
NOTE ON THE KUROSCH-ORE THEOREM 
R. P. DILWORTH 

1. Introduction. The Kurosch-Ore theorem1 asserts that if an ele
ment of a modular lattice has two decompositions into irreducibles, 
then each irreducible of one decomposition may be replaced by a 
suitably chosen irreducible from the other decomposition. I t follows 
that the number of irreducibles in the two decompositions is the same. 

The purpose of the present note is to study the manner in which the 
irreducibles of two decompositions can replace one another. Now from 
the Kurosch-Ore theorem it is not even clear that each irreducible of 
one decomposition is suitable for replacing some irreducible of the 
other decomposition. However, this follows from the following precise 
theorem : 

THEOREM 1. Let a be an element of a modular lattice and let 
a = q1r\ • • • C\qn — q{ C\ • • • P\gw' be two reduced decompositions into 
irreducibles. Then the qJs may be renumbered in such a way that 

a = qiC\ • • • ng i - iHglngf+in • • • Hg», i = 1, • • •, n. 

Along the same line of ideas, the following theorem on simultaneous 
replacement is also proved. 

THEOREM 2. Let a be an element of a modular lattice and let 
a = #iP\ • • • C\qn = q{r\ • • • C\qû be two reduced decompositions into 
irreducibles. Then for each qi, there exists qj such that qj can replace 
qi in the first decomposition and qi can replace qj in the second decom
position. 

On the other hand, an example is given which shows that, in gen
eral, it is impossible to renumber the q's in such a way that simultane
ously qi may replace ql and ql replace q%. 

As the principal tool in the investigation we introduce the concept 
of a superdivisor r of an element a. r has the fundamental property 
that its crosscut with any proper divisor of a is never equal to a. 
The superdivisors of a are closed under crosscut and indeed form a 
dual-ideal ra which properly divides a. 

A surprising by-product of the investigation is the fact that in a 
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1 A simple proof is given in Birkhoff [l, p. 54]. Numbers in brackets refer to the 
references cited at the end of the paper. 
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modular lattice satisfying the ascending chain condition, r« can be 
used to prove the existence of covering ideals. Thus, in this case, the 
customary use of transfinite induction can be avoided. 

2. Properties of superdivisors. Let M denote a modular lattice of 
elements a, b, c, - - • . a^b will denote ordinary lattice inclusion 
while aZ)b will denote proper inclusion. We recall that an element q 
of M is (crosscut) irreducible if q — xC\y implies either q=x or q=y. 

DEFINITION 1. A divisor r of a is a superdivisor of a if rC\x=a im
plies x = a for all x in M. 

The following lemmas give the basic properties of superdivisors.2 

LEMMA 1. If r is a superdivisor of a and s'Dri then s is a superdivisor 
of a. 

For sf^x = a implies rf~\x = a implies x = a. 

LEMMA 2. If r and s are superdivisors of a, then rC\s is a superdivisor 
of a. 

For (rC\s)r\x = a implies rC\(sr\x)~a implies sC\x=a implies 
x = a. 

COROLLARY. The superdivisors of a form a dual-ideal r« of M. 

LEMMA 3.1fq is an irreducible divisor of a and aO<Z> then x is a super
divisor of a. 

For if #rvy = #,then q = q\Ja = q]U(xr}y)=xr\(q\Jy) by the modu
lar law. Since q is irreducible and q p^x, it follows that q — q^Jy- Hence 
y = qr}y = qr\xr^y = qr\a = a. Thus x is a superdivisor of a. 

Now if a = <ZiP\ • • • r\qn is a reduced decomposition of a into ir-
reducibles, we shall set Qi — qiC^ • • • P\<Zt_iP^i.nP\ • • • C\qn. Clearly 
a —q%C\Qi and Qi^a. 

LEMMA 4. Let a — q^C^ • • • C\qn be a reduced decomposition into ir-
reducibles. Then if r is a superdivisor of a, qiO(rC\Qi) is also a super
divisor of a. 

By Lemma 3 if qi^J{rC\Qi) is not a superdivisor of a, then g*2rr\Q»-. 
But then rr\Qi = rr\qir\Qi~a. Hence Qi=a which contradicts Qi ?*a. 

LEMMA 5. Let a~q\C\ • • • C\qn be a reduced decomposition into ir-

2 If the descending chain condition holds, it is easy to show that r is a superdivisor 
if and only if r D « 0 where ua is the union of the elements covering a. Cf. Dilworth [2, 
p. 288]. 
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reducibles and let x^Dr^Qi, r2r\Q2, • • • , riC\Qi where ri, • • • , r< are 
superdivisor s of a. Then x^rr^qi+iC\ • • • C\qn where r is a super-
divisor of a. 

Now clearly x"Drr\qiC\ • • • C\qn for any superdivisor r of a. Let k 
be maximal such that x'Drf^q^ • • • C\qn for some superdivisor r. 
Suppose kSi- Then by the hypothesis of the lemma x"Drkr\Qk. Let 
r'=*rr\rh. Then x^(rT\qkr\ • • • r\qn)\J(rT\Qk)=zr'r\qk+1r\ • • • 
r\qn(^{qk^J{rT\Qk))> But qt\J(rT\Qk) is a superdivisor of a by 
Lemma 4. Hence rT\(qk\J(r'r\Qk))—r" is a superdivisor of a by 
Lemma 2. But then a Q f "^{Zft+i^ ' ' * ^ 3 » contrary to the maximal 
property of k. Thus k>i and the conclusion of the lemma follows. 

3. Decomposition theory. The application of superdivisors to de
composition problems rests on the following lemma : 

LEMMA 6. Leta = qiC\ • • • C\qnbe a reduced decomposition ofa. Then 
q% may be replaced by an irreducible divisor q of a if and only if qQ.r(~\Qi 
is false for every superdivisor r of a. 

Let us suppose that q can replace qi. Then a~qC\Qi. Hence if 
q!2.rC\Qi for some superdivisor r, then rr^Qi = rr^qr\Qi = rr\a = a and 
Qi = a which is impossible. Thus q"2rC\Qi fails for every superdivisor 
r. Conversely suppose q'Q.rC^Qi holds for no superdivisors r. Then 

q^qr\Qi = {qr\Qx)\J{qiC\Ql) = [qiV(qKQi)]C\Qi. 

Hence qi^J{qr\Q%) is not a superdivisor of a and by Lemma 3 we have 
qi'Q.q.^Qi- Thus qr^Qi = qr\qir^Qi = a and q can replace g» in the de
composition. 

The theorems stated in the introduction can now be proved. 
PROOF OF THEOREM 1. Let 5 / denote the set of irreducibles of the 

second decomposition which can replace qi in the first decomposition. 
Now suppose that there are k of the sets S/ which together contain 
less than k irreducibles. Renumbering if necessary, we can suppose 
that Si , • • • , Sk are composed of the irreducibles q{, • • • , q{ where 
l<k. I t follows that q\ cannot replace q* if j>l and i^k. Hence by 
Lemma 6, qf ^r^r^Qi for some superdivisor r^ of a if j>l and i^k. 
From Lemma 5 we conclude that qf ^>rjr\qk+ir\ • • • C\qn for some 
superdivisor r,- of a if j>l. Thus ql+if^ • • • C\qn ^rC\qk+ir\ • • • C\qn 

where r = rj+iP\ • • • C\rn is a superdivisor of a. But then 

a=qi C\ - • • r\qir\q'i+ir^ - - • r^qnl2rr\q[r\ • • • P\ç/nçAH-in • • • C\qn"^a. 

Hence a = rC\qi r\ • • • C\qt r\qk+i(~\ • • • C\qn- Since r is a superdivi-
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sor of a, we have 

a = qiC\ • • • H g { n gjb+iH • • • H g » . 

Since /<&, the number of components in this decomposition is less 
than n, contrary to the Kurosch-Ore theorem. Thus every k of the 
sets S/ contain a t least k irreducibles. I t follows from the Radó-Hall 
theorem on representatives of sets that there exists a distinct set of 
representatives for the sets S{, • • • , S» . Renumbering if necessary, 
we may suppose that these representatives are q{, • • • , ql . But then 
ql can replace g»- and the theorem is proved. 

PROOF OF THEOREM 2. Renumbering if necessary, we may suppose 
that q{, • • • , ql can replace q% while the others cannot. According 
to Lemma 6, q{ 2r7-P\Q»-, j = / + l , • • • , n, where rt- is s superdivisor 
of a. Now suppose that qi can replace none of the irreducibles 
q{, • • • , q{ in the second decomposition. Again by Lemma 6 we 
have qi^r/C\Qj, i = l , • • • , /. From Lemma 5 we conclude that 
^ Q r ' n g Z + i H • • • P\gn' for some superdivisor r'. Now gZ+iH • • • 
H g / 2 n + i H • • • r\rnr\Qi-=rC\Qi where r is a superdivisor of a. 
Hence g»2rYVP\Qi where rT\r is a superdivisor of a. But then 
r/r\rr\Qi = rfr^rr\Qir\qi = a and Qt = a contrary to hypothesis. 
Hence q{ can be replaced by qi for some j g / . Thus g» and g ƒ can re
place one another. 

In order to see that a sharper theorem on simultaneous replacement 
cannot be proved in general, consider the lattice of subspaces of the 
seven-point projective plane. If 1, • • - , 7 denote the points, let the 
lines (and the points they contain) be denoted by Zi(124), /2(235), 
4(346), / 4 ( 4 S 7 ) , / B ( 1 5 6 ) , / 6 ( 2 6 7 ) , / 7 ( 1 3 7 ) . / I , • • • , h are the irreducibles 
of the lattice. Let us consider the decompositions of the null space z. 
We have 

z = hr\i2r\h = hr\i6r\ i7. 
Now the possible sets of replacements of h} l2l h respectively are 

(ht ht h)t (ht ht h)t a n d (̂ 6, ht h)> But h, h, h is a possible set of replace
ments only for (ht ht h)t (ht ht h), and (h, ht h)' Hence it is not possi
ble in this case to renumber the irreducibles in such a way that corre
sponding irreducibles can replace one another. 

4. Existence of covering ideals. I t is well known that the lattice 
of dual-ideals of a lattice M contains M as the sublattice of principal 
ideals.3 Hence if a is a dual-ideal, by a^a we shall mean cO(a) where 

8 For the general properties of dual-ideals used in this paper see Dilworth [3, pp. 
329-331]. 
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(a) is the principal ideal generated by a. Also a>a (a "covers" a) 
means c O a and no ideal exists which properly contains a and is 
properly contained in (a). We give a proof of the existence of covering 
ideals which does not require transfinite induction. 

THEOREM 3. Let an element a of a modular lattice M have a decom
position into irreducibles. Then if a^>a, there exists a dual-ideal p such 
that a 2 p > a . 

PROOF. Let a' = aC\xa where ra is the dual-ideal of all superdivisors 
of a. Then a' 9*(a). For if a' = (a), then xC\r=a where # E a and ris 
a superdivisor of a. But then x = a and ct = (a) contrary to O a . 
Now let a = q\C\ • • • C\qn be a reduced decomposition of a into ir
reducibles. Clearly Xa^qi^ • • • r^qi-.i'Dxar\qir\ • • • C\qh Suppose 
roHgiH • • • n ^ i == raHgiH • • • Hg*. Then xaC\qiC\ • • • H g w 
C\qi+1r\ • • • r^qn = a and hence rC\Qi=^a where r is a superdivisor 
of a. Thus Qi = a contrary to assumption. Next suppose that 
Va^qi^S • • • n g ^ O O t o n g i n • • • r\qit Then since the lattice of 
dual-ideals is modular we have b = xa^qi^ • • • n^_iP\(bVJg t) . Let 
&£b. If 2;2&, then g»3b and b = r a n g i n • • • P ^ i f ^ contrary to 
hypothesis. Hence qfUb is a proper divisor of q{ for every è £ b . By 
Lemma 3, (?iW& is a superdivisor of a for every &£b. Hence <z*Ui£r«i 
for every &£b. Thus <ZtU{Ora. But then b = xa(^qi(r^ • • • H g ^ i con
trary to assumption. Thus r aOgiP\ • • • P\gt_i > r a ^ 2 i ^ * * • ^<z». 
But then r a > r a n g i > • • • > r a n g i P \ • • • r\qn~i>a is a finite com
plete chain joining ra to a. By the general theory of modular lattices 
(Birkhoff [l]) it follows that the quotient lattice xa/a is of finite 
dimension. Since a ' £ r a / 0 we have a ' 2 p > a for some dual-ideal p and 
the theorem is proved. 

Now if the ascending chain condition holds in a modular lattice M, 
then every element has a decomposition into irreducibles and hence, 
by Theorem 3, there exist dual-ideals covering a for every a not the 
unit of M. 
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