
THE STRONG SUMMABILITY OF DOUBLE FOURIER SERIES 

HAI-TSIN HSÜ 

1. Introduction. Corresponding to the well known theorem of 
Fejér-Lebesgue, we have for the double Fourier series the following 
proposition : 

If / ^ & + | / | is Lebesgue integrable on the square (~-7r^x^7r, 
— irSySir)> then the Fejér mean <rm,n(xf y) of ƒ(#, y) tends to f(x, y) 
almost everywhere as m and n independently increase indefinitely. More
over, for every increasing function <f>{i) satisfying the conditions 

4>(t) 
0(0) = 0, lim inf — — * 0, 

*~*co / log t 

there is a function f(x, y) such that <£(|/|) is integrable and that 
o"m,n(x, y) does not converge almost everywhere,1 

The latter half of this theorem shows that the analogue, in double 
Fourier series, of the Fejér-Lebesgue theorem is not a trivial exten
sion of that of a function of a single variable. 

The purpose of the present note is to discuss the strong summabil-
ity2 of double Fourier series. A double series ^amn is said to be 
strongly summable with the positive index k if there exists a constant 
s such that the expression 

1 m n 

(i.i) Z E l s»,v - s\k-
(m + l)(n + 1) M„o »«o 

has the double limit zero as m and n increase without limit, where 
m n 

I t is easily seen from Holder's equality that the summability says 
more for larger k. 

Suppose now that ƒ(#, y) is integrable in the Lebesgue sense over 

Received by the editors May 16, 1945. 
1 B. Jessen, J. Marcinkiewicz and A. Zygmund [5]. The first example of a function 

f(x, y)E.L with Fejér mean divergent everywhere was given by A. Zygmund; see 
S. Saks [8]. Numbers in brackets refer to the Bibliography at the end of the paper. 

2 A notion first introduced in Fourier series by G. H. Hardy and J. E. Littlewood 
[l] . For subsequent researches, see Hardy and Littlewood [2, 3], J. Marcinkiewicz 
[6] and A. Zygmund [12]. 
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the square Q ( — 7r, —7r; 7T, TT) and is doubly periodic with period 2w 
in each variable. The Fourier series of f(x, y) is 

(1.2) 

where 

and 

y2 XTO>n[am,„ cos mx cos ny + bm,n sin mx cos ny 

+ Cm,n COS W# Sin WJ + ö w , n Sill MX Sill W^J, 

/ 1 / 4 for m = n = 0; 

Xm.n = \ 1/2 for m = 0, n > 0 or m > 0, n = 0; 

V 0 for w > 0, M > 0; 

dm,n = — I I ƒ(#, 3>) cos mx cos nydxdy, 
TT2 J O J 

and so on. 
On writing 

4^(«, v) = **,»(«, v) = f(x + «, y + v) + f(x + u, y — v) 

+ f(x — u, y + v) + f(x — u, y — v) — 4s, 
and 

*/ o Jo 

the theorems obtained in this paper are as follows: 

THEOREM I. Iff(x, y)Ç:Lv
y p>l, then the double Fourier series (1.2) 

is strongly summable to s for every positive index k whenever3 

(1.3) $*v(u, v) = o(uv). 

THEOREM I I . Iff(x, y)GLp, p>lf then the Fourier series of f(x, y) 
is strongly summable almost everywhere to f(x, y) for every positive in-
dex k. 

The question whether the hypothesis in Theorem II may be re
placed by ƒ log+ | ƒ | £ L is unsettled in this note. Corresponding ques
tions in Fourier series of a single variable have been answered affirma
tively by Marcinkiewicz [ó] and Zygmund [12]. Indeed, the theorem 
holds under the weaker hypothesis ƒ £ L . We content ourselves with 
establishing the following theorem. 

3 We use the symbol o(uv) to denote a function of u and v such that lim„,v^o o(uv)/uv 
= 0 . 
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THEOREM III. If fix, y) log+ \f(x, y)\ £ L and <rm,n(x, y) denotes 
the (m, n)th Fejêr sum of the Fourier series of fix, y), then the relation 

1 m n 

Hm £ E I *„{x, y) - fix, y) |* - 0 
w,n-*oo ( w + 1 ) ( » + 1) M=»0 *~0 

Aö/ds true almost everywhere, where k>0. 

2. Lemmas. Before proving our theorems, we prove a number of 
lemmas : 

LEMMA 1. If fix, y ) £ i > , p>\, then 

J /• XQ+h /% yt+k 

lim — I I ƒ(*, y)dxdy = /(*0 , yo) 
ft,k-»0 hkJx0 J y0 

at almost every point (xo, yo). 

This theorem is due to Zygmund [ l l ]. Compare also [5] and [9]. 

LEMMA 2. If fix, y)ÇzLp, p>l, then at almost every point (xt y), 

ƒ
>h pk 

j I fix ± u, y ± v) — fix, y) \pdudv = o(hk) 
0 «J 0 

as h, fe—»0. 

PROOF. Let a be a rational number, and Ea the set of points (#, y) 
such that 

1 fA f * 1 IP 

— I I I fix ± u, y ± v) — a\ dudv 
hkJQ J 0 

does not tend to \fix, y) -~a\ p as A, fe—»0. In virtue of Lemma 1, Ea is 
of measure zero, and so also is the sum E of all E«. Let ix, y) be not 
a point of E and let j3 be a rational number, then, by Minkowski's 
inequality, 

UP 

~ 1 I I I ftx ± w' y ± ^ "" ^ N^f 

+ | — J J o I 0 - ƒ(*, y) N«*>J , 

which tends to 2\f(x, y)— j8| as A, £--»0. As jS—>/(x, y), the result 
follows. 
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LEMMA 3. Letf(x, y)Ç£Lp, l<p<Z2, l/p+l/q~ltand let the Fourier 
series off(x, y) be given in the complex form : 

00 00 

ju»—oo l»»—-oo 

then 
/ o o oo \ l / g f I /» T /» T \ 

(2.1) { £ Z l<wlj ^ fcJ_JJ'(*'y)l**,H'3j 
UP 

This is a double series analogue of the Young-Hausdorff theorem, 
and may be proved by the method of M. Riesz4 with an obvious 
modification. 

We also require the following formula of integration by par ts : 

du I pil/f{u)\l/"(v)dudv 
ox J bi 

ƒ» «2 

Pi(«, b2)\l'u(u, b2)du 
ai 

ƒ» 62 / • 02 / • &a 

P1O2, v)\pv(a2, v)dv + 1 ^ prfuvdv, 
where 

J(T I p((T, / ) * . 

This formula is valid if p is integrable on (ai, 61; 02, 62), ^ ' is absolutely 
continuous on (ai, a2), and ^ " is absolutely continuous on (61, 62). 

3. Proof of Theorem I. Without loss of generality, we may assume 
that x = 0, y = 0. So tha t 

1 r T r * sin (tn + l/2)u sin (n + 1/2)» 
*m-n = " 1 I ƒ(**» ^ : 7Ï : — 7 Ï dudVt 

7 T V 0 J O sin u/2 sin i>/2 
We have to deduce 

(3.1) E E I * M - « I ' - « W 
M«=0 v«=0 

from (1.3). 
Write 

4 M. Riesz [7], see also A. Zygmund [13]. 
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sin {m + l/2)u sin (n + 1/2) v 

0 «^ 0 sin w/2 sin v/2 

ƒ' * Cv { u . M 

I <i>(u> v) ( sin juw cot — sin vv + sin \xu cot — 
o J o \ 2 2 

• dudv 

COSPZ; 
2 

» \ 
+ cos uu sin vv cot h cos y.u cos w ) dwdto 

2 / 
= 7i(/x, *>) + 72(M, 0 + 73(M, V) + I*(p> v)> 

and for 0 < J U ^ W , OO^gw, 

= 7*I(M» ?;*»,«) + /«(/*! v9m,n) 

+ Iiz(ji, v;m,n) + Iu(y>, v\m,n), 

where i = 1, 2, 3. For brevity, we also write J«,-(jLt, *>) for I<,-(JUI, *>; w, w). 
Accordingly, 

3 4 

ir2(sM,r — s) = 2 ] £ A-iO*. v) + It(n* *)• 

I t follows from Minkowski's inequality that 

i/ft r m n \ 1/k 3 4 / w n \ : 

/ r a n \ 1/k 
(3.2) 

+ 
In the first place, by the analogue of the Riemann-Lebesgue theo

rem5 74(ju, v) tends to zero as ju, v-*x>. Hence 

/ »i n \ 1/k 

(3-3) •! 53221 Jr«0*,»')|*}. «o(»»)i". 

Secondly, let us consider the integrals 7u, hi and 73i. Write 

K(u, v) s= X(«, z>; /*, v) = sin ixu cot #/2 sin w cot v/2, 

then for 0<w^J7r and 0<V^T there is a constant A such that 

(3.4) uv max ( | JST |, M"1 | 2C« |, v~l \ Kv |, AT1»-1 \ Kuv\) £ A. 

We also write 
B W.H.Young [10, p. 138]. 
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0 «^ 0 

which is o(uv) by (1.3). Then on applying (2.2), 

I $(w, v)K(u, v; M, v)dudv 
0 v 0 

= ^(W" 1 , W'~1).Sr(W""1, IT*1) 
» m 

$(w, nr^Kuiu, nrl)du 
0 

— I $ ( w \ fjK^nr1, v)dv 
J o 

dw I $(w, v)Kuvdv. 
o •/ o 

Since 0<fjL^mt 0<v^n, it is easily seen from (3.4) and (3.5) that 

(3.6) Iu(»,v) = o(l). 

In a similar manner, we can prove hid*, v)=o(l), Izi(p, v)=o(l). 
Hence we obtain 

/ m n \ 1/fc 

(3.7) { Z E I /«G», ") | 4 = o(mnyi* (i « 1, 2, 3). 

Thirdly, we consider the integrals lu, lu and J34. We have 

ƒ>v r * u v 

I <j>{u, v) sin \xu cot —• sin vv cot — dwdz; 

sin /iw cot — du 
m-i 2 

/

v /d rv \ 

cot — ( — I sin vy${u, y)dy ) dv 
n~i 2 \dflJo / 

/
u ( \ rn~x 

sin /*w cot — du\ — cot — I sin vy<j)(u} y)dy 
m-i 2 \ 2nJo 
H I esc2 — dv I sin vy<f>{u1 y)dy J 

2 J n-i 2 J 0 / 

say, where J ^ is equal to 

(3.8) 

file:///dflJo
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Ir* u ( à ru rn~l . \ 
— cot — I cot — I — I I sin fxx sin vy<t>(x} y)dxdy )du 

2n J m-i 2 \du J o J o / 
1 1 t*m f * n 

= cot cot — I I sin ixx sin vy4>(x, y)dxdy 
2m 2nJo J o 
1 1 rT u ru rn~l 

cot — I esc2 — du I I sin JJLX sin vy(j>(x, y)dxdy. 
2 2nJm-i 2 J o J o 

Let Cn,v(a, j8) denote the (/x, p)th Fourier coefficient of the odd-odd 
function %(#> y) which is equal to <£(#, y) in the rectangle (0, a; 0, ]8) 
and to zero elsewhere. Then we may write 

7T2 1 1 / 1 1 \ 
/14 = COt COt Gp.v I ) J 

4 2m 2n \m n) 
(3.9) 

7T2 1 f* U ( 1 \ 
c o t — I esc2—Ca,v[ u, — )du, 

8 2nJm-i 2 \ n) 
and 7i4 may be written as 

1 f ' u 
— I cot — du 
2 J m-i 2 

/

v (d ru rv \ 

esc2 —( — I I sin ixx sin vy<j>(x, y)dxdy ) dv 
n-i 2 \duJo J o / 

7T2 rv u ( d r* v \ 
(3.10) =* — I cot — ( — I esc2 — CaSu, v)dv ) du 

8 Jm-i 2 \duJn-i 2 M / 
7T2 1 r * v ( 1 \ 

= cot I e sc 2 —Cu,A—> v)dv 
8 2m J n-i 2 \m / 
T2 ÇTC çr u v 

H I I esc2 — esc2 — Cp,v(u, v)dudv. 
16Jm-i Jw~i 2 2 I t follows from (3.8), (3.9) and (3.10) that 

1/fc 

I \ \k\l/k 

( m n \ 1 

EEUI«(M,OI») 
^«o ?««o / 

1 1 / * * | / l 1 \ | V 
g ^ c o t — - c o t —( Z^X,] c*A—> —)\ ) 

2w In \ n^v ?~o I \ w n / \ / 
I f * « / ™ » l / l \ | * y * 

+ 4̂ cot I esc2 — 2 ^ L M̂,V I u> — 1 ) du 
2n J m-i 2 \ M=0 v«o I \ n ) \ J 

file:///duJo
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+ A cot I esc2 — ( X) X) cw ( — > v ) J dv 
2m J n-i 2 \ M==,o v=o I \m / I / 

1 1 r* rr u v 
+ A cot cot — I I esc2 — esc2 — 

2m 2nd m-i J n - i 2 2 

( m n \l /fc 

Z) 22 I <T*.F(«, *0 Ik ) dudv. 
Now we assume, without loss of generality, that k>2, k' = k/(k — 1) 
<p, so that by Lemma 3, 

E Z I «,„(«, ») |»j ^ ( — J _ J _ I X(*. 3-) | *'<***?) 

= o(uv)llk', 

since the condition (1.3) is satisfied a fortiori when £ is replaced by 
the smaller index fe'. Therefore 

22 X) I Ji4(/*, J>) |* ) ^ Amno(mn)-l,k' + An I ( — ) — 
M~O M / Jm-i\n/ u* 

/

• * / v y/* ' ^ 
V — ) "T 

I ^ ^ — o(mn)1,k. 
m-l J n-l UV 

The integral I24(M» *0 is equal to 

/

u(d ru r* m \ 

cot —( — I dx I <£(#, ;y) sin /*# cos v^J^ J dw 
m-i 2 \dw J o J n-1 / 

4 2w L \ w / \m n/A 

TT2 f * M f , , / 1 \ ] 
I esc2 — Cn.vÇuj w) — CpA u, — ) \du, 

8 Jm-i 2 L \ n/A 
where the ^„(a, |8) (/*, Ï> = 0, 1, 2, • • • ) denote the Fourier coeffi
cients of the odd-even function x'(#> y) which is equal to <j>(x, y) in 
the rectangle (0, a; 0, /3) and to zero elsewhere. In virtue of Minkow
ski^ inequality and Lemma 3, it is easily seen that 
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( m n \ l / & 

The integral J34 can be treated in the same manner as Iu. We omit 
the details. Collecting the above results, we obtain 

( m n \ l / fc 

£ EI IU(M, y) I*) = " M I , S (< = 1, 2, 3). 
Fourthly, we estimate the integrals J12, I22 and 732. We have 

ƒ• m~l rr u v 

I #(w, v) sin JUW cot — sin w cot — dudv 
0 J n-i 2 2 

J 'm~l u 
cot — sin uudu 

0 2 

/

» r d r v 1 

cot— — I ^(«, y) sin ^3/̂ 3/ <fo 
w-i 2 LdvJo J 

rm~l u ( T 1 / 1 \ 
= I cot — sin JUW < cot — cv ( u, — ) 

J o 2 ( 2 2n \ n) 
T r * v f \ 

H I esc2 — cv(u, v)dv> du, 
4 Jn-1 2 J 

where c„(a, |8) denotes the *>th Fourier coefficient of the odd function 
\p(u, j8) which is equal to <£(#, v) for OSvèfi and to zero for fi<v<ir. 
I t follows from Young-HausdorfFs inequality that 

E|c,(«,i)|*j â^-J U(«,y)|*'dyj 

/ 1 /•• , , V'*' 

(Êi/u(M,»oi*y 
1 r w_1 / c n~x \ 1/*' 

(3.13) £ 4 cot— I fil I |*(«, y)|*'<*y) rf« 

/*rf« I esc2 —f I I 0(«, y) |*'dy) dt>. 

so that 

Holder's inequality gives 
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( J |*(«, y)|*'<*yj du 

a m-1 * v \Wc' / v \ 1/&' 

I | 0(«, y) \k'dydu\ = mw>'-i0l — \ . 
Hence (3.13) is reduced to 

( n \ l/k 

£UI«GM)I*J 
^ ju cot — m1,k,~~1o(mn)'~l/kf + /m1 '*'"1 I fl"2*?! — ) dto 

Thus we obtain ( Z M - O Z X O I ^ ( M , *0| k)1,k = o(fnn)l'k. The integrals I22 

and /32 may be treated in a similar manner as above. The following 
relations are thus established : 

( m n \llk 

72 121 /«G», ") I*) = " H 1 " d = l, 2, 3). 
Finally, we have to consider the integrals 7i3, 723 and J33. The dis

cussion of Ji3 is the same as In, and the integral J23 has been treated 
implicitly in the discussion of J24. I t remains therefore only to deal 
with J33. Regard the integrals 

J» r ç n"1 ^ ^ 

cos txudu I <£(«/, z>) sin vv cot — dz> 
m-i J 0 2 

(M = 0, 1, 2, • • • ) 

as the Fourier coefficients of the function of u which is equal to 
4>(u, v) sin vv cot — dv for m~l ^ u ^ 7r, 

0 2 

and to zero for — ir3*u<mrl, then by HausdorfFs inequality, 

/ m \ 1/ft 

| EI/ . .</«, «01»} 
/ J /» T I /• n""1 ^ jft' \ 1/fc 

(3.15) ^ ( I I I sm vv cot — 0(w> *0^ ^w ) 
\47r2J m-i IJ 0 2 I / 

( I I * (* , *>)| <M <M . 



vn 
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I t follows from Holder's inequality that 

I <t>(u} v) | dv S nllk'-11 I | ^ ( « , v) | k'dv J 

so that 

a ie p n"1 \l/fc' 

du I | *(*, *) I* '*J = w*1 '*'-1^»-1 '*') = 0(1). 
Hence from (3.15) it results that { Z J T - Q Z J U I ^ ( M , ?) | * } 1 / * = ö(m«)1/*. 
The following relations are thus proved : 

r m n \ 1/k 

(3.16) < Z Z I /«0*. ") 14 = "W1" (** = 1, 2, 3). 

Collecting the results (3.2), (3.3), (3.7), (3.11), (3.14), and (3.16) 
we obtain (3.1). Theorem I is thus proved. 

4. Proof of Theorem II. On account of Theorem I, it suffices to 
show tha t the condition (1.3) is satisfied almost everywhere when 
s^fix, y)> Observing 

4 | 4>*,y(w, v)\£\f(x + u,y + v)- f(x, y) \ 

+ | f(x + u, y - v) - ƒ (OP, y) \ 

+ | f(x - u, y + v) - f(xt y) \ 

+ | f(x - u, y - v) - ƒ (a, y) |, 

and employing Minkowski's inequality, we immediately obtain the 
desired result from Lemma 2. 

5. Proof of Theorem III. The proof depends upon the following two 
lemmas : 

LEMMA 4. Theorem I I I holds good when f (x, y) is bounded. 

Since a bounded function belongs to Lp
t p>l, the lemma follows 

from Theorem II. 

LEMMA 5. Let h(x) be a function such that h log+ \ h\ Ç.L (—7r, T). 

Let j8w==jSw(x, h) ( m = 0 , 1, 2, • • • ) be the Fejêr sums of the Fourier 
series of h(x), and f3*(x) =sup m | Pm(x)\, then 

f $*(x)dx S A f \h\ log+ \h\dx+B, 

where A and B are absolute constants. 
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This lemma is due to Hardy and Littlewood [4]. See also [13, p. 
248]. 

Before proving the theorem, we extend Lemma 5 to the case of two 
variables. Let, for fixed y, 

g(x, y) = sup0w(*; | / | ) . 
i» 

Integrating this equation with respect to y, we obtain 

J g(x, y)dxdy 

(5.1) "* ~T 

^ 2TA ƒ * ƒ * | ƒ(*, y) | log+ | ƒ(*, y) \ dxdy + 2<*B. 

Writing Kn{x) for the Fejér kernel, we have 

1 r r r T 

<Tmtn(x, y\ f) = — I I ƒ ( « , v)Km(x - u)Kn(y — v)rf«d». 
7T2 J _* . /_* . 

It follows that 

1 (*v 

| o-m,w(x, y;f) | g — I J£„(y - z>)g(#, »)*. 

In virtue of Lebesgue's theorem, the last expression tends to g(x, y) 
at almost every point (#, y). Therefore the relation 

cr*(s, y; ƒ) = lim sup | crm,n(x, y) \ S g(x, y) 

holds good almost everywhere. Combining this result with (5.1) we 
obtain 

J J cr*(a, y; f)dxdy 

(5.2) ~* ~T 

^ 2TA ƒ * ƒ * | f(x, y) | log+ | ƒ(*, y) | tóy + 2TB. 

Let X be a positive constant. SubstitutingX/for/in (5.2), we obtain 

J J o*(x,y\f)dxdy 
(5.3) ~T ~* 

< 2TT4 ƒ ƒ V\f(x,y)\ log+ | ƒ(*, y) | docrfy + 2̂ r Y • 
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Let € be a positive number; we takeX so large that 2xJ5/X <e/2. Let 

f(*,y) «ƒ '(*, y ) + / " ( * , y ) 

be such that ƒ ' is bounded; 

(5.4) fWf"\f"(x,y)\dxdy<et 

(5.5) 2<KA ƒ T ƒ V | ƒ"(*, y) | log+ | X/"(*. y) \ dxdy + 2T 
X 

Applying the inequality (5.3) to the function ƒ"(#, y), we obtain 

f* f*o*(x,y;f")dxdy < € 

by observing (5.5). Combining this relation with (5.4), we see that 
the set JE(c) of points (#, y) such that either \f"(x, y)\ >€1/2 or 
cr*(x, y; / )>e 1 / 2 is of plane measure less than 2e1/2. Now let a^„ and 
a£p denote respectively the (fx, *>)th Fejér sums of the Fourier series 
of ƒ and ƒ", then 

( m n \ / m n \ 1/k 

zzic-/'h) • 
The first term on the right-hand side is o(mn)llk almost everywhere, 
by Lemma 4. And 

( m n \ 1/ft 

ZZKW'IM 
/ m n \l/k / m n \ l(k 

â ( E E I C h ) +(ZZI/'IM 
g [(m + 1)(» + 1) ]«*(»*(*, y; ƒ") + I ƒ" | ). 

Hence, outside the set £(e), 
l h n s u p v .i. iv j . ix E S U i . . » - / ! * } -
m,n->» l(»t + 1)(W + 1) M-0 r-0 ) 

^°*(x,y, ƒ") + !ƒ" I =S2e*". 

Since e is arbitrary, the theorem follows. 
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