DECOMPOSITIONS OF A LOOP INTO CHARACTERISTIC
FREE SUMMANDS

GRACE E. BATES

It is known! that if the group G is the free sum of proper subgroups
Gy and G (or free product for multiplicative groups), then neither Gy
nor Gz is normal in G. Clearly, then, there is no nontrivial decomposi-
tion of a group into characteristic free summands. In this paper we
show that the above statement on normality holds for free summands
of a loop, but that it is possible, nevertheless, with relatively few re-
strictions, to obtain decompositions of loops into characteristic free
summands.?

We use definitions and theorems from a previous paper,? referred
to throughout as [I], but the statements of these are here repeated
for the convenience of the reader.

Notations. If J, K are subsets of a loop L, we denote by JUK
the set-theoretical sum of elements in J and K; by JNK the cross-
cut of Jand K;and by J+ K the subloop of L which is generated by
JUK. If a is a single-valued map of the subset J of L into some loop
T, we denote by Ja the image of J under o, and by xa, the image of
any element x in J.

A half-loop J is a set of elements with a rule of combination, 4,
defined for some ordered pairs of elements (a, b) of J, and subject to
the following three conditions:

i. If a+b=c and a+b=d, then c=d.

il. If x+a=vy+4a,thenx=y;if b+x=>b-+y, thenx=9y.

iii. There exists an element, 0, in J, such that 04+x=x+40=x, for
every xin J.

A loop L is a half-loop satisfying the added condition: If any two of
the three elements a, b, ¢, are in L, then a+b =¢ determines the third
as an element of L. Every subset of a loop L which contains the 0-ele-
ment of L is a half-loop and, since every half-loop is embeddable in a
loop,! it follows that every half-loop is a subset of some loop.

By a homomorphism B of a half-loop J, we mean a single-valued
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mapping of J into some loop T such that if x+y is in J, then (x+7v)B
=xB+yB in T. An isomorphism o of the half-loop J upon the half-
loop K is a homomorphism of J upon K which is one-to-one and for
which o' is a homomorphism of K upon J.

The half-loop J is closed in the half-loop K if JCK and if, given
any two of the elements a, b, ¢ in J with a+b=c in K, the third
element is in J. We may then define generation as follows: The half-
loop K is generated by its sub-half-loop J if no proper sub-half-loop of
K containing J is closed in K.

The half-loop K is free over its sub-half-loop J if every homo-
morphism of J into any loop T may be extended to a homomorphism
of K into the same loop T. In particular, a free loop F is one whichis
freely generated by a subset J (called a free basis of F) having the
property: a+b=c in J implies that at least one of the elements a, b
is 0. The cardinal number of nonzero elements in a free basis of the
free loop F is called the rank of F. A free cyclic loop is a free loop of
rank one.

The loop L is the free sum of its subloops L(v) (we write
L= > *L(v)), if L&0) N\L(w) =0 for v#w, and if L is freely generated
by UL(9). A free loop, then, is the free sum of free cyclic loops.

In [I] it is proved that if J is any half-loop, there exists one and
essentially only one loop L which is freely generated by J, so that the
existence of free loops and of free sums of loops is assured. In the ap-
pendix of [I] it is also shown that the above definitions are (rela-
tively) analogous to the usual definitions of free groups and free sums
of groups.

The following statements, here numbered for future reference,
either follow immediately from the statements made above or have
been proved in [I].

10, If the loop L is freely generated by J, if the loop T is freely
generated by K, and if there exists an isomorphism « of J upon K,
then there exists one and only one isomorphism of L upon T which
induces « in J.

20, If JC K are two sub-half-loops of the loop L,

(a) If Lis freely generated by K and if K is freely generated by J,
then L is freely generated by J, and:

(b) If L is freely generated by J and if K is generated by J, then
L is freely generated by K.

30 If L= *L(v), then L=L(w) » ) _¥.,L(v).

40, If L=A + B, and if there exists an isomorphism « of L upon the
loop T, then T=Aoa* Ba.
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Since our definition of free sum of loops is not a constructive one we
need the following lemma 5

LemMMA A. If L=A «B, A, B5#0, then:

(a) If 05%x, y are elements of A\JB for which x+y=y-+xin L, then
x, ¥ are both in A or x, y are both in B.

(b) If 0=x, v, z are elements of A\JB for which (x+y)+z=x
+(y+2)in L, then x, v, zare all in A, or x, v, z are all in B.

PRroOF. (a) Suppose that 05%x, y are elements of 4A\UB for which
x+y=y-+x in L. Assume that x, y are not both in 4 and are not
both in B. Then x is in 4, y in B, or x is in B, y in 4. Since these
two cases are symmetric, we consider only the first case.

Since ANB=0, x+y and y+x are undefined in 4A\UB. Consider
the system .S composed of elements in 4\UB together with symbols
x 09,y o0x, with x 0 ¥y o x. Define a rule of composition, +, in S
as follows:

If 5, s’ arein 4, let s+s’ be the uniquely defined sum of (s, s’) in 4.

If 5, s’ arein B let s+s’ be the uniquely defined sum of (s, s’) in B.

For the given elements x, y, define x+y=x 09y and y+x=y o x.

Furthermore, we define: (x4y)+0=x+y=04(x+y) and (y+=x)
+0=y+x=0+4(y+x).

We require the above to be the only sums defined in S. In particu-
lar, then, a+b for 05a in A,05b in B, is defined only for a=x,b=1y;
and b-+a, for 05b in B, 05a in A4, is defined only for b=y and ¢ =x.

Then S is a half-loop under this composition and there exists one
and essentially only one loop L’ which is freely generated by .S. But
then L’ is generated by 4\UB since the subloop of L’ which contains
A\UB must contain S (since it must contain x+y and y-+x). Further-
more, if o is any homomorphism of 4\UB into a loop T, then in T
there exists one and only one z’, and one and only one w’, such that
xa+ya=z" and ya+xa=w', so that & may be extended to a homo-
morphism 8 of .S by mapping x+» on 2’ and y+x on w’. Since L’ is
free over S, there exists one and only one homomorphism v of L’
inducing B8 in S and « in A\UB—that is, « may be extended to a
homomorphism of L’ into T and hence L’ is free over A\UB.

But L is freely generated by 4\UB, since L =4 » B. Hence (by 19),
there exists an (A\UB)-isomorphism of L upon L’ and therefore
x+y#y+x in L. But this is a contradiction since we chose %, y in
AUB such that x+y=y+x in L. Hence our assumption that both

§ It is fairly obvious that a much more general proposition than Lemma A is valid
but as its statement would be somewhat tedious the simpler form sufficient for the
purposes of this paper is here preferred.
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x, ¥ were not in 4 and not in B is false, proving (a).

(b) Given 0#x, v, 2 in AUB, with (x+y)+2z=x+(y+2) in L,
suppose that x, ¥, 2 are not all in 4 and are not all in B. Then there
are only two nonsymmetric possibilities: (1) %, ¥ in 4, but zin B, or
(2) x, zin A, but y in B. We discuss these separately:

(1) %,y in A; zin B; then x+vy=a, where a is a uniquely defined
element in A4, but y+2z and x-+(y+2) are undefined in 4A\UB.

i. If a=0, then a+z=2 We define a system S consisting of the
elements of 4\U B, together with distinct symbols y ozand x o (y o 8),
and define a composition, +, in S as follows: s-+s’ is the uniquely
defined sum of s, s’, when this sum is defined in 4\UB for s, s’ in
AUB; y+z=v02; x+(y+2)=x+(yoz)=x0(yo032); and s+40
=0+4s=s for all sin S. Then S is a half-loop and the argument from
here on goes through as in part (a).

ii. If @50, then a2 is also undefined in A\UB and we adjoin to S
in i a new symbol, a o 3, and define in the extended system one more
sum, a+2=a 0 2, before completing the argument.

(2) x,2in 4, but yin B; then x+y, y+2, x+(y+2), and (x+y)+2
are all undefined in 4\UB. Hence, as before, constructing a system S
to include the elements of 4\UB, we adjoin now four distinct symbols,
x0y,y03 %0 (yo32),and (x 0y) oz and define an operation, -+,
in S as follows: For s, s’ in A\UB, with a (unique) sum defined in
A\UB (hence s, s’ both in 4 or both in B), we define s+s’ to be this
sum; we define, for the given x, v, 2, the following sums: x+y=x0 %,
y+z=y02 *x+y)+z=xoy)+z=(xoy) oz and x+(y+2z)=x
+(y 0 2) =x o (y o0 2). We also require that 0+s=s5s-4+0=s, for every
sin S. Then S is a half-loop, as is easily verified, and the argument
proceeds as before.

We define a normal subloop of the loop L to be one which is the
kernel of some homomorphism of L. We may now prove:

THEOREM 1. 4 free summand of a loop L is normal if and only if the
free summand is 0 or L (that is, nontrivial free summands are not
normal).

PrOOF. Let L=A4 * B (by 3° this is no loss in generality). If 4 (or B)
is 0, then B (or 4) is equal to L and hence 4 and B are both (trivial)
normal subloops of L.

Suppose that B is a normal subloop of L. Then there exists a homo-
morphism « of L into a loop T such that B is the kernel of a. If
B=L or if B=0, the theorem is proved. Hence suppose that B0,
B#L. Then 450 and there exists a0 in 4 and 70 in B. Let o’ be
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the unique solution x in 4 to the equation x+ae¢=0, and consider
the element ¢=a’+(e+b) in L.

Suppose that c=a’+4(a-+b) is in B. Since L=4 » B, there exists
one (and only one) endomorphism 8 of L which is the extension of
the identity map in B together with the null homomorphism of 4.
Then c=cB= [a’+(a+b) |8 =0a’B+ (aB+DbB) =bB=>. That is, if ¢ is in
B, then ¢=a’+ (a+b) =b. But this is impossible since then ¢’ + (a+b)
=b=(a’+a)+b, which, by Lemma A, implies that a, a’, b, are all in
4 or all in B. Hence ¢ is not in B.

But, under the homomorphism « of L into T, we have ca
= [a’+(a+bd) Ja=a’a+(aa+ba)=a’a+aa=(a’+a)a=0, so that ¢
is in the kernel of a.

Hence B is not normal in L if B0, B#L, and similarly, 4 is
not normal in L if 4540, 4L, proving the theorem.

LEMMA B. If L=F+G is a nonirivial decomposition of the loop L
into free summands F, G, where F is a cyclic free loop on generator f,
then for any nonzero element g in G, L=2Z «G, where Z is the cyclic
(free) subloop of L generated by z=f-g.

ProoF. L is generated by the half-loop, 2\UG, since the subloop of
L which is generated by 2z and G contains f+4g and G, and therefore
contains f and G.

Let 8 be a homomorphism of 2\JG into a loop T In T there exists
one and only one element f/ such that f'+g8=28. We define a map-
ping a of fUG into T as follows: Let g =gB for every g in G, and de-
fine fa=f’. This map is well-defined and is a homomorphism of f\UG
into T. Since L is freely generated by f\UG, a may be extended to a
homomorphism v of L into T. Then zy=(f+g)v=fy+gy=fa+ga
=f'4gB=28. Hence v induces 8 on 2. That is, the homomorphism 8
of UG into T has been extended to a homomorphism of L into T.
Hence L is freely generated by 2\UG and, therefore (by 29), by Z\UG.
That is, L=Z*G.

We restate next a theorem proved in [I].

GENERAL SUBLOOP THEOREM FOR SUBLOOPS OF FREE SUMS. If
L=Y_*L(v), and if S is a subloop of L, then S=Fgx 3 *(SN\L(v)),
where:

(i) Fgis a free loop whose rank is uniquely determined by S and the
L(v).

(ii) Fg has a free basis, Fo, with the property: If o is an automorphism
of L such that Sao=S and L(v)a=L(v) for every v, then Fsa=Fgand a
effects a permutation of the elements of Fo.
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A corollary of this theorem is the statement that every subloop of a
Sree loop is free.

Note. If L has a free summand, F50, then F is a free loop if and
only if in every decomposition of L into free summands there is a
free summand which has as a free summand a free loop #0. For, sup-
pose L=A B is any decomposition of L into free summands. Then
L=FxG is also a decomposition of L and G#L, since F#0. By the
subloop theorem, A =F4+(ANF)+«(ANG) and B=Fg*(BNF)
* (BMG). Now if neither 4 nor B has a free loop not equal to 0 as a
free summand, then Fy=ANF=Fp=BNF=0, since all these are
free loops. But then 4 =4NG and B=BNG, from which we see that
GDAVUB. Since L is (freely) generated by A\UB, then L =G, which
is a contradiction.

THEOREM 2. If L=A4 +B, A, B #0, then A is a characteristic sub-
loop of L if and only if both the following conditions are satisfied:

(i) No free summand not equal to 0 of A is a free loop.

(ii) No free summand not equal to O of A is isomorphic to a free
summand of B.

ProoF. Suppose first that 4 is a characteristic subloop of L. We
prove first the necessity of (i).

Assume that 4 has a free summand 0 which is a free loop. Then
we may represent A as A =F+A4,, where F is a free cyclic loop
generated by f#0 (see 3°). Then L=(F+A,)*B=Fx(4,xB). Let b
be any nonzero element in B and consider the unique element z of
L satisfying z=f-+b. Then z is not in 4 and not in B, since ANB=0.
By Lemma B, we have L=2Z2 « (41 * B), where Z is the cyclic subloop
of L generated by .

We define a mapping 8 of f\U(41+B) upon 3\J(4,+ B) as follows:
Let x8=x for every x in 4, + B, and let f8=2. Then S is single-valued
since f is not in 4, + B. Furthermore, 8 is an isomorphism of f\U(4; + B)
upon 2\J(A,+ B). Since L is freely generated by f\U(4,*.B), 8 may
be extended to an endomorphism « of L, but this endomorphism is
actually an automorphism of L since L is also freely generated by
2U(4:1+B) (see 19). Since o is an extension of §, Fa=Z. But
Aa=(F+A))oa=Foa+ A= Fa+Af=2 + A:, and hence AaA4, since
zis in Z » A1, but 2z is not in 4. This is impossible, however, since 4 is
a characteristic subloop of L. Hence 4 can have no free summand 0
which is free, proving the necessity of condition (i).

If 4 has a free summand not equal to 0 which is isomorphic to a
free summand of B, we may represent 4 and B as follows: 4 =4, * 4,;
B =B * B; with 8 the given isomorphism of 43 upon B;. We then de-



572 GRACE E. BATES June

fine a map a of 4,\JA4,\UB,\UB;=J into itself as follows: xa=x for
every x in A\\UB; Asa = A8 =DB,; and Box =By~ =4, Then a is an
automorphism of J and since L is freely generated by J, there
is one and only one automorphism ¥ of L inducing o in J. But
Ay=(A1+A)y=Ary+Ayy (by 49)=Adia+Asa=A,+Bs and since
ANB=0,A4,+B;#A. Hence Ay>A4,in contradiction to the fact that
A is a characteristic subloop of L. That is, 4 can have no free sum-
mand not equal to 0 which is isomorphic to a free summand of B,
which finishes the proof of the necessity of conditions (i) and (ii).

Now, assuming that conditions (i) and (ii) are satisfied, let « be any
automorphism of L. Then L=4 +B=4a+*Ba (by 4% and Adea is
isomorphic to 4, Ba is isomorphic to B. Using the Subloop Theorem
we have: 4 =(4NA4a) «+ (ANBa), since by (i), 4 has no free sum-
mand not equal to 0 which is free. Also, Ba= Fg, * (BaMNA4) * (BaMB).
But then BaMA4, a free summand of 4, is isomorphic to a free sum-
mand of B and, by condition (ii), then BaNA =0 and 4 =4ANAa.

We have, similarly, B=Fp* (BMNAca) * (BNBa) and da=(AaMA4)
* (AaMB), since A« is isomorphic to 4 and 4 satisfies condition (i).
Then AaMB, a free summand of B, is isomorphic to a free summand
of A. Hence AaNB =0, and we have Aa=ANAa=A4, proving that
A is characteristic.

COROLLARY. If L= D *L(v) (each L(v)#0) is a nontrivial decom-
position of L into free summands, then the L(v) are characteristic
subloops of L if and only if no L(v) has a free summand not equal to 0
which is free or which is isomorphic to a free summand of L(w), for
wHE.

Proor. The necessity of the above conditions is an immediate
consequence of Theorem 2, since, for each L(v), L may be represented
in the form L=L(2) » > & . L(w).

Suppose that the conditions of the corollary are satisfied for every
v. Let X ., L(w)=B, for some fixed v; then L=L(v) » B. To apply
Theorem 2 we must show that no free summand not equal to 0 of
L(v) is isomorphic to a free summand of B.

Assume that B=B;*By; L(v) ="V Vs, with a an isomorphism
such that Bx=V, (Bs#%0). Since B;CB= > *. L(w), then,
By= > %, (BsNL(w)), using the subloop theorem and the fact that
B; contains no free summand not equal to 0 which is a free loop, since
B; is isomorphic to V;, a free summand of L(v).

Then Va=Bsa= D ¥ (BsNL(w))a and hence BsNL(w) is iso-
morphic to a free summand of V3 and therefore of L(v). But L(w) CB
=B1*»B; and hence L(w)=(L(w)NBy)s*(L(w)N\By) so that
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BN L(w) is also a free summand of L(w), ws4v. This is impossible ac-
cording to the hypotheses of our corollary and hence the assumption
that a free summand not equal to 0 of L(v) is isomorphic to a free
summand of B= D> _* . L(w) is false. Hence we have, for the decom-
position of L =L(v) «+ B, the two conditions of Theorem 2 satisfied for
L(v), proving that L(v) is a characteristic subloop of L.

THEOREM 3. If L= D _*L(v) is a decomposition of L into character-
istic free summands, and if S is a characteristic subloop of L, then
S=F» X _*(SNL()), where

(1) Fis a free characteristic subloop of L.

(2) For every v, SN\L(v) is a characteristic subloop of L and of L(v).

(3) There exists a free basis, B, of F such that every automorphism of
L induces a permutation in B.

The proof of this theorem is immediate upon application of the
subloop theorem, since the L(v) and S are characteristic in L.

THEOREM 4. If L= Y _*L(v) = D_*K(w) are two decompositions of L
into characteristic free summands, then L= Z:W(L(v)ﬂK(w)), where
the L(v)NK(w) are characteristic in L.

Proor. By Theorem 3, since L(v) is a characteristic subloop of
L= Y *K(w), we have, for each v, L(s) = D_#(K (w)NL(v)), since L(v)
has no free summand not equal to 0 which is a free loop. Also, for
each w, K(w)NL(y) is a characteristic subloop L= ) *L(v)
= 2 v (K(w)NL(v)).

THEOREM 5. If L is the free sum of subloops L(v), then there exists
one and only one decomposition of L into a free sum of characteristic sub-
loops K(w) such that: (a) every K(w) is a free sum of some of the L(v);
(b) No refinement of the decomposition into the K(w) has this property.

ProOF. There exists one decomposition of L into characteristic
free summands satisfying condition (a)—namely, the trivial one,
L=L. Consider the cross-cuts of all free summands from any one de-
composition of L into characteristic free summands satisfying (a),
with eack of those of every other such decomposition of L. By
Theorem 4, then, L is the free sum of all such cross-cuts, the latter
being characteristic subloops of L. Clearly this last decomposition of
L satisfies also (b), proving the theorem.

A loop L is free irreducible if L has no decomposition into nonzero
free summands other than the trivial decomposition, L=_L. In par-
ticular, a free loop F#0 is free irreducible if (and only if) it is cyclic.
For,if F=A « B, then 4, B are free and 1 =rank F=rank 4+ rank B.

If the loop L has a decomposition into free irreducible summands
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L(v), none of which is a free loop, it follows immediately from the
subloop theorem that such a decomposition is unique and any auto-
morphism of L effects merely a permutation of the L(v). Hence we
have a stronger theorem in this case:

THEOREM 6. If L= Y *L(v) is a nontrivial decomposition of the
loop L into free irreducible summands, then L has a nontrivial decom-
position into characteristic free summands K(w) if and only if the fol-
lowing two conditions are satisfied: (i) no L(v) is a free loop and (ii)
not all the L(v) are isomorphic. This decomposition into the K (w) will of
necessity be such that each K(w) is the free sum of some of the L(v) and
may be so carried out that no further refinement of the decomposition
will yield a characteristic free decomposition of L—it will then be
unique.

ProoF. Suppose L has a nontrivial decomposition into character-
istic free summands, K(w). Then no K(w) has a free summand not
equal to 0 which is free or is isomorphic to a free summand of K(w’),
for w#w’ (Corollary to Theorem 2). It follows from the remarks made
above, then, that no L(v) is a free loop and that not all the L(v) are
isomorphic.

Conversely, if conditions (i) and (ii) are satisfied, then L obviously
has one nontrivial decomposition into characteristic free summands.
For, there exists at least one pair of free summands, L(v’) and
L(v"’), which are not isomorphic. Then L=4 * B, where A4 is the free
sum of all the L(v) which are isomorphic to L(v’) and B is the free
sum of the remaining L(v), is such a decomposition. The decomposi-
tion consisting of the cross-cuts of all free summands from any one
such decomposition with each of those of every other such decom-
position will have the further properties of the theorem.
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