’ is connected.
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Let #» be even. We say that S"(K{ +K{)=G,, r=1,3, - - -, n—3,
S”—‘l(K{ +K2’)NG41 Nr—l(Kl’ 'K{)NG% 7=n+1y n+3y ] 271«-'3,
N2n—2(K{ -K{)=G,, and S"(K{+K{), N~ (K{-K{) are the null
for all other values of = 1. The proof of these isomorphisms is based
on the results in §§13—-14 and an argument similar to that used in §9.
Then, as in §9, we have Br(M') =Gy, r=1,3, - - - ,n—3;n+1,n+3,

<o, 2n=3, B Y(M') =Gy, B2 Y(M') =G,, and B"(M") are the null
for all other values of r=1. M’ is therefore orientable, when # is even.

Similarly, when # is odd, S"(K{ 4+K{)=G,, r=1, 3, - - -, n—2,
NrYK{ -K{)=Gs, r=n+1, n+3, - - -, 2n—2, N Y(K{ -K{) =G,
and S"(K{ +K{), N*~%K{ -K{) are the null for all other values of
r=1.Hence Br(M') =Gy, r=1,3, - - -, n—=2;n4+1,n+3, - - -,2n—2,
and B*(M') =~ G,, and Br(M') are the null for all other values of r=1.
M’ is therefore non-orientable when # is odd.
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