THE CONTIGUOUS FUNCTION RELATIONS FOR ,F,
WITH APPLICATIONS TO BATEMAN'’S J,»* AND
RICE’S H.({, p, v)

EARL D. RAINVILLE

1. Introduction. If in the generalized! hypergeometric function

= (a)n(ag)n - - - (ap)n 2"

(1)?}7((0‘11 Oy * ° ° sap;ﬁlyﬁb R yﬁq; x) = ,.Z_o (/31)"(32)” . (ﬁq)n ;;;;

(@n=ala+1) - (atn—1), () =1,

one, and only one, of the parameters is increased or decreased by
unity, the resultant function is said to be contiguous to the ,F,in (1).
We restrict ourselves to the case p g1, in order to insure a nonzero
radius of convergence for the series in (1), and note that no f3 is per-
mitted to be either zero or a negative integer.

For the ordinary hypergometric function F; Gauss? obtained
fifteen relations each expressing oF; linearly in terms of two of its
six contiguous functions and with coefficients polynomials at most
linear in x. Instead of the fifteen relations, it is often convenient to
use a set of five linearly independent ones chosen from among them.
The other relations all follow from the basic set.

Throughout this study the parameters stay fixed and the work is
concerned only with the function ,F, and its contiguous functions.
Hence, we are able to use an abbreviated notation illustrated by the
following :

F = PFq(ah Q2y ***, Qp, 61! ﬁ?v tee 1Bq; x)y
F(a1+) = qu(a1+1ya2;"' ’ap;ﬂlyﬂm"' sﬁq; x)y
F(Bl—)=PFq(a1)a2)"'1ap;ﬁ1—11ﬁ21'°'76q; x)-

There are, of course, (2p-+2¢) functions contiguous to F. Corre-
sponding to Gauss’ five independent relations in the case of 3F; there
is for F a set of (2p-+g) linearly independent relations, which we shall
obtain. The canonical form into which we put this basic set may be
described as follows:

First, there are (p+¢—1) relations each containing F and two of its
contiguous functions. These will be called the simple relations. Each
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1 For an extensive treatment see W. N. Bailey, Generalized hypergeometric series,
Cambridge Tract No. 32, 1935.

2 Gauss, Werke, vol. 3, p. 130.

714



THE CONTIGUOUS FUNCTION RELATIONS FOR ,F, 715

simple relation connects F, F(ai1+), and F(ax+) for k=2,3, -+ -, p,
or it connects F, F(a;+), and F(8;—) forj=1,2, - - -, g. The simple
relations are immediate extensions of two of Gauss’ five relations and
are not novel in any way.

Second, there are (p+1) less simple relations each containing F and
(¢g+1) of its contiguous functions. In our canonical form we shall
select these so that one of them connects F, F(a1-+), and all the func-

tions F(B;+) for j=1, 2, - - -, q. Each of the other p relations will
contain F, all the functions F(8;+);j=1, 2, -+ -, g, and one of the
functions F(az—) for k=1, 2, - « -, p. The less simple relations are

generalizations of three of Gauss’ five relations but differ from them
in one essential aspect in that each relation contains F and (¢+1)
of its contiguous functions. For Gauss’ case ¢+1 =2 and the less sim-
ple relations contain the same number of contiguous functions as do
the simple ones.

Since we shall actually exhibit the (2p¢) relations, it will be evi-
dent upon looking at them that, just as in the case of the ordinary
hypergeometric function, the coefficients are polynomials at most lin-
ear in x.

As examples of the use of the contiguous function relations, we
shall obtain recurrence relations (not all previously known) for Bate-
man’s® J,** and for Rice’s* H,({, p, v).

2. The number and type of relations. It is not difficult to deter-
mine, by a standard procedure® used in the case of the ordinary hyper-
geometric function, precisely how many contiguous function relations
to expect and how many contiguous functions should appear in each
relation. That procedure appears, however, to be ill-adapted to the
actual determination of the coefficients. Hence, granted in advance
the number and type of relations to be obtained, we shall get them
by a simpler process.

3. Notations and preliminary formulas. It is convenient to use the
following notations:

m

(2) H 4, = ﬁAa‘ ImI Au

8=1, (k) 8=1 8==k+1

a symbol denoting a product with a particular factor deleted,

3 H. Bateman, Two systems of polynomials for the solution of Laplace's integral
equation, Duke Math, J. vol. 2 (1936) pp. 569-577.

4S. O. Rice, Some properties of sFo(—n, n+1, ¢; 1, p; v), Duke Math. J. vol. 6
(1940) pp. 108-119.

§ E. G. C. Poole, Linear differential equations, Oxford, 1936, pp. 92-93.
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P

H (a, - /3:)
(3) U,' = ‘=1q H
8; II 6, —8)
8=1, ()
I (o — 85
(4) Wj,k = .-l’(qk) )
8; II B.—8)
8=1,(7)
(@)n(@)n - * + (@n)n
5 . = ’
® T BB Bom
(a4 n)(az +n) + -+ (ap + 1)
© S = Bt m)(Batn) - (Botm)
Sn
) Tk = " n:
®) Azi%
© B=im

An examination of (5) and (6) shows that
(10) Cn+1 = Snln.

The relation a(a+1).=(a+n)(a)s, together with the definitions
of the contiguous functions, yields the formulas:

F=3 2,
n=0 n'
L oap+ n cuat d ar— 1 cpxn
(1) Flar +) = 3. 2 ) Plag =) =3 —
=0 O n! no 0 +n—1 n!
hd Br  cnx” * Bir+n—1 cav
Fﬁ + = F — = .
B +) gﬁk"‘l‘n n! ’ i E% Br— 1 n!

4. The (p+g—1) simple relations. Using the operator 0 =x(d/dx),
we see that
Cax™

(0 + ar)F = i (o + n)

) n!
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Hence, with the aid of (11),

(12) 0 + or)F = apF(ay +); E=1,2-+,p.
Similarly, it follows that
(13) O+B:—1DF =B — DFBr—); Ek=1,2---,q.

The (p+¢q) equations (12) and (13) lead at once by elimination of
OF to (p+g—1) linear algebraic relations between F and pairs of its
contiguous functions. Let us use F(a;+) as an element in each equa-
tion. The result is the set of simple relations,

(149) (01 — ar)F = arF(or +) — arF(ar +); k=223--,p,

and

(15) (cr = B+ 1)F = asF(as +) — (Bx — DF(Br —);
k=1,2,---,q.

5. A relation involving (¢+1) contiguous functions. From

0 CnX™
F=> )
n=0 n!
it follows that
2. NC X" 2y Cng1X™
oF = Z == xz +1 .
n=1 n! n=0 n!
Thus, because of (10) and (6),
) CnX™
OF = xz Sn )
n=0 %!

where

_ (rt+m(aatm - (ap+n)
B+ n)Ba+n) -+ (B + n)

Now, if p <g, then the degree of the numerator of S, is lower than
the degree of the denominator and the elementary theory of rational
fraction expansions yields

n

) U

S” - Z ﬁ: i ,

=1 Bitmn

in which the Uj is as defined in (3).
Therefore,

?<4¢

2 < U cpx™
n=0 =1 B;+n n!
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which in view of (11) becomes
q

(16) 6F =« U;F(8; +).
J=1

The elimination of 6 F using (16) and the case k=1 of (12) leads to
q

aan alF = aiF(ar+) — x), U;FB;+), ?<g¢
=1

If p =g, the degree of the numerator of S, equals that of the de-
nominator. However, when p =g,

ﬁ@+m—ﬁ@+m

Sa=1++ ’
ﬁ(ﬂs-i-n)
8=1

in which the fraction on the right has the desired property that its
numerator is of lower degree than its denominator. Thus

8, U

vt 7 ?=14q
and it is easy to see that in this case
OF = aF + xil U;F(8;+),
=
so that (17) is replaced by the relation
(18) (a4 OF = aFlas +) — 83 U@+, p=4

=1

If p=g+1, then with the notation of (8) and (9) we may write

T (- m) — (n+ 4 — BT (B + )

Sn=n+4 — B+ . ’
I1 8+ »)

8=1

in which the fraction on the right has the desired rational fraction
expansion, so that

= A — B
ot +§ﬁj+n
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Thus we conclude that, when p =¢+1,
6F = x0F + (4 — B)aF + xf:l U;F(B;+),
=
so that (17) is this time to be replaced by the relation
[ — ®)as+ (4 — B)z]F = (1 — 2)arF(cs +)
4 — S UG p=at L
6. The remaining p relations. Since

(o — D (an)n

ap = 1)p = ——— 1"
(k ) ak—l-n-—l’
it is possible to write
* ap—1 NCrX™
OF (o, —) =
(o =) Z_‘;ak—l—n—l nl
or
oy — 1 cppx™
F(ay =) = Y — .
=0 O+ n n!

Now, with the notation of (7),

Cnt1

ak+n

where 7, has, for p =g, its numerator of lower degree than its de-
nominator. Thus

= CnTn,ky

CpX™
)

0F(ar —) = (ar — l)xi Tnk

n=0

where

Tn,k = i ﬂ]WJ’k
=1 Bi+ n

in which the W;  is as defined in (4).
We now have

q
OF(ar —) = (ar — x> WisFBi+); S k=1,2,---,p.
j=1
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But, from (12),
0F (o, —) = (az — 1)[F — F(ay, — )]

The elimination of 0 F(a;x—) from the above two formulas yields the
p relations:

(20) F=Flax =)+ a2 WipFB;+); pSgk=12---,p
j=1

When p =¢+1 the fraction 7, has its numerator and denomina-
tor of equal degree. Then we write

P

IT, (e +m) = 11(6.+ ”)

s=1, (

Tn,k = 1 +

q

IT 6. + »)

8=1

and conclude in the same manner as before that
q
0F (ar, —) = (ax — 1)aF + (ax — 1)z, W;FB;+).
=1
Therefore, for p=¢g-+1, (20) is to be replaced by

@) (1 — oF = Flan =) + 3 WirP(B; +); k=12, .

=1

7. Summary of contiguous function relations. We have shown
that for

F(Ol1, Oy * * yap;le B - - - vﬂa; x)

in which no two §’s are equal and no B is a nonpositive integer, a

canonical set of (2p+¢) contiguous function relations is as described
below.

If p<gq, (14), (15), (17), and (20) hold, with

P

III (al - BJ)

U;= - ;
8; 11 8. —8)

8=1, ()

and
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If p =g, the relations are (14), (15), and (20) above together with
(18) to replace (17).

If p=g+1, the relations are (14) and (15) above together with (19),
in which

D q
A=Zan B=Eﬂn

s=1 =1

and (21).

8. Application to Bateman’s J,**. Bateman® has discussed the
polynomials x—*J,*:* defined as

T+ u/24+n+1)
w!l(u + DI + /2 + 1)
Since a 1F; is involved, we may write down four relations using (15),
(17), and (20) above with oy = —n, Bi=u+1, Bs=v+u/2+1 and with
x replaced by x2. These four relations may be translated into recur-

rence formulas for the J,**. When a redundancy is eliminated, the
contiguous function relations are seen to be equivalent to the set

F(—an;u+4+1,v4 /2 + 1; 2?).

J”u,v p— J”_lu,v + J”u,v-—l, u]”u,v—llz = x]““"'lnﬂ + xJ”_1u+1,v’
and
(22) (n+ WTa®® = (0 + v+ u/2)Tpa™® + aJ v7tvHliz,

Bateman gives the first two of these relations, but (22) seems to be
new.

The J,** satisfy a pure recurrence relation,
n(n+ w)J.? = [(n+ v+ u/2)(n + u)
+(n—1)2n+ v+ 3u/2 — 1) — 82| Jpq®?
(23) —m+ov+u/2—1)3n+ v+ 3u/2 — 3)Tp_o*?®
+mt+ot+u/2—0Dm+v+ u/2 — 2)T, 37,

which may be obtained from the three relations given above it or,
more easily, directly from the series expression for J,**.

9. Applications to Rice’s H.({, p, ). S. O. Rice? has studied the
polynomials
Hu($, py0) =F(—mn,n+ 1,81, p;0).
Here a 3F; is involved so that eight contiguous function relations ap-
pear. Since in the 32 one parameter is fixed and two others are related,

¢ Loc. cit. p. 575.
7 Loc. cit. p. 108.
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some of the relations are not pertinent; that is, they relate H, to
other functions. All that comes out of the eight relations is the set
of four:

¢ —p+ DHS, p,0)
={H.(+ 1,00 — (0 — DHAS, 2 — 1, 0),
(& + W HLE py0) + € — n)Haa(S, 9, v)
= (H.(§ + 1, p,v) + $Han(§ + 1, 9, 9),
pl26 =1 — (¢ + p — Do]lHa (5, 5, 9)
(26) = p(1 = )Hu(E + 1, p,0) + p(§ — DHW($—1, p, )
+ 4+ p)(n— p+ DoHLE, p+ 1, 0),
(262) pHA(, p, v) + pHuu(§, p,0)
=+ n)H.§, p+1,0) + (p — n)Haual§, p + 1, 0).
The polynomials H, satisfy the pure recurrence relation
n(2n — 3)(p +n — 1)H,
=Q@2n—0[r-2)0p—n+1)+2n—-1)(2n—3)
—2(2n — )+ n— 1)o]Hay
- @2n=3)[2(n — 1)* = n(p —n+1)
+2(2n — D) — n+ Do]Hae
—(n—2)2n — 1)(p — n+ 1)Hns,
as can be verified directly.

(24)

(25)

(27

10. A set of relations alternative to those in §6. There are times,
as in treating Rice’s H,, when it is desirable to have contiguous func-
tion relations which omit some one of the F(8;+). Such a set is ob-
tained by making the following replacements, in which

Vie= (Bs — BIW s
If p <gq, replace (20) by

g—1
29) (20 — BYF = asF(ax +) + (e — BIFlarx =) — 22 ViuF(B; +);
=1
k= 1,2,"',?.
If p=g, replace (20) by
(2ar — By + %)F = arF(ax +) + (ar — B)F(ar —)

29 g—1
) — 22 VP (Bi+); E=1,2,-++,p.

=1
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If p=g+1, replace (21) by
[(2e — B)(1 — 2) + (4 — B)x]F

50) = ai(l — ®)F(ar +) + (ar — BJF(ar —)

q—1
— 22, ViF B +); E=1,2,---,9.

=1

UNIVERSITY OF MICHIGAN

ON THE GROWTH OF THE SOLUTIONS OF ORDINARY
DIFFERENTIAL EQUATIONS

A. ROSENBLATT

In a recent paper,! N. Levinson gave four theorems concerning the
behaviour of the solutions of the differential equation of elastic vibra-
tions

(1) @x/df + ¢()x = 0

as t—+ . It is the purpose of this note to give generalizations of the
Theorems I and III of Levinson by making use of certain inequalities
concerning homogeneous equations of the first order

ax; ks
2 ——+Za,~kxk=0, i=1,.+,n
dt k=1

Theorems I and III of Levinson run as follows:

THEOREM 1. If a(t) denotes the integral

® at) = [ 1ot - a1

then

€ x(t) = Ofexp (a(9)/20)}.
TuEOREM III. If a(t) is O(t) then

(5) lin‘L sup I x(#) exp (a(t)/Zc)] > 0.
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1 The growth of the solutions of a differential equation, Duke Math. J. vol. 8 (1941)
pp. 1-11,



