EQUIVALENCE IN A CLASS OF DIVISION ALGEBRAS
OF ORDER 16

R. D. SCHAFER

Let € be a Cayley-Dickson division algebra over an arbitrary field
& with principal equation

1 x2 — H(x)x + n(x) =0
and involution
)] S: v xS = i(x) — x.

We are concerned with division algebras % of order 16 over § defined
in the following way: let €, be a division algebra (of order 8) over
with the same elements as € but with multiplication denoted by xoy;
further let A = €+v€, multiplication® in ¥ being defined by

3) cz = (¢ + ) (x + vy) = (ax + y0bS) + v(aS-y + xb)

fora, b, x y, in €.

In the original form of this paper, the author considered the prob-
lem of equivalence in the class of algebras A = €+v€ with multiplica-
tion defined by

@ = (e+w)(x+0y) = (sx + g-3bS) + v(aS-y + D)

for @, b, x, vy in € where g is a fixed element of €, g&§. The author
had shown in [5] that % is a division algebra in case g is chosen with
n(g) not a square in §; in particular, such a choice of g can be made
when § is the field R of rational numbers. R. H. Bruck, the referee
of the paper in its original form, suggested a study of the wider class
of algebras defined by (3). Theorems 1 and 2 are generalizations of
the result in [5] and are due? to R. H. Bruck. By their use the class
of algebras studied here has been considerably enlarged.?

In §2 we shall determine conditions for the equivalence of two alge-
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1 This modification of the Cayley-Dickson process was originally presented by
R. H. Bruck in [2], Theorem 16C, to obtain non-alternative division algebras of
orders 4 and 8. Numbers in brackers refer to the references cited at the end of the
paper.

2 Theorem 2 was communicated to the author by Bruck, complete except for the
proof of the equivalence of €4 and G, a fact which Bruck conjectured.

8 See the comment following the corollary to Theorem 4.
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bras U, U« of this class. These conditions lead directly to a determina-
tion of the automorphisms of 9.

1. A class of division algebras of order 16. An algebra Q is called
a quaternion algebra if Q= (1, us, us, Us), 4s=1usthe, Us2=1us+a, us>=p,
Uty =us(1 —uz), where a and B0 are in §, —4a*1. An algebra €
is called a Cayley-Dickson algebra if €=Q+u4;Q, with elements
x =p-+uzqg, where p, ¢ are quaternions and multiplication is defined by
(p1tusq) (patusgs) = (P12 +v2- :S) +us(P1S - @2+ p2q1) where ug?=y
#0 in § and S is the involution (2) of Q.

Among the well known properties of € which we shall use are that
€ is an alternative algebra (see [4]), that € is central simple, that (1)
holds for x in €, where

(5) %+ xS = (=), 2(xS) = (xS)x = n(x)
for the involution (2) of €. The norm form #(x) permits composi-
tion—that is, n(xy) =n(x)n(y) for x, y in €.

THEOREM 1. Let € be a Cayley-Dickson division algebra over § with
involution S. Let W = C+vC€ have multiplication defined by (3), where
G, is chosen so that

(6) n(x0y) = An(x)n(y), A= 0in g,

for all x, vy in €. If N\ is not a square in §, then A is a division algebra
over §.

A necessary and sufficient condition that U be a division algebra
is that

) ax + yobS = 0, aS-y+ xb=0 (a, b, %, v in €)

imply either ¢ =0 or 2=0. If we assume on the contrary that (7) hold
for nonzero ¢, 2 it follows that a, b, x, y are all nonzero. Use of (5)
then shows (7) essentially equivalent to yobS=a[(aS-¥)bS]/n(d).
Taking norms, we get

8) n(yobS) = [n(a)/n(b) ]'n(y)n(bS).

If X in (6) is not a square in §, then (8) cannot be satisfied for any
a, b, yin €, and ¥ is a division algebra over §.

In order to complete the proof of Theorem 2 we require two simple
lemmas concerning Cayley-Dickson algebras.

LeMMA 1. Let € and €« be Cayley-Dickson algebras with respective
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unity elements 1 and e and principal equations x* —t(x)x+n(x)1 =0 and
9 Xx % — L(x)x + nye(x)e = 0.

If € and G are equivalent, the equivalence being given by x—xP, x in Gy,
xPin €, then

(10) SyP = PS
where Sx 1s the involution
(11) Sg: 26 xS, = tu(x)e — x

of G« and S is the involution (2) of €.

For (9) implies that (x *x)P —fx(x)x P+ nx(x)eP = (xP)2 —ty(x)xP
+n%(x)1 =0 since eP =1. But (xP)?—t(xP)xP+n(xP)1=0. Hence

(12) t(®) = xP),  ny(x) = n(xP).

But then (x.S%) P = [tx(x)e—x | P =tx(x)1 —xP =t(xP) —xP = (xP).S for
all x in €4, or Sx P=PS.

LeMMA 2. Let € and Gy be Cayley-Dickson division algebras over §
with norm functions n(x) and nx(x). If

(13) n(x*y) = n(x)n(y), %,y in G,
then
(14) ny (%) = n(x).

We resort to the matrix representation of quadratic forms, regard-
ing x as a one-rowed matrix, so that the matrix product x4x’ =n(x),
where 4 is an 8 X8 matrix with elements in § (' denoting transpose).
Let R,, R,* be the right multiplications defined by xR,=xy,
xR} =x+vy. Then n(x +y) =n(xy) or xRFAR}x'=xR,AR, x’, from
which it follows that R;*4AR}* —R,AR, is a skew-symmetric matrix,
and R}¥(A+4")R}*'=R,(A+A")R,. Taking determinants, and not-
ing that |A+A’| 0 since € is a division algebra, we obtain
|R¥|2=|R,|? or [n4(y)]3=[n(y)]®. Thus n«(y) =en(y), e&=1. Take
y=1. Then e=1 and (14) follows.

THEOREM 2. Let € be a Cayley-Dickson division algebra over § with
unity element 1, and €, be a division algebra with the same elements as
€ and with multiplication xoy. Then (6) holds if and only if, first, €, is
isotopic to € (that is, there exist nonsingular linear transformations
U, V, Won € such that

(15) xoy = (2U - yV)W
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for x, vy in €) and, second*
(16) w(xT) = n(x)n(1T), T=UVW.

If A=C+vC, multiplication defined by (3), (15), (16), and if
n(1)n(1V)n(1W) is not a square in T, then N is a division algebra
over §.

Define two nonsingular linear transformations H, J on € in the
following way: let xH =xo01, xJ = 1ox, for x in €. Then, if (6) holds,
n(xH'ol) =n(x) =A\n(xH"*) and

an n(xH™) = n(x)/\.
Also n(loxHJ-Y) =n(xH) =n(x01) =An(x) =A\n(xHJ) or
(18) n(xHJ 1) = n(x).
Let €« be the isotope of €, defined by
(19) xxy = [wo(yHJ V) |HL

Then 1 is a unity element for €. Moreover, n(x »y) =n[xo(yHJ1) /A
=n(x)n(yHJ ) =n(x)n(y), or (13) holds. That is, z(x) is a quadratic
form permitting composition with respect to the multiplication x =y
of G4; hence® €4 is a Cayley-Dickson algebra over § and n(x) is
equivalent in § to the norm form #s(x) of €. (Actually n(x) is identi-
cal with n«(x) by (14), but that fact is immaterial at this point of
the proof.) Since any two Cayley-Dickson algebras with equivalent
norm forms are equivalent,? it follows that €x==2€ with

(20) xxy = (2U-yU)U,

for U a nonsingular linear transformation on €. Moreover, €, is
isotopic to €. Let

(21) V =JH'U, W = U-'H.

Then (15) follows from (19), (20), (21). Also (16) holds, for n(xU)
=nx(x) =n(x) by (12) and (14), while 1U=1=#n(1U); also n(xV)

4 Any nonsingular linear transformation T satisfying (16) is closely related to a
norm-preserving transformation U. For set 1T'=¢ and U= TR, Then T=UR, and
xT=xU-t, n(xT) =n(xU)n(t). Hence n(xU) =n(x). Conversely if T=UR, where U
is norm-preserving, then T has property (16).

§ See the principal theorem of [1, p. 161], for the relationship between quadratic
forms permitting composition and the norm forms of certain alternative algebras.

8 [3, p. 777]. The proof in Jacobson’s paper is for § of characteristic not two. The

author has verified the theorem for arbitrary §, but will not take the space to include
a proof here,
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=n(xJHU)=n(xJH)=n(x) by (18) while 1V=1=x(1V), and
n@W)=n(xUH)=M(xU"1)=M(x) by (17) while n(1W)=An(1)
=\

Conversely, if multiplication in @, is defined by (15) and (16),
then (6) holds. For #n(xoy) = n[(xU-yV)W] = n(xU-yV)n(1W)
=n(xU)n(yV)n(1W) =An(x)n(y) where A=n(1U)n(1V)n(1W). By
Theorem 1, a sufficient condition that U be a division algebra is
that N be not a square in §.

2. Equivalence in this class of algebras. The algebras of §1 are
quite general, and are at the same time a concrete realization of the
hypotheses in the theorems of this section. In order to show that these
theorems, which are actually proved for a more general class of di-
vision algebras, apply to the algebras described in §1, we note that
if € is a Cayley-Dickson division algebra over §, and A= €+4v€ has
multiplication defined by (3) and (6), N not a square in §, then,
for any nonzero element y of €, the product yoyS is not in §. For if
y0ySEF, then (y0yS)2=n(yoyS) =An(y)n(yS)=\[n(y)]%, and N is a
square in g, a contradiction.

THEOREM 3. Let A= C+v €, with multiplication defined by (3) where
y0yS is not in § for nonzero vy in €. Then an element z of U satisfies a
quadratic equation with coefficients in § if and only if z is in G.

For z2=(x+vy)?=(x*+y0yS) +ov(xS-y+xy) =t(x)x —n(x) +yoyS
+i(x)vy =t(x)z—n(x) +yoyS. If 22—T(2)z+N(z) =0 for some T(z)
and N(z) in §, then #(x)z—n(x)+yoyS=T(z)z—N(z), or {t(x)
—T(2) }z =n(x) —yoyS—N(2) in €. Either z is in €, or i(x) — T(3)
=0=n(x) —y0oyS—N(2) and yoyS=n(x) — N(z) in §, contrary to hy-
pothesis. Therefore the only elements of U satisfying quadratic equa-
tions are the elements g=x of €.

Let s =Cx+v" « € where Gy is a Cayley-Dickson algebra with
principal equation (9), €, is a division algebra with the same elements
as G« but with multiplication [#, y]. Let multiplication in %4 be de-
fined by

(22) (a+ 0 *8)*(x+ ' *y) = {ara+ [5,55,]} +0'+ @Sy y + @+ D)
for a, b, x, y in G, where Sk is the involution (11).

THEOREM 4. A division algebra Ns = x40’ » € with multiplication
defined by (22), [y, yS«] not in § for nonzero y in Gx, is equivalent to
a division algebra A= C+vC€ with multiplication defined by (3), yoyS
not in § for nonzero y in G, if and only if, first, C+=C, the equivalence
being given by xxP, x in Cx, xP in €, and, second, €,==C, by the
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specific equivalence x<>8%¢P, x in €, 6% P in G, for some 60 in §.
(This second condition may be stated as

(23) [%,y]P = 8*(xPoyP)

for some 6#0 in §.) The equivalence between Ax and N is x+v' +y
—xP+ov(yP).

Suppose Ax=A. Since A« contains a Cayley-Dickson subalgebra
@4 containing all of the elements of Ay which satisfy quadratic equa-
tions with coefficients in §, it follows that Cx=2G. Let the equivalence
H between Uy and U, z¢2H, z in Uy, 2H in ¥, have matrix

(9

Then Q=0. For if a € €, both a and aH satisfy quadratic equations
with coefficients in §, aHE € and Q=0 in (24). The nonsingularity
of H implies that P and D are nonsingular. Moreover, the equiva-
lence H between s and U induces the equivalence P between €x
and €.

Let L,, L}, R,, R} be the left and right multiplications of € and
G« defined by xy =yL,=%xR,, x *y=yL*=xR,*. Then multiplication
is defined in A by cz=cR,,

R (ﬁz SRu) 1@
. = , a. 0a,
Lf,o) L. v y

and in Uy by ¢ *3=cR},

*

R:  S.R; W
Rt (S L(l) L: ")’ aLu [yr a’]r
* z

where R*=PR,pP~', L¥=PL,pP~!, and so on.
The equivalence of s and A is given by R*H=HR.y for all 2
in Ux, or

PRxP.P S*P.RyPP R:CP-I-VT SRyD
@) (Lo ) ) ( o
«Ly PszP Lyp  Lapyyr

for all x, y in Cx.

It follows from (25) that PR.p+S«PR,pP'T=PR,piyr Or
S« PR,pP T =PRyr. Then (10) implies that PSR,pP~ T =PRyr
or SRypPT =R,r. Let y=e¢ and denote eT by ¢. Since eP =1, it fol-
lows that SP*T'=R,r=R,, and T =PSR;. Therefore SR,pP~'PSR,
=Rypsr, Of LypsRi=R,psr, By a lemma of Moufang [4, Lemma 1],
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L,,psR,,png—'—-RypthL,,ps. Hence L,,psR,,pth=L”pthLyps, and for
all y;éO, R,,psR1=R¢Lyp,s.

If t0, let y=tP-'. Then R;R,=R.Lis=n(t)I=R.Ri;s and
Lis=Rs, t=E£in §. That is, if 0, then ER,ps=§¢L,ps, Ryps=Lyprs,
yPSEF for every y0 in €4, and P is singular, a contradiction.
Hence ¢eI'=t=0 and T=PSR,;=0 in (24).

With this result and (10), we may write (25) as

26 (PR,,PP“‘ PSR,,PP'1> (P 0) _ (P o> (R,,P SR,,D>
PSP LY pLP J\0 D) \o D/\SLS L.»

from which it follows that PSR,pP~*D=PSR,p, or Ry;pP~'D=Rp.
Let y =¢ and denote eD by d. Since eP =1, it follows that P-'D=R,p
=Rd, or D=PR.1. Thus .RyP.P_l.PRd—'—-RyPRd or Ryp.Rd=Rprd. Let
y=xP~, Then R,Rs=R,4 for every x in €. Therefore d is a scalar &
in §, or D=6P, §0. Thus

PO
7= (5 o)
0 &P
and (26) reduces to three identities and the final relationship
PSPLPP=§PSLY or LPP=3§PLY from which (23) follows.

COROLLARY. Let = C+v€ be a division algebra with multiplication
defined by (4), g&F, and Ux = Cu+v' + Gy with multiplication defined
by

(@+ o' +0)*(x+v'+y) = {avx + gix (y* bSe) }+0'« @Sk y + x+ )

Jora, b, x,yin Gk, where Sk is the involution (11) of €4 and g1 1s a fixed
element of Gy, g1 &EF. Then 2N if and only if, first, Cx is equivalent
to €, the equivalence being given by x—>xP, x in Cx, xP in €, and, second,
e1P =382 for some 6%0 in §. The equivalence between Nsx and U is
x40’ + yorx P+ ov(yP).

For [x, y] =g * (x y) and xoy =g(xy) in Theorem 4. Then (23) be-
comes {g1 * (x *y) }P =g P(xP-yP)=8%g(xP-yP), or simply g.P = §%g.

By Theorem 4 we see that the class of algebras described in §1 is
actually considerably larger than that defined by (4), which was the
class originally studied. For any such algebra is the particular case
U=1I, V=I, W=L, of (3), (15), (16). Even such a simple variation
Ay of A as that in which multiplication is defined by

@D (a+v'+b)* (2 + 0/ 5 3)={axxt(y»bSy) x g1} 4+ * (aSy* y+ x+),
21€E @, cannot be equivalent to ¥, since (27) is the case U=1, V=1,
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W=R,* of (3), (15), (16), and G, cannot be equivalent to €, as re-
quired by Theorem 4. For G, has a left unity quantity g%, while €,
has a right unity quantity (the inverse of g; with respect to multipli-
cation x +y in G4). If €,=E,;, then G, has a right unity quantity #,
and A=g"%, €, has unity quantity g=' Then x=x0g '=gxg~!, or
xg=gx for all x in €, gEF, a contradiction. Actually @, is anti-
isomorphic to €, in the case €x==C€ (that is, R}=PR,pP~') and
gP=gS, for then R®M=R}*R,*=PR,pR,pP~'=PS?R,pR,sP!
=PSL,psL,SP~'=(PS)LBs(PS)L

The automorphisms of the division algebras of order 16 over {
which are studied in this paper are given directly by the conditions
of Theorem 4, s =2.

THEOREM 5. A nonsingular linear transformation H on o division
algebra A = C+v€ with multiplication defined by (3), yoyS not in § for
nonzero y in €, is an automorphism of N if and only if H induces an
automorphism P on € and 62P is an automorphism of €, for some
00 in §. Such an automorphism H of A has the form x-+vy<>xP
+6v(yP).

COROLLARY. A nonsingular linear transformation H on a division
algebra N = C+v€ with multiplication defined by (4), g&F, s an auto-
morphism of N if and only if H induces an automorphism P on € such
that gP = 62g for some 8§ %0 in §. Such an automorphism H has the form
x+vyx P+ 6v(yP). If t(g) %0, then gP =g and either =1 or 6= —1.
If t(g) =0, then §*=1.

For gi=g in the corollary to Theorem 4. Moreover, t(gP) =1(g),
n(gP) =n(g). If t(g) #0, then t(gP) =1(d2%g) = §%(g) =£(g) implies that
02=1, 6= +1. If t(g) =0, then n(gP)=n(8%g) = 6*n(g) =n(g) implies
that é¢=1.
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