SUBSERIES OF SERIES WHICH ARE NOT
ABSOLUTELY CONVERGENT

RALPH PALMER AGNEW

1. Introduction. It is the object of this note to give two theorems
on series, of real or complex terms, which fail to converge absolutely.
The second is a corollary of the first. They say, roughly, that each
such series becomes or remains divergent after “nearly all” of its
terms, suitably selected, are discarded or replaced by zeros.

THEOREM 1. If a(1)+a(2)+a(3)+ - - is a series of real or com-

plex terms which fails to converge absolutely, then there is an increasing
sequence

(1) 1_5_n1<n2<n3<---

of integers such that ny1—nr— © as n— « and the series

) a(n1) + a(ns) + a(ng) + - - -
is divergent.
THEOREM 2. If a(1)4a(2)+a(3)+ - - - is a series of real or com-

plex terms which fails to converge absolutely, then there is a sequence
X1, X2, X3, * + + of which each element is either 0 or 1, such that

(3) lim (23 + %4+ + 2,)/n=0

n—>w

and the series

4 a()x1+ a(2)x2 + aB)xs + - - -
s divergent.

2. Series of non-negative terms. In this section, we obtain the con-
clusions of Theorems 1 and 2 for the case in which ¢(1)+a(2)+ - - -

is a series of real non-negative terms which fails to converge absolutely

and accordingly a(1)4a(2)+ - - - is a divergent series of real non-
negative terms. Choose integers

5) l=<B<as<Bs<ay <P <+
such that, for each p=2, 3,4, - - -,
Br—1

(6) 2 o(k) > p,

k=ay
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(7 art1— B > P,

and

(8) Bp — o = P75

where s, 3, ¥4, + + + are integers. For each index p,
p—1 yp—1 Bp—1

) 2 2 alaytk+jp) = 2 a(k) > p
k=0 =0 k=ay

and hence there must be an index %k, such that 0 <k,<p and

71

(10) 2 ooy + by + jp) > 1.

i=0

Let x,=0 when a, <n <a,41 except that x,=1 when

(11) ”=ap+kp+j?: j=0111"'v71'_1‘
The series (4) is divergent because
Bp—1 yr—1
(12) 2. a(m)an = 3 aap + ky + jp) > 1.
n=ay, 7=0
Let n4, 2, 13, - + - denote in increasing order the values of # for which

x,=1. The series (2) then becomes the series obtained by omitting
zero terms from (4) and hence (2) is divergent. Moreover the sequence
N1, M2, M3, - + - is so constructed that %y —nr—>© as n— o, and
therefore (3) holds. This gives the conclusions of the theorems for the
case in which the series have real non-negative terms.

3. Series of complex terms. Let a(1)+a(2)+4 - - - be a series of
complex terms for which Zl a(n)| = . Let a(n) =b(n)+ic(n) where
b(n) and c¢(n) are real. Then at least one of

(13) Slaw] =, Xle®)| =

k=1 k=1

holds. If the first holds, let d(k) =b(k); otherwise, let dx(¢) =cx(t). Let
(149) a+(k) = 27| d(k) | + d(B)], d-(k) = 271[| d(B) | — d(B)]

so that d*+(k)=0, d—(k) 20 and d(k) =d*+(k) —d—(k). Then at least
one of

o

(15) > dt(k) = o, :;ld—(k) =

k=1
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holds. If the first holds, let e(k) =d*(k); otherwise, let e(k) =d—(k).
Then > e(k) is a divergent series of real non-negative terms. There-
fore, as was proved in §2, there is an increasing sequence #; such that
%41 —np,—> © and the series

(16) e(n1) + e(ng) + e(ns) + - - -
is divergent. Let
(7 e(n) + e(nd) + e(nd) + - - -

be the subseries of (16) obtained from (16) by omitting all zero terms.
Then #44p—n, —» and (17) is divergent. Since d+(k) =0 when
d—(k) #0, and d—(k) =0 when d*(k) %0, it follows that the series

d(ni) + d(nd) + d(nf) + - - -

is divergent. Hence at least one of 2 b(n{) and X _c(n{) is divergent
and therefore D_a(n{) is divergent. This completes the proof of Theo-
rem 1 and hence also that of Theorem 2.
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