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1. Introduction. I t is the object of this note to give two theorems 
on series, of real or complex terms, which fail to converge absolutely. 
The second is a corollary of the first. They say, roughly, that each 
such series becomes or remains divergent after "nearly all" of its 
terms, suitably selected, are discarded or replaced by zeros. 

THEOREM 1. If a(l) +a(2) +a(3) + • • is a series of real or com­
plex terms which fails to converge absolutely, then there is an increasing 
sequence 

(1) 1 û ni < n2 < n% < • • • 

of integers such that nk+i—nk—*™ as n-+co and the series 

(2) a(ni) + a(n2) + a(m) + • • • 

is divergent. 

THEOREM 2. If a(l)+a(2)+a(3)+ • • • is a series of real or com­
plex terms which fails to converge absolutely, then there is a sequence 
Xi, X2f *̂ 3» • • • of which each element is either 0 or 1, such that 

(3) lim (xi + x2 + • • • + Xn)/n = 0 

and the series 

(4) a(l)xi + a{2)x2 + a(3)xs + • • • 

is divergent. 

2. Series of non-negative terms. In this section, we obtain the con­
clusions of Theorems 1 and 2 for the case in which a(l)+a(2)+ • • • 
is a series of real non-negative terms which fails to converge absolutely 
and accordingly a(l)+a(2)+ • • • is a divergent series of real non-
negative terms. Choose integers 

(5) 1 = a2 < fo < az < fo < «4 < ft < • • -

such that , for each p = 2, 3, 4, • • • , 

(6) £ a(k) > p, 

Presented to the Society, August 23, 1946; received by the editors July 22, 1946. 

118 



SERIES WHICH ARE NOT ABSOLUTELY CONVERGENT 119 

(?) <**+! - fi9 > p , 

and 

(8) flp — ap = ^ 7 P 

where y2, 73, 74, • • • are integers. For each index p, 

p—l yp—l fip—1 

(9) E £ «(«* + * + # ) - Z a(t) > ƒ> 

and hence there must be an index kp such that 0^kp<p and 

yp— 1 

(io) E *(«,+ *, + #) > i. 

Let #n = 0 when ap^n <ap+i except that xn = 1 when 

(11) n = ap+ kp+ jp, j = 0, 1, • • • , yp - 1. 

The series (4) is divergent because 

fip—i yp—i 

(12) £ «(»)*. = E «(«» + *, + jp) > 1. 

Let ni, tit, tiz, • • • denote in increasing order the values of n for which 
#n = l. The series (2) then becomes the series obtained by omitting 
zero terms from (4) and hence (2) is divergent. Moreover the sequence 
tii, ti2, tiz, • • • is so constructed that tik+i — tik—>°° as w—>oo, and 
therefore (3) holds. This gives the conclusions of the theorems for the 
case in which the series have real non-negative terms. 

3. Series of complex terms. Let a(l)+a(2)+ • • • be a series of 
complex terms for which X) | a (» ) | == <*>. Let a(n) =b(n)+ic(n) where 
b(n) and c(n) are real. Then at least one of 

00 00 

(i3) Z I K * ) | - « , z k * ) i - * 
ft=l fc=l 

holds. If the first holds, let d(k) =>b(k) ; otherwise, let dk(t) =>ck(t). Let 

(14) d+(k) = 2r*[\d(k) | + </(*)], d~(k) - 2 ^ [ | rf(*) | - d( i ) ] 

so that d+(*)eO, dr(k)^0 and d(fc) =rf+(ife) -<*-(*). Then at least 
one of 

00 00 

(is) £<*+(*) = °°, £<*-(*)-» 
j f c = l J f c = l 
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holds. If the first holds, let e(k)~d+(k)\ otherwise, let e(k) = d~"(k). 
Then ^e(k) is a divergent series of real non-negative terms. There­
fore, as was proved in §2, there is an increasing sequence fik such that 
nP+i—tip—* oo and the series 

(16) e(ni) + e{n£ + e(nz) + • • • 

is divergent. Let 

(17) e(n{) + e{ni) + e(n{) + • •-

be the subseries of (16) obtained from (16) by omitting all zero terms. 
Then w/+i — ftp —><*> and (17) is divergent. Since d+(k)=0 when 
d~(fe) 5^0, and d~(k) = 0 when d+(k) 7*0, it follows that the series 

d(n{) + d(ni) + d(n{) + • • • 

is divergent. Hence at least one of ^b(n£) and ^c(tik ) is divergent 
and therefore ]F/*(W* ) 'm divergent. This completes the proof of Theo­
rem 1 and hence also that of Theorem 2. 
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