TOPOLOGICAL GROUPS IN WHICH MULTIPLICATION
OF ONE SIDE IS DIFFERENTIABLE

I. E. SEGAL

The present note is concerned with the problem of determining the
formally weakest conditions on a group which can be proved to result
in the group being a Lie group. We show essentially that it is suffi-
cient for this purpose to require that the group be a (real) manifold
of class C! in which right multiplication is of class C! (our result is
slightly stronger—Theorem 2 is the precise statement). The weakest
previously existing condition is contained in work of P. A. Smith
[2],* and required, in addition to the preceding condition, that left
multiplication satisfy a Lipschitz condition.?

We should point out that our result is obtained by combining pre-
vious work on Lie groups with a theorem which we prove independ-
ently of previous work. Specifically, we first prove that if right multi-
plication is of class C* on a group G which is a manifold of class C!,
then it follows that left multiplication is of class C*' (Theorem 1).
We then deduce that G is a Lie group either from the result of Smith
quoted above, or from the result of G. Birkhoff [1] that if both left
and right multiplication are of class C?, then G is a Lie group. We do
not introduce any kind of canonical parameters, and, so far as we
know, neither the work of Smith nor that of Birkhoff can be simplified
by the use of our results.

Our method is novel in that it utilizes the existence of Haar meas-
ure and operates in the large. (Smith and Birkhoff were both con-
cerned exclusively with the theory in the small, a standpoint incom-
patible with the use of Haar measure.) In this way it is shown that
a wide collection of functions of x of class C?, x being a variable group
element, are also of class C* as functions of x~*, and most of the proof
is occupied with showing that this collection is sufficiently wide to
allow the conclusion to be drawn that x~! is of class C* as a function
of x. It follows that left multiplication is of class C'. Only minor use
is made of the theory of differential equations.

We are indebted to D. Montgomery for highly suggestive conversa-
tions about the foundations of the theory of Lie groups.

The following theorem is valid for functions and manifolds of class
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1 Numbers in brackets refer to the references cited at the end of the paper.
2 Smith had suggested that the Lipschitz condition might be inessential.
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C* (k=1) with an almost unchanged proof, but we state it for the case
k=1 only.

THEOREM 1. Let G be a topological group which is a manifold of class
Ct, and such that xa as a function of x on G is of class C*, for every fixed
a in G. Then ax is likewise of class C.

Suppose that f and g are (real-valued) functions of class C* on G
which vanish except on a compact set. Then it is clear that the func-
tion % defined by:

(1) M@=Lﬂmmwy

is also of class C!, dy being left-invariant Haar measure, and it is
easy to see that

@) W) = [ s,

showing that k(x~1) is of class C! as a function of x, also. It is first
shown (Lemma 1), using properties of Haar measure, that the collec-
tion of functions having the form (1) has the property that for any
two given points of the group there exists a function in the collection
which assumes different values at the points. It then follows (Lemma
2), by a method applicable to a general manifold, that ¥~ is of class
C! as a function of x. Noting that:

ax = (x ™),

the conclusion follows from the fact that functional composition of
functions of class C* results in a function of class C.

Since xa is a function of x of class C* we lose no generality by assum-
ing now that if (x|)* denotes the ith coordinate of the point x with
respect to the local system aty (¢=1, - - +,7), then (xl y)i= (xy"‘l e)t;
here e is the identity in G, x and y are elements of G, and 7 is the di-
mension of G. We also assume that (el e)i=0,

LemMmA 1. Let T be the collection of functions on G of the form
Jef (xv)g(v)dy, where f and g are real-valued functions on G of class C,
which vanish except on compact sets. Then for every two points of G there
exists an element of T' which assumes different values at the points.®

The proof is indirect: suppose that y(a) =v(b) for all y&ET', where

8 We are indebted to C. Chevalley and S. Eilenberg for suggesting a modification
in the proof of the lemma which resulted in a considerably more elementary proof.
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a#b. Clearly, if h(x) is a function of class C! on G, then the same is
true of the function k(xa), for every fixed a in G. It follows that

3) fa fay)g(yn)dy = f., FB)e(3a)dy,

where f and g are general functions of class C! vanishing except on
compact sets. Putting %, and % for the functions defined respectively
by (k) (x) = (h)(p~x) and (h)(x) =p(x) (k) (x~"), where dx~"=p(x)dx,
(3) can be written in the following form:

(4) f* 8o = f* 143

Here 7« s, for general complex-valued functions 7 and s, denotes the
function defined by:

(res)(2) = forw)s(y-*x)dy,

provided the integral exists. We now show that (4) is valid if fand g
are integrable functions vanishing outside of any right translations
of a certain neighborhood R of the identity.

Specifically, let P be the neighborhood of the identity defined by
the inequalities I(x]e)‘] <a (i=1, .- -, r), where a is chosen suffi-
ciently small so that the closure of P is compact; let Q be the same
with a replaced by a/2, and let R be a neighborhood of the identity
such that R*CQ. If % is a continuous function which vanishes out-
side of Qd, then, putting (xld)"=x, and h*(x%y, ¢ - -, %,) =h(x) in the
present sentence, we define %, by

zpte zyte
he(x) = (2e)"”f ce f he(tyy - -+, t)dty, - - -, dt,.

Zp—o z1—e
It is clear that if 0 <e <1/2a, &, is defined, of class C?, and converges
uniformly to % on Pd as e—0. If we set [|7|| for the L; norm of 7 (that
is, the integral of the absolute value of 7 with respect to Haar meas-
ure), it is plain that Hh.—h”—)O as e—0. Since the operators k—h,
and h—# are linear and isometric on L,, it follows that (3) is valid
if f and g are continuous and vanish outside right translations
of Q. Now if & is integrable and vanishes outside Rd, and if
ug(x) = (m(S))~Yfs(x), where m is Haar measure, S is a neighbor-
hood of the identity, and fg is the characteristic function of S, it is
easy to verify that ug+ k vanishes outside SRd. On the other hand, for
any positive number e there exists such an S contained in R and such
that ||ug« h—h|| <e. It follows that (3) is valid if f and g are integrable
and vanish outside a right translation of R.
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Now let T be a neighborhood of the identity such that T"=T"1,
TCR, a~'TaCR, and @~ is not contained in 7% Let f and g be the
characteristic functions of T and a—*T respectively. It is easy to verify
that:

(F* ga) (%) = m(a™'T N a1 Tx™Y),
(Fr ) (%) = m(p™1T N a~'Tx™).

Clearly fx g, and fxg; are continuous functions, and it is easy to see
that the first function is not zero at the identity and that the second
function vanishes in 7. Hence f* gaf* gs, a contradiction.

LEMMA 2. Let M be a manifold of class C' and dimension r. Let ®
be a collection of functions of class C* on M, with the property that for
any two given points of M there exists a function in ® which assumes
different values at the points. Then there exists a point of M and r
elements of ® whose Jacobian with respect ta local coordinates at p,
evaluated at p, is not zero.

Again our proof is indirect: assume that the Jacobian of any r ele-
ments of ® with respect to local coordinates at x, evaluated at x,
vanishes for every x € M. Let s be the maximum rank of the matrices
of all such Jacobians, let £ be a point at which the rank is attained,
and let fi, « - -, f, be elements of ® involved in a nonvanishing minor
of order s in a Jacobian matrix at & For the remainder of the lemma,
put x;= (xl %)%, and then re-index the coordinates so that x4, - - -, %,
are the coordinates involved in the nonvanishing minor just men-
tioned. Then bordering this minor by adding any f&® and any local
coordinate around & not yet involved in the minor, say x,41, the re-
sulting minor of order s41 vanishes in a neighborhood of &, clearly.
Expanding the minor as a sum of products of row elements involving
f with the corresponding cofactors, we obtain an equation of the form

r. ad
Z -—f_AJ'(xI’ Tty x,.) = 07
jm1 0%
where the A; are continuous functions and independent of f, with
A;=0forj>s+1,and 4,41 (0, « - -+, 0)0. Now let {x:(#)} be a solu-
tion in a neighborhood of ¢ =0 of the system of equations:
ax;

;i—t—=A.-(x1,--~,x,), x.(0)=0 (‘i=1,"',f).

4 It is interesting to note that the set of functions of class C* which vanish outside
compact sets is L;-dense in L;. This fact could be proved, and the proof of the lemma
shortened, by using theorems due to H. Whitney.
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Plainly, in no neighborhood of =0 do all x;(¢) vanish identically.
On the other hand, it is clear from the partial differential equation
in f that f(x(¢)) =f(%), where x(¢) is the point whose coordinates are
(x1(t), » - -, x.(2)), for all ¢ in some neighborhood of :=0. This equa-
tion clearly contradicts the hypothesis that ® contains a function
assuming different values at any two given points.

To conclude the proof of Theorem 1, let M be an arbitrary open
set in G, set I'=®, and let p be a point of M at which there exist 7
elements {¢;} of I which have a nonvanishing Jacobian; by Lemmas
1 and 2, p and {¢:} exist, evidently. By the theory of implicit func-
tions, {(x|p)?} isa function of {¢:(x)} of class C! in a neighborhood
of p, say

(5) (x| a’)i = Fi(¢1(x)r T ¢r(x)) (i =1,---, f)'
Putting x =y, a =b"1, (5) becomes:
(6) (1| 670 = Fu(g(y™), - - - 4 &:(y™) (i=1,---,7).

Recalling that ¢:(y~?) is of class C' as a function of ¥, it is clear from
(6) that y—!is of class C* as a function of v, for y in a neighborhood
of b. Since M is an arbitrary open set, the set .S of points at which
there exists a set of 7 elements of & with a nonvanishing Jacobian
is dense in G; hence the same is true of the set S—1, and therefore G is
covered by neighborhoods in which y~!is of class C* as a function of y.

Theorem 1 (which is a result in the large) is now combined with
an existing result in the theory of local Lie groups, to obtain a condi-
tion that a group be a Lie group. At the same time we show that in
order for right multiplication to be of class C* on a group which isa
manifold of class C1, it is sufficient for the first-order derivatives of
right multiplication to exist, and be continuous at one point.

THEOREM 2. Let G be a connected topological group. Let there exist a
neighborhood N of the identity in G which is @ manifold of class C* and
dimension r, and a neighborhood of the identity P such that P =P},
P*C N, and the first-order derivatives of {(xal ya); i=1, .- -, r} with
respect to {(x|y)"; i=1, .-, r} exist for every fixed a and y in P,
at x =%, and for one value of vy and all values of a in P are continuous;
here {(x|y)$;i=1, - - -, r} are the local coordinates at y of x. Then G
is a Lie group.

Let f(s) be a real-valued function whose derivative (by derivative
we mean first-order derivative in the following) exists for s in an
interval which includes the range of values of the real-valued func-
tion g(¢), as ¢ ranges over an interval containing the point #, in its
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interior; assume also that the derivative of g(t) exists for ¢ in such
an interval, and that the derivative of f(s) is continuous at s=_g(,).
Then it is easy to conclude from the mean value theorem of the differ-
ential calculus that the derivative of f(g(¢)) exists at ¢ =#, and equals
f'(g(t0))g’ (t0). Now the identity transformation on G can clearly be
obtained by first performing the transformation x—wxae~', and then
following by the transformation x—xa. If we put x, for the point at
which xa has continuous derivatives as a function of x for all ¢ in P,
then the derivatives of the first transformation exist at x =x¢a =v,,
if ,EP; and the derivatives of the second transformation exist and
are continuous at x =x,. It follows that:

I [a(xa"l) :I [6(xa)]

(%) Jdomv, L 0(%) z-:co'
where I is the identity matrix, and [8(xc)/d(x)]s=y stands for the
Jacobian matrix of the function xc, with respect to local coordinates
at y and y¢, evaluated at x=y. Since [9(xa)/d(x)].—u is continuous
at u =ux,, it follows that [d(xa~!)/dx].— is continuous at u=uv,, if
9, EP. That is, xa~! as a function of x has continuous derivatives at
x =1, if v,EP. Hence xa~1b as a function of x has continuous deriva-
tives at x =v,, if a, b, and v, are all in P. Plainly, %P is an open set
containing e; therefore there exists a neighborhood Q of e such that
Q=071 QCx¢P. Let R be a neighborhood of e such that R=R™!,
and R?*CQ. It is plain that as a ranges over x5 'R (which is a subset
of P), v, ranges over R, and it is easy to verify that if e €x§'R, then
a~'PDOR. It follows that xa is of class C! as a function of «x, for x
and ¢ in R.

Now let S be a cubical neighborhood of e such that S*ESCR. We
now regard G as a manifold with local coordinates [x|a]‘ defined to
be (xa“[ e)* (¢=1, - - -, r) in the neighborhood Sa of a. At the iden-
tity this system of coordinates is the same as the original system,
in S, and we now show that G is a manifold of class C'. If the neigh-
borhoods Sa; and Sa: overlap, it is easy to verify that a,ai*&ER.
Since the coordinates of x relative to the Sa; system are {(xa,-‘1| e)i;
t=1, .., r} , with xa7*E€.S, and multiplication on the right by the
element @i of G is of class C* on N, it follows that the [xlal]‘
(i=1, - - -, 7)are of class C' as functions of the [x|a:]i (=1, - - -, 7).
Clearly, xa is of class C* as a function of x, at all points of G and for
all fixed a.

Then the hypothesis of Theorem 1 is satisfied. If we combine the
conclusion of the theorem either with Smith’s Theorem 12.9 [2] or
Birkhoff’s Corollary 15.7 [1], it follows that G is a Lie group.
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