REGULARITY PROPERTIES OF A CERTAIN CLASS
OF SURFACES

H. BUSEMANN AND W. FELLER

Introduction. Convex curves in the plane and convex surfaces in
space have many at first sight unexpected regularity properties.! The
stringency of the convexity condition makes it desirable to find a
geometric property of convex curves or surfaces which has similar
analytical implications but applies to a wider class of geometrical
objects. The first and most studied generalization of convexity is
finiteness of the order: a curve or surface is said to be of order »
if its intersection with any straight line consists of at most # con-
nected sets? (segments, points, or rays). However, this condition
proves to be much too weak.? On the other hand, the dual condition,
finiteness of class, will turn out to be more restrictive than necessary.

The present paper will show that for curves finiteness of the total
curvature is an entirely satisfactory condition. It includes in particu-
lar all curves of finite class. More generally, hypersurfaces in E* with
finite total curvature seem to share the mostimportant differentiabi-
lity properties with convex hypersurfaces.

The present results on curves with finite total curvature and the
modern theory of functions of a real variable lead to the following sur-
prising fact concerning surfaces in E?*: If the paratingenst of ® at a
given point p leaves out at least one line L, and if, locally, the plane sec-
tions of ® parallel to L have uniformly bounded total curvature, then the
Sfollowing facts hold simultaneously at almost all points q of ®: the sur-
face ® has a tangent plane I1 at q. All plane sections (#11) of P through
p have a curvature® at p, and these curvatures satisfy the theorems of
Meusnier and Euler.

Received by the editors April 13, 1945.

t For curves compare Jessen [1], for surfaces Busemann-Feller [1], and for hyper-
surfaces Alexandrov [1]. Numbers in brackets refer to the references cited at the end
of the paper.

2 This formulation is due to Hjelmslev [2] and has the obvious advantage not to
exclude polygons, polyhedrons, ruled surfaces, « « « .

8 Compare Marchaud {1], Haupt [1], and §2 of the present paper.

¢ This concept is due to Bouligand, see Bouligand [1]. The paratingens of & repre-
sented parametrically by p(«, v) at (%o, vo) consists of all non-oriented lines G which
are limits of sequences of non-oriented lines G(p(us , v3), p(u,, v,)) with (u), v})
7 (u,, v,) and u) , u,~—to, v, , v,—5v0. For the definition of total curvature see the fol-
lowing §1.

5 More precisely the ordinary curvature as defined at the end of §1.
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It will be seen that the hypotheses can be somewhat reduced. Theo-
rems (4.5) and (4.8) are believed to be of interest for the theory of
real variables.

1. Curves of finite total curvature. For a<t=<b let the point
p() = (x(t), y(t)) of the (x, y)-plane describe a continuous curve C
which is locally a Jordan arc: that is to say, for every £, let there be an
n(to) >0 such that the mapping p(¢f)—t is topological for | t—tol <n(),
or a<t=<a-+n(a), or b—n(d) =t=b,} respectively.

The oriented straight line G is called a paratangent of C at &, if
there exist sequences ¢§ —ty, t4’ —t, with ¢/ <¢{’ and such that the
oriented line G(p(t¢ ), p(t')) =G, ti') tends to G. If, in particu-
lar, the two sequences can be chosen so that ¢/ Sty <t{’, then the
paratangent G is called a fangent of C at to. If t{' Sto (¢4’ =1y), then
G is called a left-hand paratangent (tangent) of C at ¢; right-hand
tangents and paratangents are defined similarly.”

(1.1) The paratangent (tangent) of C at ty is unique if and only if the
one-sided paratangents (tangents) of C at b, are unique and coincide.

The statement is obvious, but it should be noticed that it holds
only for oriented tangents and paratangents.

The mean value theorem holds for these tangents in the following
form:

(1.2) If ti<tsand p(t1) #p(t2), then a value by between by and iy exists
such that a suitable tangent of C at by is parallel either to G*=G(t, 1) or
to its opposite orientation G—.%

A loop joining two points (for example, a strophoid) will show that
a tangent parallel to G+ need not exist. The statement (1.2) is easily
proved by considering the points of C for which the distance from G+
is maximal.

For every ¢, 0=<¢ <2, define N(¢) (possibly N(¢)= =) as the
number of values ¢ for which a tangent of C at ¢ forms the angle ¢
with the positive x-axis. If N(¢) is summable, k= [3*N($)ds is called
the total curvature of C, otherwise put k= .

If the tangent T'(¢) of Cis unique for every ¢ and varies continuously
with ¢, then the end point of the unit vector with origin (0, 0) and

¢ The end points will frequently require similar obvious changes, but these will in
general not be mentioned.

¥ One-sided tangents or paratangents will be used as common word for right-
hand and left-hand tangents or paratangents.

s [Ftir curves given in the form y=f(x) this result (compare (3.1)) is due to Hjelm-
slev (1),
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parallel to T'(¢) traverses a continuous curve on the unit circle whose
(finite or infinite) length equals «.? This justifies the above nomen-
clature. It will now be shown that curves of finite total curvature have
an important property of convex curves.

(1.3) THEOREM. A4 curve of finite total curvature has everywhere unique
one-sided paratangents.

Suppose that there exist two left-hand paratangents T’ and T’
at . Then at least one of the two angular intervals between T and
T’ has the property that to every line L contained in it there exist
infinitely many chords of p(¢) parallel to L. By the mean value theo-
rem there exist therefore infinitely many points #,—¢ such that a
tangent at ¢, is parallel or opposite to L. Therefore, for every ¢ of
one of the two angular intervals between T’ and T’ either N(¢) = =
or N(—¢)= = so that N(¢) can not be finite almost everywhere.

For any curve C let ¢, be a value for which the one-sided para-
tangents are unique. Then it is easily seen that the paratingens of C
at ¢y, that is, the set of all paratangents at Zo, is determined as fol-
lows: Let T; and T; be the two one-sided paratangents, 7Y and T4
their positive subrays with origin p(#,). Then either the angle be-
tween 7{ and 77 has measure , in which case the paratingens is the
whole plane and we say that C has at ¢y a cusp; or T{ and T/ bound
exactly one angle of measure w(¢y) <. This closed angle together with
its vertical angle form the paratingens of C at ¢, whose measure is
defined as w(?y).

The importance of the last theorem is shown by the following sim-
ple facts:

(1.4) If the curve C: p(t), a St =b, has everywhere unique one-sided
paratangents then:

(a) Every paratangent of C is a tangent.

(b) Ift,—>to—0 and T, is a tangent of C at t,, then T, tends to the left-
hand tangent of C at t,.

(b’) If t,—to, and the tangent T of C at by is unique, then T,—T.

(c) For every n>0 the set of those values t for which w(to)> 0 is finite.

(c’) The number of t's for which the paratangent of C is not unique
¢s at most countable.

Tosee(a)lett) <t and ¢ —to, t) >, G, 8 )>G. If 8] <t <t
for infinitely many » nothing is to be proved. If ¢/ <t/' <t,, then

* This is a geometric formulation of a known theorem in the theory of real varia-
bles; compare, for example, Saks [1].
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G(t/,t)’) tend by hypothesis to the same limit as G(¢/ , ¢), so that C
is a tangent.

To prove (b) choose ¢/ and ¢/’ with ¢/ St,<t)’ <t such that
0<t/' —t] <1/v and the smaller angle between G(t/, ¢/’) and T, has
measure less than 1/». Then ¢/ —¢, and G(¢/, /') tends by (a) to the
left-hand tangent of C at ¢,.

If (c) were not true, then a sequence ¢, with w(s,)>7 would exist.
It may be assumed that #,—#¢y—0. The two one-sided tangents of C
at ¢, tend by (b) to the left-hand tangent of C at ¢, which contradicts
the hypothesis w(#,) >7. If C has the finite total curvature «, the state-
ment (¢’) may be improved to Zw(t.) =<«, where the ¢, are the values
of t where the paratangent is not unique. In particular, there are
fewer than x/m cusps.

The uniqueness of the one-sided paratangents allows us also to as-
sociate with every tangent T of C at ¢ an angle ¢(¢) between the tan-
gent and the positive x-axis ({(¢) not necessarily between 0 and 27)
which, although multivalued, varies with ¢ in very much the same
manner as when C has a continuous tangent; let 71 <7< « - + <7,
denote the cusps of C; and put ¢ =19, b=7,41. Then 7¢<71, 7, <Tpy1.
Consider a subarc C;: 7; £t Z7:41 of C. Define as tangents of C; at 7;
and 741 the right-hand and left-hand tangents of C at 7; and 744,
respectively. By (1.4b) there is for every 7, 7;S7S7i41, a 8(7)>0
such that the smaller angle between any two paratangents of C for
!‘r—t| <8(1) 0=7—7:<0(1:), 0SS 74041 —7<8(7441)) is less than m. A
finite number of these intervals belonging to values ¢, =7;<f, < - - -
<tmw=r1i41 will cover the interval (r;, 7:41) so that only consecutive
intervals |t;—t| <8(r;) have common points. If we fix the value
Y(r:)=y¢ () arbitrarily, then the angle Y(r) belonging to all ¢ in

tl-—tl <&(r;) is uniquely determined by the requirement that
163) —¢(7f)| <m. The same requirement and the already defined
value of Y(¢) for common points of [t;—t] <8(t), 1=1, 2, determine
Y (2) uniquely for ltz—tl < 4(t;). Continuing in the same way one de-
fines Y(¢) for all £ on Ci. Notice that ¢(r;+0) =y¢(r;) and ¥ (1:41—0)
=y(r 1)

Now choose ¥(a) so that 0 Sy(a) <2w. Then the angles Y(¢) are de-
termined for ¢ S¢S 71. As values () take those with Y(r; —0) ¢ (r1)
SY(r1—0)+=. As initial value on C; choose Y(r1—0)+m, then ¢ (¢)
is determined on Cj, and so forth. A consequence of this determina-
tion of ¥(¢#) is that for any ¢ the limits Y(t—0) and Y (¢+0) exist and
that for any ¥ (¢) belonging to ¢ either

(1.5) ¥(¢—0) =¢(2) =¥ (¢+0) or Y(t—0) 2¥(?) 2¥(£+0).
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(1.6) If C has total curvature «, then for any a =4 <t < « - - <t,=b
and any choice of the values y(t;)

n—1
21 I Y(tirr) — (%) l <«
For by (1.5) =

2 w) — $lan) | £ 20| Wt + 0) — Y(tipa — 0) |
+ 2| Wt + 0) — vt — 0)].

Now ¢ (¢) takes on every value between ¥(¢;+0) and ¢¥/(¢;41 —0) at least
once in (¢, ¢;41) and every value between ¢/(¢; —0) and ¢/(¢,40) exactly
once at ¢;, which proves (1.6).

Let C;, 7:St=7:i41, denote the same subarc of C as above. For
every 79 the paratingens of C; at #, leaves out at least one line L’.
Choose the perpendicular L to L’ as an x’-axis and L’ as a y’-axis.
Then for a suitable §>0, the subarc |t,—¢| <8 has a representa-
tion y'=f(x"), —8=x'<0;, 6:;>0, and the difference quotients
(f(x{)—f(xs))/(x{ —x7) are bounded® in (— 8, 82), since the para-
tingens of C at #y is a closed set. Therefore the arc ]to—t| <éof C
has the finite length [% {14+5"2(x") }12dx’, A trivial application of the
Heine-Borel theorem yields that C; has finite length, so that C is
also rectifiable. Introduce the arc length s as parameter on C, and
let ¥(¢) become the function ¢(s). Let ¢*(s) denote any of the values
¢(s). Then ¢*(s) has by (1.6) bounded variation so that ¢*’(s) exists
for almost all s. If ¢(s) denotes any other value of ¢(s), then because
of (1.5), ¢’(s) exists and equals ¢*’(s) whenever ¢*'(s) exists. There-
fore we shall simply speak of ¢’(s). Whenever ¢’(s) exists, the tangent
T(s) of Cisunique.

The geometric equivalent to the existence of ¢’(s) is this: Let v(s)
be the normal to T'(s) at p(s), and denote by v(s+#%) the normal to
any tangent of Cat (s+4), and by d,(k) the distance (possibly «) of
the intersection of »(s) and »(s+%) from p(s). Then 1/d.(h)-—>|¢’(s)|,
and |¢’ (s) | is the so-called strong curvature of C at s.

(1.7) A curve of finite total curvature has almost everywhere (with re-
spect to the arclength s) a finite strong curvature.

The (ordinary) curvature of C at a point s where C has a unique
tangent T'(s) is defined as follows: Let 7,(k) denote the radius (pos-
sibly ) of the circle which has tangent T'(s) at p(s) and passes
through p(s+h). If 1/7,(h) converges, then the limit is the curvature

10 Compare Bouligand [1, p. 123].
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of C at s. For any curve the existence of the strong curvature
lim (1/d,(h)) implies the existence of the curvature lim (1/7,(%));
for convex curves the converse holds.!* This is not necessarily true
for curves of finite total curvature.

2. Examples. Before passing on to surfaces, we exhibit three ex-
amples of curves. (a) We show that curves of finite total curvature are
really essentially more general than convex curves. This will be ac-
complished by constructing a curve with N(¢) =3 which is not the
union of a countable set of convex arcs and a set of measure 0. (b) We
prove the statement at the end of §1. (c) We show that finiteness of
the order is not an adequate generalization of convexity.

Let ki, kg, « - - be any finite or countable number of closed disjoint
subarcs of a semicircle k. Denote by «,/ the image of k, under the re-
flection in the line G(a,, b,) connecting the end points a,, b, of «,, and
replace k, by k) for every »v. The curve C’ thus obtained from « has
N(¢)=3. If the «, are chosen so that the set K—ZK, is a nowhere
dense subset of k with positive measure, C’ will not be the union of a
countable number of convex arcs and a set of measure 0.

It requires a little more to find an example for (b). With the same
notation as before but arbitrary «k, take a subarc «* of x/ whose end
points @, and b, are close to but different from @, and b,, respectively,
and replace k* by its image &,/ under reflection in G(a/, b/ ). For the
curve C’’ thus obtained from C’ the function N(¢) is at most 6.

Now let « be the semicircle x=0 of the circle x*+y2?=1, and E
any curve which passes through (0, 1) and lies except for (0, 1) en-
tirely in the unit circle and has there y=1 as tangent, and curva-
ture 1. Then any curve between x and E through (0, 1) will have
curvature 1 at (0, 1). Now choose a,=(cos (w/2%-1), sin (7w/2%1)),
b,=(cos (w/2%), sin (wr/2?)) and a, and b/ so close to @, and b, that
the arc k)’ lies between k and E. Then C’’ has curvature 1 at (0, 1).
But it does not have a strong curvature at (0, 1); for a parallel P,
through a, to the radius of « from (0, 0) to b, is a normal to C’’ at a,.
The equation of P, is y—sin (w/2%~1) =tan (r/2%)(x —cos (w/2%1)),
hence P, intersects the x-axis, which is the normal to C’’ at (0, 1), at

sin (w/2%-1)
tan (w/2?%)

Curves of order 3 are the union of at most 4 convex arcs!? and
have therefore all differentiability properties of convex curves.

11 See Jessen [1].
12 See Marchaud [1, p. 88, Théoréme IV].

x, = cos (r/2%1) —
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Haupt!® constructed an example of a curve of order 4, where at a
set u of positive measure the paratingens is the whole plane. The
strong curvature can, of course, not exist at any point of u. An ex-
ample of a curve of order at most 8 with the same properties can easily
be constructed as follows: With the above notations choose the «,
again so that k—) k, is nowhere dense and has positive measure.
Construct a semicircle & with two suitably chosen points ¢,, d, of «,
as end points such that &, is contained in the circular segment S,
bounded by «, and the chord from a, to b,. Let C be the curve obtained
from k by replacing the arc from ¢, to d, by &,. Since any straight line
intersects at most two segments S,, and has at most 4 common points
with the subarc of C in S,, it follows that C has at most order 8 (ac-
tually it has order 6). The paratingens is the whole plane at every
point of k—_«,. If the corners of C at ¢, and d, are smoothed off by
changes taking place in a sufficiently small neighborhood of ¢, and d,,
a curve C’ is obtained, where the tangent exists and is continuous,
hence the paratingens is everywhere a straight line, but the strong
curvature exists at no point of k—2_,. The question whether a curve
of finite order has almost everywhere an ordinary curvature is open.

3. Auxiliary facts on real variables. The results of §1 can be applied
to surfaces ®: p(u, v) = (x(u, v), y(u,v), 2(%,)), — o <u,v<,in a
Cartesian (x, y, 2)-space with the following properties:

I. For every pair (uo, vo) there is a 8(uo, vo) >0 so that the mapping
p(u, v)—(u, v) is topological for Iu—-uo[ <& and lv—vol <.

I1. For every (uo, vo) there is at least one line L not contained in the
paratingens't of ® at (uo, vo).

II1. There is a positive 8’ <& such that planes parallel to L intersect
the part |u—uo| S8', [v—vo| S8’ of ® in curves of uniformly bounded
total curvature.

Some observations to explain the content of conditions II and III
are in order:

There is a positive 6* < 6 such that with L as z’-axis and the plane IT
perpendicular to L as (x’, 3’)-plane the part |« —uo| < 8%, |v—v,| <&*
of ® is represented in the form z’=f(x’, y’), where (x’, y’) traverses
some open set I' in II containing ¥’ =0, ¥’ =0. Clearly the number &*
may in addition be chosen so that the difference quotients are
bounded, that is,

| f(el s 98) = fxd, 9d) | /{(af — =)+ (9 — pd)t}1r < M

13 See Haupt [1].
14 See footnote 4.
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for (x{,y/)ET. The planes parallel to L intersect therefore for §’ < §*
the part |u—u,| &', [v—vo| S8 of @ in Jordan arcs of the form
p(u(t), v(t)) so that the concept of total curvature becomes applica-
ble. The set |u—uo| <3’, |v—v,| <8’ corresponds to an open set I/
in II which contains x’ =0, y’=0. Therefore an >0 exists such that
the domain |x’| <7, |y’| <nis contained in I'"; it corresponds to some
open set A containing (#,, o) in the (, v)-plane.

This leads to a function f(x’, ¥’) with the following properties:

(a) f(x', »") is defined and continuous for Ix’l =, |y’| <.

(b) | fCet, 30 )—=FCed, 91)| /{6l =8 )24 (ol —9)2} < M < o0

(c) All sections ax’+by’+c=0 with 2’ =f(x’, ¥’) have total curva-
ture less than k< .

Before proceeding to prove the result mentioned in the introduc-
tion, some facts on functions of a real variable will be recalled. Let
f(x) be defined and continuous for ¢ Sx <b. The mean value theorem
(1.2) becomes then:?

(3.1) If aSx1<x,5b then an x, between x, and x; and a tangent of
y=f(x) (tangent in the above sense) at x¢ exist whose slope f*(x,) satisfies

the relation f*(x,) = {f(xz) —f(x1) }/ {xz—xl} .

The first and second Schwarz derivatives D'f(xo) and D''f(xo) of f
at x are defined by

S+ B) ~ f(xo — )
2k !
D'"f(%5) = lim f(oo + B) + f(20 — ) — 2f(w0)

A0 h?

D'f(%) = lim
A—0

If f/(x0) exists, then D'f(x,) exists, but not conversely. However,* if
D’f(x,) exists in a set of positive measure E then f’(x) exists almost
everywhere (a.e.) in E.

Let the difference quotients of f(x) be bounded by M and let the
total curvature of ¥y =f(x) be at most k. If f*(x) denotes the slope of
any tangent of y =f(x) at x, it follows from §1 that f*(x) has variation
V<sk(1+ M?)Y2 The derivative f'(x) exists a.e. in (a, b). At all points
where f'(x) exists, the existence of f*'(x) for one function f*(x) im-
plies the existence of the derivative for every other slope function,
and the derivatives are equal; they will be denoted by f/(x).

1 This is a special case of the general and deeper theorem of Marcinkiewicz and
Zygmund [1] that the existence of the kth Riemann derivative of f(x) in a set E of posi-
tive measure implies the existence a.e. in E of the kth de la Valée Poussin derivative,
because the kth Riemann derivative coincides for k=1, 2, with the Schwarz derivative.
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If f"/(x) exists then D’/f(xo) and the so-called second de la Vallée
Poussin derivative

) = tim 2 D = S

P p f'(20)
exist and equal f’’(x,). The existence of f'/(x,) and d’’f(x,) are equiva-
lent to the existence of the strong and ordinary curvatures of y =f(x)
at x0!® respectively.

d’’f(x) may exist in a set E of positive measure, without f’/(x) exist-

ing anywhere in E.'7 If d’/f(x,) exists, then D'’f(x,) exists but not
conversely, however :1¥

(3.2) If D"'f(x) exists in a set E of positive measure, then d''f(x)
exists a.e.in E.

If f(x, y) is defined and continuous for [xl =, Iy[ <1 all these con-
cepts can be applied to derivatives of f(x, y) in a given direction «

and lead to concepts like f¥(xq, ¥0), f4 (%0, ¥0), Dd f(x0, ¥0), fo' (X0, Vo),
D;’ f(x0, ¥0) and dJ’ f(x0, o), where, for example,

1
D, f(xo, o) = lim o {f(#0 + h-cos @, yo + k-sin a)
— f(xo — h-cos e, yo — h-sina)},
{f(xo + k-cos a, yo + k-sin @) — f(xo, yo)
k

2
da f(%o, yo) = lim n

— fa (%0, yo)} .

For fixed o the set where any one of these derivatives exists is meas-
urable.

For any interval I: ' <x<x"’, y'<y<y'’ put
AL f) = f(«, 5) + f(&", ") — (&, y") — f(") ¥').

The variation of f in the rectangle S: |x| <8, || <3 is defined as
V(f, S) =supu, ZIA(I w» f)| where[I,] traverses all finite sets of non-
overlapping intervals in S. To establish V(f, S) < M it suffices to show
V(f, S")<M for every rectangle S’: |x| <8’ <3, |y| <§<e. If
V(f, S) is finite, f(x, ) is called of bounded variation in S in the sense
of Lebesgue. According to a fundamental theorem of Lebesgue!s
V(f, S) < « implies that almost everywhere in S

8 Compare Busemann-Feller [1, p. 7].
17 See Denjoy [1].
18 See Lebesgue [1] or Saks [1].
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(3.3) lim A(Z,, f)/| I,| = F(xo, o), | I,| = area of I,,

exists and is finite, provided (xo, ¥0)&1, and the sequence {I,,} is
regular, that is, if &, and &, are the sides of I,, then

k, k,
(3.4) 0 <lim inf = 5 lim sup-~ < .

4. The existence of the second differential. After these prepara-
tions we show first:

(4.1) If f is defined and continuous for ]x] =<3, Iyl <6 and if for
some o, 0 <a<w/2, the slopes of the sections x sin a + 7y cos a = const. of
z2=f(x, y) have variation at most B, then f(x, y) has in S: ]xl <39,
Iy[ < 8 at most variation 26B/cos o and z=f(x, y) has a tangent plane
a.e., that is, the derivatives f§ exist simultaneously for all 8 and

(4.2) fa = fo cos B+ fusa sin B.

Proor. For given 8/, 8’/ <8 choose a rational number r=p/¢ so
that 8’/ <78’ -tan a < 3. For any N that is divisible by ¢ let I¥ denote
theinterval [(u—1)/N—1]8' <x <(u/N—1)8, { (v—1)/N—r} 8 tana
<y<@@/N—7r)é' tana, u=1,+--,2N;v=1,-..,2Nr=N’. Then
the diagonals of I% are along lines x-sin @+y-cos @=const. Since
f(x, ¥) is continuous it suffices to show that

N, N
@3 > | A(Iiv,,j)l < 20'B/cos a for every N divisible by g.

Byp=l

Let pu.(s, ¢) denote the point x=08'[(2u—1—2N+s)/2N)], »
=8’ tan a[(2v—1—27N+¢t)/(2N)] so that $,,(0, 0) is the center of
I¥. Then

Al f) = { [f(Bur(L, 1)) = 7540, 0))] = [f(5,(0, 0))
— fu(— 1, = ]} = {[@u(1, = 1)) = £(5(0, 0))]
— [f(pur(0, 0)) — f(pur(— 1, D)]}.

Hence by (3.1)

AT, f) = (8 /(2N cos a)) {fa(pur(6", %)
— fa(pur(— 6, — M)} — (3'/(2N cos a))
AL (P68, — 69) — fa(Pu(— 6, 69)},
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where 0<8¢<1 and the 0¢ depend on u and v. Therefore

2N,N'’ 2N
3 1atn Nl S @/0N cos ) 2 T | 120u(@", 6)

— J*pu(— 6% — 6%) |
N/
+ (0'/(2N cos @)) 35 20 | fH(pur(6% — 6)

A=1 ptr=\
— f*(pu(— 0%, 69)|.

Since the variation of f%, along the lines x-sin a+y-cos a=const.
is at most B and p—» =N\ implies that p,,(6%, 6') and p,,(—62, —62)
lieon thelinex-sin a—y-cos ae= 6\ —sin a—r-cos a the relation (4.3)
follows.

The derivative fo (x, ») exists a.e. along a fixed line x-sin &
—y-cos a=const. Since the two-dimensional set where f; exists is
measurable, it follows that fJ (x, y) exists a.e. in |x| <8, |y| 8. De-
note by N; the set of measure 0 in S where either f/ or f’, or the set

derivative F(x, y) of f(x, ) does not exist. If (xo, ¥0) €S~ N, and
k=h-cos a, I=h-sin «, then

Fla 39 = lim— {0+ b 30+ + (20, 30
(4.4) — f(®0 + By 9) + f(20, yo + 1) }

= Hm{; {— f(x0 + B, 30 — 1) — f(0, 0)
+ f(0 + kv 3) + fl2o, 30 — D}.

Hence

2F (%0, y0) = lim (k sin )~ {f(xo + ki yo + 1) — f(a0, 30)

)3
_ f(xo + kr Yo — l) _f(xor yo)
h
. J(®o, y0+ D — f(wo, 30— 1)
— 2sina 2 }

The first two terms in the braces tend to fa (xo, ¥o) and f..(x0, ¥0) re-
spectively, therefore the last term converges, that is, D},f(x0, ¥0)
exists. Similarly D¢ f(xq, vo) exists. It follows from the last section
that f¢ and f}/, exist a.e. in S— Ny, so that f{ , fi/s, fia and F existin S
except for a set N,DN; of measure 0.



594 H. BUSEMANN AND W. FELLER [August

Let (x0, y0)ES—N,, 0<B<w, B#w/2, and put h-cos B=k,
k-sin B=]. By transforming (4.4) it follows that

1
F(%x0, ¥o) = lim (k-sin B cos §)~! {-—}—; (f(xo + &, y0 + 1) — f(#0, ¥0))

cos B
k

(f(xo + &, yo) - f(xo, yo))

su; B (f(x0, yo + 1) — f(0, yo))} .

The last part in the braces tends to —cos BfJ —sin ff.,, hence the
first part converges and (4.2) follows.

This theorem leads to the following main result on functions
f(x, ¥) for the present paper.

(4.5) THEOREM. If f is defined and continuous for |x| <8, |y| <3,
and if the slopes of the sections y = const. and x-sin a +y-cos o= const.,
for some fixed o, 0 << /2, have variation at most B, then the following
facts hold simultaneously almost everywhere in S (|x| <8, |y| <9).

(1) The set derivative F(x, y) of f(x, y) exists.

(2) z=f(x, y) has a tangent plane.

(3) dd'f(x, v) exists for all B in the following strong sense:

dg’ f(2o, ¥0)

(4.6) _ 2 {f(xo+h~cos B, Yo+ k- sin B) — (o, ¥0)
)

_lim
80 h

~ (a0 0}

and

4.7 dg'f = do'f cos? B + 2F-cos B sin B + d.s sin? B.

Proor. By (4.1) and previous remarks the following statements
are true except for a set N; of measure 0: f¢ exists for all § and
fé =fd cos B+f1; sin B; the derivatives d¢'f and di.f exist. Itis im-
portant that in the first part of this proof only the existence of d¢’f
is used and not the fact that the slopes of y=const. have variation
at most B. Let (xq, y0)ES—Ns. Put fols, t)=f(xo+s, yot+i),
fo=F(0, 0) =f(xo, y0) and k=h-cos @, I=h-sin a. Then

sin & cos & F(xo, y0) = lim &2 fo(k, I) + fo — fo(k, 0) — f(0, 1)}
= lim h"z{fo + fo(— &, =)
= fo(= &, 0) = fo(0, — D},
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hence

2-sin @ cos a F(xo, yo) = lim { k=2(fo(k, 1) + fo(— &k, — 1) — 2f0)
— k™ cos? a(fo(%, 0) + fo( — &, 0) — 2fo)
— 12 sin? a(fo(0, §) + f(0, D) — 2f0)}.

The first two terms in the braces tend to D/ f=d.'f and —cos? aDy'f
= —cos? adg’f, hence the last term converges, so that D;},f(x0, ¥o) ex-

ists. By (3.2) the derivative d},f will exist except at the set N;O N3
of measure 0.

Let (xo, ¥0) €S— N, and f—8*, then by (4.2)

J5(%0, 30) = fo cos B + fus2 sin B — fae(0, ¥0).

If E=h-cos B, I=h-sin B, and 0 <B* <, B*sw/2, then the regularity
condition (3.4) is satisfied for #—0 and §—g*. Therefore

2 sin B cos fF(xo, y0) = _lim {ih ('ﬁ'(—ﬁ%:‘fg - fé)

Boge h—0
2 cos? B (fo(k, 0) — fo '

2 si;-l2 B (fO(O» i); —Jfo e yo))} .

The last part of the terms in braces tends to dJ’f(xo, o) cos? §*
~+d.2 sin? B*, respectively. Therefore the first part has a limit, which
proves (4.7) for all 8* and (4.6) for f*#0, w/2. The proof fails for
these two values because the regularity condition (3.4) does not hold.

However, we now apply our result to the coordinate system
¢=x-sin a/24y-cos /2, n=—x-cos a/2+y-sin /2. The lines ¥y
=const. and x-sin a+¥-cos a=const. have then the equations
&-sin a/2 £+ 7+ cos a/2 =const. By hypothesis the slopes of these lines
have variation at most B; moreover, it was proved that d’’f exists
along the lines 7 =const. As was pointed out in the beginning, the
first part of the proof used only the existence a.e. of d’’f along
y=const., hence it follows that (4.6) holds for all directions except
those parallel to the &- or n-axis; (4.6) holds therefore in particular in
the direction of the old x- and y-axes. This completes the proof of
(4.5). A simple application of (4.6) and (4.7) yields

(4.8) CoroLLARY. Under the assumptions of (4.5) the function f(x, v)

has almost everywhere a second differential in the sense of Stolz, that is,
the relation
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f(xo+ ky yo + k) = f(x0, y0) + hfol®, 9) + kfea

(4.9) + (BT + 2h- B F + Bdif)/2+ o(t + B)

holds for almost all x,, y,.
Relation (4.9) implies that

F(z,y) = lim {#(x0 + R, 3o + B) + f(x0, 30)
' — flxo + k, y0) — f(%0, yo + k) }

without any regularity condition. If f{ and f,; exist in a neighborhood
of (xo, ¥0) it follows that the mixed partial derivatives 3% /dx -9y and
9% /3y - Ox exist at (xo, ¥o) and equal F(xo, ¥o). A similar interpretation
can be given to F(xq, ¥o) in the general case, however this question
is alien to the geometric purpose of the present paper.

The theorem of Euler on the curvatures of the normal sections of
z=f(x, y) at (%o, ¥0) follows from (4.2) and (4.7) alone.!® In the pres-
ent case both the theorems of Euler and of Meusnier follow immedi-
ately from (4.9). For it follows from II of §3 that the paratingens at
(x9, yo) does not contain the normal to the tangent plane II of
z=f(x, ¥) at (xo, ¥0). If (%, §, 2) are new coordinates with II as
(#, 9)-plane and (xy, ¥o) as origin, then z=f(x, y) will in a neighbor-
hood of (0, 0) = (xo, ¥0) be represented in the form z=f(%, 7). Then
o((x—%x0)2+ (y—y0)2) =0(£2+52). The relation (4.9) is equivalent to
the statement that f(x, ¥) coincides, in a neighborhood of (x,, y,), ex-
cept for o((x —x0)2+ (v —y0)?), with a paraboloid a;+a:x+asy+ax?
+asxy+aey? This same paraboloid written in the new coordinates
will approximate 2=f(%&, ) up to o((x —x0)2+ (y —¥0)?) =0(£2+$?). In
the new coordinates (4.9) reads as

4.9)  f(z9) = @' f+ 285 F + 5%4::5)/2 + o(@ + 59
from which it follows that
(4.10)  dg'f(0, 0) = cos? Bdo'f + 2-cos B sin BF + sin? Bd.»f.

But now dg’ (0, 0) is the curvature of the section %-sin 8+49-cos =0
with Z=£(%, #), so that (4.10) is Euler’s theorem.

Meusnier’s theorem can easily be derived from (4.9’) in the follow-
ing form (cf. Bouligand [1, p. 120]): Suppose that the surface
z=f(x, ¥) has a second differential in the sense of Stolz (cf. (4.9))
at P =(xo, Y0, f(x0, ¥0)). Then any two curves on the surface with the

19 Compare Busemann-Feller [1, pp. 28-29].
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same tangent and same osculating plane at P have there the same curva-
ture; and the circles of curvature of all plane sections with a given tangent
at P lie on a sphere.

We apply these results to the neighborhood |%’| =7, |y’| S of
(a), (b), (c) of §3. Because of (b) the Lebesgue area of the surface
2’ =f(x’, ') over lx'l =n, ]y'[ =<7 is finite; it equals the area of the
corresponding piece A of the original surface ®, where A is the closure
of the open set A in the (u, v)-plane corresponding to |x' | <,
|y’| <n. In order to avoid the known difficulties regarding the ad-
ditivity of area, observe that ® is, according to Lindelof's theorem,
covered by a countable number of sets A. This yields the result of the
introduction, which may be stated more precisely as follows:

(4.11) THEOREM. If the surface ® satisfies the hypotheses 1, 1I, 111
of §3, then ® is the union of a countable number of pieces A of finite
area, such that for almost all points q of A the following statements hold
simultaneously: ® has a tangent plane Il at q. All curves on A through q
which have an osculating plane, but different from w, have a curvature
at q; and these curvatures satisfy the theorems of Euler and Meusnier.
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INTEGRAL DISTANCES
NORMAN H. ANNING AND PAUL ERDOS
In the present note we are going to prove the following result:

For any n we can find n points in the plane not all on a line such that
their distances are all integral, but it is impossible to find infinitely many
points with integral distances (not all on a line).!

Proor. Consider the circle of diameter 1, x2+y?=1/4. Let

b1, D2, -+ » be the sequence of primes of the form 4k+1. It is well
known that

pi=ai+b;, a:=0, b0,

is solvable. Consider the point (on the circle x2+4y2=1/4) whose dis-
tance from (—1/2, 0) is b;/p;. Denote this point by (x;, ¥;). Consider
the sequence of points (—1/2, 0), (1/2, 0), (x:, ¥:),4=1,2, - - - . We
shall show that any two distances are rational. Suppose this has been
shown for all 1<j. We then prove that the distance from (x;, y;) to
(x5, ¥;) is rational. Consider the 4 concyclic points (—1/2, 0), (1/2, 0),
(x:, ¥3), (x5, ¥;); 5 distances are clearly rational, and then by Ptolemy’s
theorem the distance from (x;, v;) to (x;, ¥;) is also rational. This
completes the proof. Thus of course by enlarging the radius of the
circle we can obtain # points with integral distances.

It is very likely that these points are dense in the circle x2+y2=1/4,
but this we can not prove. It is easy to obtain a set which is dense on
x24y2=1/4 such that all the distances are rational. Consider the
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1 Anning gave 24 points on a circle with integral distances. Amer. Math. Monthly

vol. 22 (1915) p. 321. Recently several authors considered this question in the Mathe-
matical Gazette.



