
ON PRIME POWER ABELIAN GROUPS 
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G. A. Miller in two papers [l , 2 ] 1 has discussed the number of 
subgroups of prime power abelian groups. He has obtained a formula 
concerning the number of cyclic subgroups of a given prime power 
abelian group G,2 and proved some theorems relating to subgroups of 
special types. He predicted there that the general formula for the 
determination of the number of subgroups of any type could be ob
tained without difficulty except complexity of calculations. In this 
paper, however, we get the general formula with a method thoroughly 
independent of his approach, and it seems that our method is some
what simpler than his would be. 

LEMMA 1. If Gis a prime power abelian group of order pfa+k*+ • • •+*», 
type (ki, kz, • • • , kn), where the kys are arranged in ascending order of 
magnitude, then the number of cyclic subgroups of order ph in G is 

p - x p 

where a = 2») &M, kn < h % £^+i, &o = 0. 

DEFINITION. TWO cyclic subgroups of order ph are called isomers in 
G if a generator of one group is the product of an element in G of 
order less than ph and a generator of the other group. 

The number of elements of order not greater than ph in G is easily 
seen to be 

p(n-vh)h+a 

a defined as in (1). From Lemma 1, the number of elements of order ph 

is 

pn-vh _ l 
p(n-vh~l)(h-l)+a.ph->l(p __ jQ - . (pn~vh _ lWw-v/0(fc-l)+a# 

p - i 

Hence the number of elements of order less than ph is 

p(n-vh)h+a _ (pn-vh mmm \\p(n-n)(fc-l)+a œ ^(«-vfcKfc-D+a^ 
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2 [l, p. 259]. We state this here as Lemma 1. 
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A cyclic group 5 of order ph contains ph~l elements of order less than 
ph, hence corresponding to a given generator g of 5 there exist just 
ph~l elements of order ph, each of them is the product of g and an ele
ment of order less than ph in S. We have therefore the following 
lemma. 

LEMMA 2. Every cyclic subgroup of order ph has 

£ -a Mn-n-lHh-^D+o 

isomers in G (including itself). 

It is clear that the product of two cyclic subgroups of order ph is a 
group of order pn if and only if these two cyclic subgroups are not 
isomers. 

THEOREM. Let G be the prime power abelian group as in Lemma 1. 

/0\ Ai = /?2 = • • • — hmi > Ami+i = • • • = Ami+W2 > • • • 

wAere mi+m2+ • • • + m r = m â » f l ^ w positive integers not greater 
than km with kVi<hiSkni+\ (i = l, 2, • • • , m; k0~0). Then the num
ber of subgroups of type (2) is given by 

(3) 

where 

pBJJ (r-"-i+1 - 1)/ n II (r -1) 
< - l f M - l * ~ 1 

ff = £ ( n - ^ + l - 2 f ) ( * < - 1) 
»*1 

1 2 2 2 2 ^A i 

+ — (wi + w2 + • • • + mr - w ) + 2J Z) *#•• 

PROOF. We prove this by induction. For m = l, 
H . ( n _ „x - i ) ^ - 1) + Z *M> 

m r **M 

n (p^-m _ i ) . r-n _ i, n n (̂  -1) - # -1. 
(3) reduces to (1), the theorem is therefore true by Lemma 1. 

Assume it to be true for the integer m, then the number of sub-
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groups of type (2) is given by (3). Let hm+i be a positive integer less 
than hm, the number of cyclic subgroups of order ph*»+i is 

£ pin-Vm+l-UVHn+i-U+b^ l ^ Y\ k^ 

where kVmJtl<hm+iSkVm+l+i. From Lemma 2, every cyclic subgroup 
of order ph™+i has 

isomers in G, hence there are 
fin—vm+i 

p-l 

sets of isomers of order £*»+i in G. With the same reason, we see that 
the number of sets of isomers of order ph*»+i in a group of type (2) is 

p™ — 1 p™ — 1 
£ £(m-«l)(Wi-l)/A(m-l)(fcm+l-l) = -I = jjf 

P- 1 " ƒ>- 1 
(ï'm+i = 0, since Am+i < hm). 

Now, let G* be a subgroup of type (2) in G, let Si, S2, • • • , SM be M 
cyclic subgroups of order ph™+i in G* such that no two of them are 
isomers in G* and, a fortiori, no two of them are isomers in G. The 
product of G* and any cyclic subgroup S in G, which is an isomer of 
a certain S„, is a group of order less than 

m+l 

The number of such subgroups S is easily seen to be 

p™ — 1 

1 
• * 

(n-Vw+1-1) (ftm+l-l)+& 

(when tn = n—IV-H, this represents the number of all cyclic sub
groups of order ph*»+i in G; when m>n—Vm+u subgroup of type (2) 
does not exist at all). With the exception of these cyclic subgroups, 
the product of any cyclic subgroup of order ph*»+i (in G) and G* is a 
group of order pc, type (Alf * * • • - , Am, Am+i). 

On the other hand, every group i t of type (Aj, A2, • • • , Am, hm+i) 
contains pmh^+i subgroups of type (2). One can find the proof of this 
in [2, p. 366]. Or, using directly formula (3) (since the theorem is 
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assumed to be true for the integer m), we have here 

m 
ff-]£(f» + 2 - F < - 2i)(hi - 1) 

. * / 2 . 2 . . 2 2\ 

r 

+ f»r*m + Âm+i) 

« — mim2(hmi+mi ~ 1) — Ws(Wi + W2)(/*mi+m2+m3 — 1) — • • • 

1 2 2 2 

— wr(w — mr)(hm — 1) + — (wi + • • • + mr - m ) + *»*«+! 

r- l 

+ X) Wn(^lH-l*»i+--«+mjl+1 + * " * + Mrhm) 

1 1 
= flfA^i + —• («1 + W2 + • • • + Mr)2 — — m2 

= tnhm+h 

and 
w / r mfi 

n (^ -^ - 1 ) / n n (̂  -1) = i. 
hence the result. 

Now let Hx, H2, • • • , J9V ('N=pmh>»+1) be the iV subgroups of type 
(2) in K, let 

K = H,XLP (v - 1, 2, • • • , # ) 

where Ly is a cyclic subgroup of order p*»+i with generator /„. In 
every Hv there are pmh™+i elements of order not greater than £*»+*, 
say g„i, gy2, • • • , gvivr. The iV elements Z,g,M (/x = 1, 2, • • • , N) generate 
N different cyclic subgroups Lvi, Lv%, • • • , £„# of order £*»+i such 
that 

H , X ^ = HVXLV~ K (M = 1, 2, • • • , # ) . 

Hence every group of type (hi, fe, • • • , ftOT, hm+i) can be obtained 
by p2mh>»+i cases of direct production of two groups of type 
(fa, IfH, - • • , hm) and (&m+i) respectively. The number of subgroups 
of type (h, h2, • • • , hm, hm+i) in G is therefore 
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( pn-vm+l — % pm _ I \ 
£ f 1 ^ ( n ~ V m + l - l ) ( / i m + l - ' l ) + 6 / ^ 2 m ^ + l 

£ - 1 p- 1 / 
pmfpii-*m-~vm+i | ^ 

ss J? ~- -*(n-i 'm+l-l)(*m+l-l)-2»fcm+x+6 

* - 1 * 
(4) 

pn—m—Vm+l J 
W £ - 1 P 

M-0 

where Rm denotes Formula (3) for subgroups of type (2), Rm+i denotes 
the same formula for subgroups of type (hi, hi, • • • , hm, hm+i). 

When hm+i = hm, every group of type (hi, h2, • • • , Am, Am+i) contains 

p-l 

subgroups of type (hi, h2, • • • , hm), so it can be obtained by 
pmr+l —. I pmr+1 __ J 

fimhtn+x-mr. pmhm+i -_ ^ 2 m V + l - % 

* - 1 £ ~ 1 

cases of direct production. Hence instead of (4) we have 
pmfpn-vm+l-m __ J ) / pm^X _ J 

^ £ £ ^ (w-v m +i - l ) ( ^m+i - l )+6 / £ ^>2mATO+i-mr 

/ > - 1 f P - l * 

ss J? £ A(n- .vm + i+l--2(m+l))(^+i- l )+((«v+l) 2-»4)/2-((m4-l) 2-m 2) /2+& 

= Rm+ii 

which represents Formula (3) for subgroups of type (hi, h%, • • • , 
hm, hm+1), when &m+1 = &m. 

The theorem is therefore proved by induction. 
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