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UNIVERSITY OF PUERTO RICO 

ON THE SUMMATION OF MULTIPLE FOURIER SERIES, IIP 

K. CHANDRASEKHARAN 

Let ƒ(x) =f(xi, • • • , Xk) be a function of the Lebesgue class L, 
which is periodic in each of the ^-variables, having the period 2w. Let 

1 
1 * (2TT)* 

• • • I f(x) exp { - i(viXi + • • • + VkXk) }dxi • • • dxk, 

where {vh} are all integers. Then the series ^an.. .Vk exp i{viXi+ • • • 
+VhXk) is called the multiple Fourier series of the f unction ƒ (#), and 
we write 

ƒ(*) ~ Z <V--v* exp i(vi%x + • • • +****)• 

Let the numbers (i>i*+ • • • +n2), when arranged in increasing order 
of magnitude, be denoted by Xo<Xi< • • • <Xn< • • • , and let 

cn(x) - X) *n-~n exP *0"i*i + • • ' + n*k), 

where the sum is taken over all vi2+ • • • H-J^—X», 

*(*> *) - Z) c*(x) exP ("" M » 
SB(») - Z Cn(»), \n£R2< Xn+1. 
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Also, let i?*(X«) and r*(X,) represent respectively the number of solu
tions of vi2+ • • • +Vk2~>\ and of vi2+ • • • +^2=s:X,. 

The object of this note is to study the convergence of multiple 
Fourier series, when summed up spherically by Bochner's method, 
that is, of the series X)C»(#). We prove the following results. 

THEOREM I. If 

]C ("i + • • • + **) U«v"*l < °°> 
then the series ]C"»0Cn converges at every point of continuity of f(x). 

THEOREM II. If 

]£ (*i + • • • + **) ' U i v ' J < °°> € > 0, 

then the series ̂ 2Z.0Cn converges absolutely. 

The following result of Bochner2 is used in the proof of the above 
theorems. 

LEMMA. At a point of continuity of f(x), <[>(x, t) tends to a limit as t 
tends to zero. 

PROOF OF THEOREM I. We shall first prove that 

(1) lim SR(X) = lim <t>(x, t), 

whenever the limit on the right exists. Next, by the application of 
the above lemma, we deduce that at a point where f(x) is continu
ous, ^2Cn(x) is convergent. 

Now 
n oo 

SR(X) - <*>(*, 0 - 2 c«[l - exp ( - \.t)] - E C. exp ( - X.<) 

say. We have, 
n 

Ji" E C [ l - e x p ( - X , 0 ] 
««.0 

n 

= Z) [ l -exp ( —\*t)] ,£an...nexp [i(viXi+ • • • +vkxk)] 
2 3 

= Z ) <*»!••-n e *P i(viXi+ • • ' +VkXh)[l — exp ( - I T - • • • -vk)t], 
2 S. Bochner, Summation of multiple Fourier series by spherical means, Trans. Amer. 

Math. Soc. vol. 40 (1936) pp. 175-207. 
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where the third sum runs over XS = J>I2 + • • • + Vk2 and the last sum 
runs over vi2+ • • • +^2^Xn, so that 

• • - vl)t) | | / i | â ]C | an...Vh{l - exp ( - vi 

(3) X £ \ 1 - exp ( - v\ ,1)1} Vi +-••+ vlTk'T 

^0(1)-*[X>*(A8)A?~*/2J/2, 

dpi • • • V 

where the first sum runs over vi2-\- • • • + Vk ==An» 

Now, 

ZL ^(XS)X« = 2C J£&(X«) {X8 — Xs+i } + Rk(\n)^n 

(4) = °(/o ^ + 0(X„) 

-0(xJJ. 

Hence, from (3), we obtain, 

(5) | / i | = 0(/X„). 

Again, 

/ i = X) C, exp (— X«0 

-&/4 ^ i */4 | 
â C ' E v | C , e x p ( - M | 

(O) s«n+l 

. , - f t / 4 r V . 2 2 fc/2. |2 

X E exp { — 2(FÎ + 

â Cn (/Xn) 

2V ) -,1/2 
+ n)t}] 

(in the last two sums vi2+ • • • +J>&2 runs from Xn+i to oo), where 

(?i2+ • • • +Pk2 runs from Xw+i to oo), and €n—>0 as w—>oo, since 
^ e - ^ ^ C K r 1 ' 2 ) as *->0. Thus, we have, from (5) and (6), 
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(7) SR(x) - *(*, t) = 0(t\n) + o[eT(t\nf
m]. 

If / is so chosen that t\n = 6n = en
1/k, then, 

SR(X) - <j>(%, t) = 0(5„) + 0(e„ -(5B ) - o(l), as « -•«>. 

PROOF OF THEOREM II. 

xii>2+.-.+„r/2-v/2 

= o(i)£(r*(x,)x7*/2~V/2 

= o((/V^)1/2) < 0 0 . 

On using Holder's inequality instead of Schwarz's in (3) and (6), 
we can easily generalize Theorem I as follows: 

if 
2 > ? + • • • +*i)*<*'-1)/2k1...,J»<~) 

where Kplê-2, then ̂ Cn converges at every point of continuity of ƒ(#)• 
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